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On sufficient conditions for some classes of
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ABSTRACT. In this paper, we investigate two distinct classes of multivalent func-
tions and establish sufficient conditions for a multivalent function to belong to
these classes. The results presented here extend and unify existing criteria re-
lated to the starlikeness and convexity of multivalently analytic functions. By
generalizing earlier findings, our work provides a broader framework for analyz-
ing geometric properties and inclusion relationships within subclasses of analytic
multivalent functions.
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1. Introduction and Definitions

Multivalent functions, a generalization of univalent functions, play a significant
role in complex analysis, particularly within geometric function theory. These func-
tions, which are analytic in a domain and possess multiple zeros or poles, are clas-
sified into various subclasses based on geometric properties such as starlikeness and
convexity. A function is described as starlike if it transforms a domain into a star-
shaped region centered around a specific point, usually the origin. In contrast, a
function is considered convex if its image forms a convex domain. Classification of
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multivalent functions into starlike and convex classes has been extensively studied
due to their fundamental applications in conformal mapping theory, the derivation of
sharp coefficient bounds, growth and distortion estimates, and subordination theory.

The systematic study of starlike and convex multivalent functions dates back
to the pioneering work of Goodman [3]|, who extended the concept of univalence to
p-valent functions. Goodman provided analytic criteria for starlikeness and convex-
ity in terms of the behavior of the function’s derivative within the unit open disk
U ={z € C: |z] < 1}. Subsequent contributions by Uralegaddi and Somanatha
[10] refined these conditions, introducing subordination-based characterizations for
p-valent starlike and convex functions. These criteria link the geometric properties
of the image domains to analytic conditions involving the function and its deriva-
tives. One classical direction in this area involves analyzing starlike and convex
multivalent functions. Early and influential work in this domain, such as that by
Jack [5], set important precedents for later developments. Further advancements
were made by Aouf [1, 2], who focused on multivalent functions characterized by
negative coefficients and examined their behavior using differential operators. Other
notable contributions include the work of Nunokawa and collaborators [7, 8], who
explored multivalent function theory through sharp inequalities and geometric in-
terpretations. The use of integral operators and sufficient conditions for univalence,
explored extensively by Owa and his co-authors [9], has opened further avenues for
characterizing various subclasses of analytic functions.

This paper builds upon the foundational work of S.K. Bansal et al. (2012) [4],
which investigated the starlikeness and convexity properties of multivalent analytic
functions.

Definition 1.1. Suppose A,(n) represents the collection of functions expressed

as
€G)=3"+ > a3, (reN:={1,23 .} (1)
Jj=r+n
that are analytic on the open unit disk. A special case where r = 1 yields
Ai(n) = An).

Definition 1.2. A function £(z) from the set A,.(n) is said to be starlike of order
~vin U if

Re{zé(j))} >, (€U, 0<y<r).

Remark 1.3. We denote the class of all functions in Definition 1.2 by &*(n,~)
in particular, &3(n,0) = &*(n,0) and 63(1,0) =: &*
Definition 1.4. A function £(3) € A,(n) is called convex of order v in U, if

3¢ (3)
£'(3)

Re{1+ }>7, €U, 0<y<r).
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Remark 1.5. Let us denote the class of all functions in Definition 1.3 by
¢, (n, ) in particular, €;(n,0) = &(n,0).

Definition 1.6. Consider the function £(3) = 3" +3_72,,, a;3’, for any 7 € NUO
let us denote 7" derivative of £(3) by D7E(3), and define it as DY(3) = £(3), and
for any 7 > 1

rl > 4! .
D’T — T—T . ]—T' 2
€6 = 10 + 2 G (2)
J=r+m
Definition 1.7. Let &¥(,7,v) denote the class of functions in .4, (n) such that
3D (3)}
Red———~—~>7¢ > 31 <1, 0<y<r—m).
U 1o )
Definition 1.8. Let €,.(7,7,v) denote the class of functions £(3) € A,(n) such
that e
307G }
Re< 1+ ————=, >, <L 0<~vy<r—rm).
e . )

Remark 1.9. The classes &(n,v) and €,(n,y) shall become particular cases of
our class

&;(0,n,7) = &:(n,7) and &(1,n,7) =& (n,7).
2. Condition for Starlikeness
To prove our results, we shall employ the following lemma given by Mocanu [6]

Lemma 2.1. If£(3) € A(n) satisfies condition

) 1 n+1
€'G) — 1] < (EDES

, (3l <1, neN),

then £(3) € (1, 0).
Theorem 2.2. Let £(3) € A, (n), and suppose that

_(r=D)IDEE\T | [DTEG), e
ul) = ( s ) . { D7E(5) Kk ’ )

satisfies the inequality

u@) —(r =7 = ___n+l
rT—T—=7 (n+1)2+1

PRrRoOOF. Let us consider

, 3€U,neN, 0<y<r—r.

E3) =3+ ) a3

Jj=r+n
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Then using the Definition 1.4 we have

r! _ > ! .
DT — r—T 8J ‘r.
J=r+n

This implies

(T B 7_)' DTf(é) 37"—7-—1/ + (T’ — 7_)' Z ]' a; 3j—’r—'y.

3 B r! (j— )

Jj=r+n

After appropriate manipulation, we shall finally obtain the following

[(r — IDE() 1} T,

7! 3

Expanding in a series, we get

:5[1+ (r=7)! i(.jaj 3“‘+...].

ri(r—1—7)

Let us define

1

36) = [(T—T)!Dqﬁ(ﬁ) i] == - (r—1)! Z (jizerrl_i_.” .

d 37 d (7" -7 = 'y) Pt j—)!
(4)
Differentiating logarithmically, we obtain
¥ _ 1 |D(DEG)s ) )
36 (r=7=7)| DEBF |

Expanding further,

1 3’ DTEG) — 73 DTEG)
(r—7-17) D7¢(3)5

B 1 37DTEG) — 73 DTE(S)
37 D7E(3) '

Thus,

§) ! [DT“é‘(a) 7] ©

§G) (r—T-7)| DG 5
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Rearranging,
§6) =5G) (r — i -) [DY;;?S) - ﬂ
L {(r - r)!m@] y [fo(z) _ z]
(r—7—7) 7 37 D7E(3) 3

1

- 1 =) ((T ;!T)!)W (Df@)“iﬂ : zwjlfiw {Dmfg) - ﬂ

L (D) T [ D) e
() [ DE() ]

Thus,

r—T—7
By the given condition on u(3), we see that
n+1
36— 1] < :
(n+1)2+1

Therefore, by the lemma, we obtain

§(3) € &7(n,0).

(5 )

. 3l <1,neN. (7)

Therefore

From equation 6,

el (5l )]0

Which Implies

)

r—T— D7E(3)
Therefore,
D”%@O
Re | ———= )
e(DTG) -7
Hence

£() € &;(1,1,7).
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Theorem 2.3. Let £(3) be any function of the set A,.(n) , and define the function

(r=7)1DEG 1]

r! 37

5(3) =

Y

for (]3] < 1) and (0 <~y <r—7). Suppose further that
n+1
(n+1)2+1

15" (3] < . for all 3] < 1.

Then £(3) € &;(7,1,7)-
ProoF. We have

Fo 1| [ swal
Applying the triangle inequality, 0

] ,
< / 15" (pe)] dp.

Using the given condition on |§”(3)|, we obtain
n+1
(n+1)2+

IN

olal-
Hence, we conclude that

n+1
()1 <

6 -1= e
Therefore, §(3) € 6*(n,0), and as shown earlier, this implies £(3) € & (7, 7n,7).

0

3.

Corollary 2.4. If £(3) be any function of the set A,.(n). Suppose the function
u(3) is given by (2.1) in Theorem 2.1 satisfies

|2u(3) — 2r + 27 + 1] n+1
(2r —27 —1) (n+1)2+1
then £(3) € &, (1,m,1/2).

1
. L3l <1, neN, §<7’—T,

Corollary 2.5. If £(3) be any function of the set A.(n) and the function
(r—7) D 1]

3(5) = T! 31/2
(for 3] < 1,1/2 < r — 1) satisfies
" ntl
<
¥l

for |3l <1, 1/2<r—r7, then £(3) € &%(7,n,1/2).
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3. Condition for Convexity

Theorem 3.1. Let £(3) be any function of the set A, (n), and define a function
v(3) by

o) = |V B T T ey D). )

,,»! 37”—7'

If the function v(z) satisfies the condition

(n+1D(r—7—7)

<, 0<y<r—m,
(n+1)2+1 3

v(3) —r+7+9] <

then
£(3) € €(1,m,7)

Proor. We know that
T _ T! r—T1 S ]'a’] Jj—T
D7E(3) = (r—T)!Z’ + Z mﬁ :

Using this, we arrive at the equation

((r—ﬂ!DT&(s))r—i—v:H L onlss 2 e

7! 3T r—r1t—~ rl

Integrating both sides, we get

3
—_ 'DT t r—T— 1 - ' o ' ]7T+l
/ (r T)_ £(t) th:gﬁ— '(7” 7) Z 'J aj"ﬁ _
rltr—m r—T—" r! ; +n(j_T)! j—r+1
O '

Define the function $(3) as

1

a6 = [ (“‘”’DTW)“T‘” . )

ritr=
Also, let B(3) = 39'(3). Differentiating &(3) logarithmically, we obtain

&G) 1 {D”%Q) q_

6G) r—T1—7| D¢EG) 3

(10)

Thus,

Loy o],

®Q)Z®QU—T—7 -

Rearranging, we obtain

D7¢(3) 3
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and by the given condition on v(3),

(n+1)(r—7—7)

lv(z) —r+7+79] < ;o al<l, 0<y<r—m,

(n+1)2+1
which implies that
/ (n+1)
o] 1 s3] < 1. 11
&'(3) — 1 CESIE = | (11)
Therefore,
&(3) € 6%(n,0),
which implies
56’(5)>
Re >0
( &(3)
Furthermore,
&'(3) =9'(6) +39"(),
which leads to &) &)
303 39 (3
=1+ 12
5 50 12
Since 5(5)
373
Re |1+ ) > 0,
( £'(3)
we conclude that
H(3) € €(n,0).
Also )
o | PTEG) T
ORI
Now differentiating $'(3) logarithmically, and adding 1 we get
39"(3) 1 [3D7€(3) }
1+ = —r+7|+1
G (r—7—7) L D7)
1 [3D7E(3) }
= —r+T4+r—7-—7 13
== | DeG) )
1 3DEG) 7}
(r—=7—7 1 D7¢G)
Since 57()
3973
Re |1+ ) > 0.
( '(3)
Therefore
with the condition 0 <~y <p—q.
We get

3DTEG)\ . 3D7E(3)
Re<1+—DT£<3) >1+R (—D%(z) )>1+7>7. (14)
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Therefore £(3) € €,.(1,1n,7) O

Theorem 3.2. Consider the function

1

S ((r—=T)DTER)\ T
(3) = / (< VD7 >> dt. (15)
0 rlt
Suppose that the function $(3) satisfies the condition:
" (n+1)
) < , <1, 0<y<r—n). 16
01 < 5 Al (s y<r=m (10

Then £(3) € €.(T,1,7).

PRrROOF. Consider function &(3) = 35/(3)

1 r—7) ! -
6(3) =3 1+(T_T_7)( T!) > (.‘7 a3’

1 (r—1)! i g! i

(r—17—7) !

Therefore &(3) € A(n). Also,

[6(3) =1 = [9'(3) +39"(3) — 1]
< 19'() — 1+ 13957()]

[ sa”(t)dt‘ £ 35°6)]

(n+1) (n+1)
S( (77+1)2+1+2 (n+1)2+1>’5|
(n+1) 5
(n+124+1°

or that |&'(3) — 1] <

Since [3] < 1, we have

&) — 1) < Y (18)

V1241

or B(3) € &*(n,0), which implies $H(3) € €(n,0). Therefore £(3) € &,.(7,7,7). O
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