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1. Introduction

Banach [3] established a renowned fixed point theorem for contraction mappings

in complete metric spaces. Widely known as the Banach Contraction Principle

(BCP). It has many applications in differential equations, integral equations, engi-

neering, etc. Rhoades [11] studied various contractive conditions that extend the

classical Banach Contraction Principle, and Rhoades proposed numerous general-

izations of contractive mappings, offering conditions under which fixed points exist,

even when the mappings are not strict contractions. His work introduced new tools,

such as partial ordering and altering distance functions, to study fixed point results

more broadly. Khan et al. [8] introduced a new class of fixed point problems involv-

ing a control function, referred to as the altering distance function. This concept
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has since been extended to various forms, including two-variable, three-variable,

multivalued, and fuzzy mappings. Zeyada et al [14] introduced the notion of a dis-

located quasi-metric space and generalized the result of Hitzler and Seda in such

spaces. Aage and Salunke [2] established additional fixed point results in dislocated

and dislocated quasi-metric spaces. Samet et al. [13] introduced the concepts of

α-admissible and α − ψ-contractive mappings and established several fixed point

theorems for these mappings. Their results are closely related to certain fixed point

theorems in ordered metric spaces.

2. Preliminaries

In this section, we present some fundamental definitions and essential concepts

that form the foundation of our study. These preliminaries will be useful in devel-

oping the results discussed in subsequent sections.

Definition 2.1. Let X be a non-empty set. Let d : X × X → [0,∞) be a

mapping satisfies the conditions:

(i) d(x, x) = 0 for all x ∈ X,

(ii) d(x, y) = d(y, x) = 0 =⇒ x = y,

(iii) d(x, y) = d(y, x) for all x, y ∈ X,

(iv) d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z ∈ X.

If d satisfies conditions (i), (ii), (iii) and (iv), it is called a metric on X. If d

satisfies conditions (ii) and (iv), then it is referred to as a dislocated quasi-metric

on X. The non-empty set X together with a dq-metric d is called a dislocated

quasi-metric space, and it is denoted by (X, d).

Definition 2.2. [14] A sequence {xn} in dq-metric space (X, d) is called Cauchy

if for given ϵ > 0 ∃ n0 ∈ N such that ∀m,n ≥ n0 implies d(xm, xn) < ϵ or d(xn, xm) <

ϵ. i.e. min {d (xm, xn) , d (xn, xm)} < ϵ.

Definition 2.3. [14] A sequence {xn} in dislocated quasi-converges to x if

lim
n→∞

d(xn, x) = lim
n→∞

d(x, xn) = 0.

In this case x is called a dq-limit of {xn} and we write xn → x.

Lemma 2.1. [14] Every subsequence of dq-convergent sequence to a point x0 is

dq-convergent to x0.

Definition 2.4. [14] A dq-metric space (X, d) is considered complete if every

Cauchy sequence within it is dq-convergent in X.

Definition 2.5. [14] Let (M,dx) and (N, dy) be a dq-metric spaces and g :M →
N be a mapping. We say that g is continuous at a ∈M if each dx-quasi convergent

sequence {am} to a in M, then {g(am)} is dy-quasi convergent to g(a) in N.
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Lemma 2.2. [14] Let (X, d) be a complete dq-metric space and f : X → X be

a contraction function, then {fn(x0)} is a Cauchy sequence for each x0 ∈ X.

Definition 2.6. [14] Let (X, d) be a complete dq-metric space and let f : X → X

be a continuous contraction function, then f has a unique fixed point.

Definition 2.7. [1] Let f : X → X be a mapping in a dq-metric space (X, d).

The orbit of f at the point x ∈ X is the set O(x) = {x, fx, f 2x, ...}. The closure of

an orbit denoted by O(x), is the set of all x ∈ X for which there exists a sequence

in O(x) that converges to x.

An orbit O(x) of x in X is known as dq-bounded if there exists a positive integer

k such that d(x, y) ≤ k, ∀x, y ∈ O(X) then constant k is called dq-bound. (X, d) is

called f -orbitally complete if every Cauchy sequence in O(x) converges to the point

in X.

Remark 2.8. In a space (X, d), if the sequence {xn} converges to x ∈ X (i.e. {xn} →
x) and {xnk

} is sub-sequence of {xn} then {xnk
} → x as k → ∞.

Definition 2.9. [1] A mapping f : X → X in a dq- metric space (X, d) is called

an orbitally contraction mapping if ∃x0 ∈ X and α ∈ [0, 1) such that

d(fa, fb) ≤ αd(a, b),

for all a, b ∈ O(x0).

Definition 2.10. [1] A mapping f : X → X in a dq-metric space (X, d) is called

an orbitally-Kannan mapping if ∃x0 ∈ X and α ∈ [0, 1
2
) such that

d(fa, fb) ≤ α{d(a, fa) + d(b, fb)},

for all a, b ∈ O(x0).

Lemma 2.3. [1] Let (X, d) be a dq-metric space and f : X → X be an orbitally

contraction mapping. If x0 ∈ X with O(x0) is bounded, then {fn(x)} is a Cauchy

sequence for any x in O(x0).

Theorem 2.4. [1] Let f : X → X be a continuous orbitally contraction mapping

in f-orbitally complete space (X, d). If there exists x0 ∈ X such that O(x0) is

bounded, then f has a unique fixed point in O(x0).

Definition 2.11. [8] A function ϕ : [0,∞) → [0,∞) is said to be an altering

distance function, if it satisfies the following conditions:

(i) ϕ(0) = 0,

(ii) ϕ is continuous and monotonically non-decreasing.
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3. Main Results

In this section, we establish several fundamental theorems within the framework

of dislocated quasi-metric spaces. These results play a pivotal role in the devel-

opment of our main findings and serve as a foundation for further extensions and

generalizations. The theorems are presented and proved as follows.

Theorem 3.1. Let f : X → X be a continuous mapping in f -orbitally complete

dq-metric space (X, d) satisfies

d(fx, fy) ≤ h

2
[d(x, fx) + d(y, fy)] (1)

for all x, y ∈ X with x ̸= y, where 0 ≤ h <
1

2
. If there exists x0 ∈ X such that

O(x0) is bounded, then f has a unique fixed point in O(x0).

Proof. Choose any x0 ∈ X(fixed). We construct a sequence xn = fn(x0) =

f(xn−1) within O(x0). Consider,

d (xn, xn+1) = d (f(xn−1), f(xn))

≤ h

2
[d(xn−1, xn) + d(xn, xn+1)] ,

≤ h

2
d(xn−1, xn) +

h

2
d(xn, xn+1).

It implies that,

d (xn, xn+1) ≤
h

2− h
d (xn−1, xn) .

That is,

d (xn, xn+1) ≤ k d (xn−1, xn) , where k =
h

2− h
. (2)

Similarly,

d (xn−1, xn) ≤
h

2− h
d (xn−2, xn−1) .

That is,

d (xn−1, xn) ≤ k d (xn−2, xn−1) , where k = h
2−h

. (3)

Using (2) and (3), we get

d (xn, xn+1) ≤ k2 d (xn−2, xn−1) .

Continuing in this way, we get

d (xn, xn+1) ≤ kn d (x0, x1) . (4)

Therefore, kn → 0 as n → ∞. Thus, d (xn, xn+1) → 0 as n → ∞. Now, we

will show {fn(x0)} is Cauchy sequence. i.e. {xn} is Cauchy sequence. For any
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sufficiently large natural number N ∈ N, there exist m,n ∈ N with m,n ≥ N .

Without loss of generality, we may assume that m < n. Consider

d (xm, xn) ≤ d (xm, xm+1) + d (xm+1, xm+2) + · · ·+ d (xn−1, xn)

≤ kmd(x0, x1) + km+1d(x0, x1) + · · ·+ kn−1d(x0, x1)

=
(
km + km+1 + · · ·+ kn−1

)
d(x0, x1)

≤
(
km + km+1 + · · ·+ kn−1 + kn + · · ·

)
d(x0, x1)

= km
(
1 + k + · · ·+ k n−m + · · ·

)
d(x0, x1)

=
km

1− k
d(x0, x1).

That is,

d (xm, xn) ≤
km

1− k
d(x0, x1).

Since k < 1, km → 0 as m → ∞. Thus, d (xm, xn) → 0 as m,n → ∞. Hence

{xn} = {fn(x0)} is Cauchy in O(x0). Since X is f -orbitally complete, {fn(x0)}
dq-converges to some q ∈ O(x0). By continuity of f and since {fn+1(x0)} is a

subsequence of {fn(x0)}, we obtain

f(q) = f
(
lim
n→∞

fn(x0)
)
= lim

n→∞
f(f n(x0)) = lim

n→∞
f (n+1)(x0)) = q.

Thus, q is a fixed point of f and q ∈ O(x0). Now, suppose p ∈ O(x0) is another

fixed point of f . Then fp = p and fq = q. Consider

d(p, p) = d(fp, fp)

≤ h

2
[d(p, fp) + d(p, fp)]

=
h

2
[d(p, p) + d(p, p)]

= h d(p, p).

It gives that, d(p, p) ≤ h d(p, p). Since 0 ≤ h < 1 (in particular 1 − h > 0) and

d(p, p) ≥ 0, the inequality d(p, p) ≤ h d(p, p) forces d(p, p) = 0. Similarly, we can

show d(q, q) = 0. Now,

d(p, q) = d(fp, fq)

≤ h

2
[d(p, fp) + d(q, fq)]

=
h

2
[d(p, p) + d(q, q)]

= 0.
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It gives that, d(p, q) ≤ 0. But d(p, q) ≥ 0. Thus, we have d(p, q) = 0. Similarly,

we can show d(q, p) = 0. Therefore d(p, q) = d(q, p) = 0. Hence p = q. Therefore f

has a unique fixed point in O(x0). □

Theorem 3.2. Let f : X → X be a continuous mapping in f -orbitally complete

dq-metric space (X, d). If there exists x0 ∈ X such that O(x0) is bounded and

satisfies for all x, y ∈ X,

d (fx, fy) ≤ hmax {d (x, fx) , d (y, fy)} ,

where 0 ≤ h < 1. Then f has a unique fixed point in O(x0).

Proof. Choose any x0 ∈ X(fixed). We construct a sequence xn = fn(x0) =

f(xn−1) within O(x0). Consider,

d (xn, xn+1) = d (f(xn−1), f(xn))

≤ hmax {d (xn−1, f(xn−1)) , d (xn, f(xn))}
= hmax {d(xn−1, xn), d(xn, xn+1)} .

That is,

d (xn, xn+1) ≤ hmax {d(xn−1, xn), d(xn, xn+1)} . (5)

Case 1: If max {d(xn−1, xn), d(xn, xn+1)} = d(xn, xn+1). From inequality (5), we

get

d(xn, xn+1) ≤ hd(xn, xn+1),

which is contradiction, as h ∈ [0, 1).

Case 2: If max {d(xn−1, xn), d(xn, xn+1)} = d(xn−1, xn). From inequality (5), we

get

d(xn, xn+1) ≤ hd(xn−1, xn). (6)

Similarly,

d(xn−1, xn) ≤ hd(xn−2, xn−1). (7)

Using inequality (6) and (7), we get

d(xn, xn+1) ≤ h2d(xn−2, xn−1).

Continuing in this way, we get

d(xn, xn+1) ≤ hnd(x0, x1). (8)

Since 0 ≤ h < 1, therefore lim
n→∞

hn → 0, we get

lim
n→∞

d(xn, xn+1) ≤ lim
n→∞

hnd(x0, x1) = 0.
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Now, we will show {fn(x0)} is Cauchy sequence. i.e. {xn} is Cauchy sequence.

For any sufficiently large natural number N ∈ N, there exist m,n ∈ N with m,n ≥
N . Without loss of generality, we may assume that m < n. Consider

d(xm, xn) ≤ d(xm, xm+1) + d(xm+1, xm+2) + d(xm+2, xm+3) + · · ·+ d(xn−1, xn)

≤ hmd(x0, x1) + hm+1d(x0, x1) + hm+2d(x0, x1) + · · ·+ hn−1d(x0, x1)

= hm(1 + h+ h2 + · · ·hn−m−1)d(x0, x1)

≤ hm(1 + h+ h2 + · · · )d(x0, x1), (since h ≥ 0)

=
hm

1− h
d(x0, x1).

Thus,

d(xm, xn) ≤
hm

1− h
d(x0, x1).

As h ∈ [0, 1) and as m,n→ ∞, we have d(xm, xn) → 0. Hence, {xn} = {fn(x0)}
is Cauchy in O(x0). But, X is f -orbitally complete, so {fn(x0)} is dq-converges to

q, for some q ∈ O(x0). Thus, we have

f(q) = f
(
lim
n→∞

fn(x0)
)
= lim

n→∞
f(f n(x0)) = lim

n→∞
f (n+1)(x0)) = q,

since f is continuous, and {fn+1(x0)} is a subsequence of {fn(x0)}, it follows that
f(q) = q; that is, q is a fixed point of f . Suppose p is another fixed point of f .

Consider,

d (p, p) = d (fp, fp)

≤ hmax{d(p, fp), d(p, fp)}
= hd(p, p).

It implies that, d (p, p) ≤ hd(p, p), as h ∈ [0, 1), we get d(p, p) = 0. Similarly, we

can show d(q, q) = 0. Now,

d(p, q) = d (fp, fq)

≤ hmax {d (p, fp) , d (q, fq)}
= hmax {d (p, p) , d (q, q)} .

It implies that, d (p, q) ≤ hmax {d (p, p) , d (q, q)} . This gives us that d (p, q) ≤ 0.

Since, d(p, q) ≥ 0. Therefore d(p, q) = 0. Also

d (q, p) = d (fq, fp)

≤ hmax {d (q, fq) , d (p, fp)}
= hmax {d (q, q) , d (p, p)} .
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That is, d(p, q) ≤ max {d (q, q) , d (p, p)} this gives that d (q, p) ≤ 0 and hence,

d (q, p) = 0. Therefore, d (p, q) = d (q, p) = 0 =⇒ p = q. Hence, f has a unique

fixed point in O(x0). □

Theorem 3.3. Let f : X → X be a continuous mapping in f -orbitally complete

dq-metric space (X, d) satisfying

d (fx, fy) ≤ hmax {d (x, fy) , d (y, fx)} (9)

for all x, y ∈ X with x ̸= y, where 0 ≤ h < 1. If exists x0 ∈ X such that O(x0) is

bounded, then f has a unique fixed point in O(x0).

Proof. Choose any x0 ∈ x (fixed). Since f : X → X, so fx0 ∈ X. Therefore,

we construct a sequence xn = fn(x0), n ≥ 1. Consider

d (xn, xn+1) = d (fxn−1, fxn)

≤ h max {d (xn−1, fxn) , d (xn, fxn−1)}
= hmax {d (xn−1, xn+1) , d (xn, xn)} .

Case 1. If max {d (xn−1, xn+1) , d (xn, xn)} = d (xn, xn), then

d (xn, xn+1) ≤ hd (xn, xn)

≤ h {d (xn, xn+1) + d (xn+1, xn)} .

It implies that,

d (xn, xn+1) ≤
h

1− h
d (xn+1, xn) .

That is,

d (xn, xn+1) ≤ kd (xn+1, xn) , where k =
h

1− h
. (10)

Similarly, we can show,

d (xn+1, xn) ≤ kd (xn, xn+1) . (11)

From (10) and (11), we have

d (xn, xn+1) ≤ k2d (xn, xn+1) .

It is a contradiction, since k < 1.

Case 2. If max {d (xn−1, xn+1) , d (xn, xn)} = d (xn−1, xn+1) . Then,

d (xn, xn+1) ≤ hd (xn−1, xn+1)

≤ h {d (xn−1, xn) + d (xn, xn+1)}

It implies that,

d (xn, xn+1) ≤
h

1− h
d (xn−1, xn) , where k =

h

1− h
< 1.
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Thus,

d (xn, xn+1) ≤ kd (xn−1, xn) .

Similarly, we can show

d (xn−1, xn) ≤ kd (xn−2, xn−1) .

Using above two inequalities, we have

d (xn, xn+1) ≤ k2d (xn−2, xn−1) .

Continuing in this way, we obtain

d (xn, xn+1) ≤ knd (x0, x1) , where k < 1.

Since, 0 ≤ k < 1, therefore lim
n→∞

kn → 0, we get

lim
n→∞

d(xn, xn+1) ≤ lim
n→∞

knd(x0, x1) = 0.

Now, we will show {fn(x0)} is Cauchy sequence. i.e. {xn} is Cauchy sequence.

For any sufficiently large natural number N ∈ N, there exist m,n ∈ N with m,n ≥
N . Without loss of generality, we may assume that m < n. Consider,

d (xm, xn) ≤ d (xm, xm+1) + d (xm+1, xm+2) + · · ·+ d (xn−1, xn)

≤ kmd(x0, x1) + km+1d(x0, x1) + · · ·+ kn−1d(x0, x1)

=
(
km + km+1 + · · ·+ kn−1

)
d(x0, x1)

≤
(
km + km+1 + · · ·+ kn−1 + kn + · · ·

)
d(x0, x1)

= km
(
1 + k + · · ·+ k n−m + · · ·

)
d(x0, x1)

=
km

1− k
d(x0, x1).

That is,

d (xm, xn) ≤
km

1− k
d(x0, x1).

Since k < 1, km → 0 as m → ∞. Thus, d (xm, xn) → 0 as m,n → ∞. Hence

{xn} = {fn(x0)} is Cauchy in O(x0). Since X is f -orbitally complete, {fn(x0)}
dq-converges to some q ∈ O(x0). By continuity of f and since {fn+1(x0)} is a

subsequence of {fn(x0)}, we obtain

f(q) = f
(
lim
n→∞

fn(x0)
)
= lim

n→∞
f(f n(x0)) = lim

n→∞
f (n+1)(x0)) = q.
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Thus, q is a fixed point of f and q ∈ O(x0). Now, suppose p ∈ O(x0) is another

fixed point of f . Then fp = p and fq = q. Consider

d(q, q) = d(fq, fq)

≤ hmax{d(q, fq), d(q, fq)}
⇒ d(q, q) ≤ hd(q, q)

as h ∈ [0, 1), we get d(q, q) ≤ 0. But d(q, q) = 0. Here d(q, q) = 0. Similarly, we can

show d(p, p) = 0. Now consider,

d(p, q) = d(fp, fq)

≤ hmax{d(p, fq), d(q, fp)}
= hmax{d(p, q), d(q, p)}.

That is,

d(p, q) ≤ hmax{d(p, q), d(q, p)}. (12)

There are two cases.

Case 1: If max{d(p, q), d(q, p)} = d(q, p). From (12), we get

d(p, q) ≤ hd(q, p).

Also,

d(q, p) = d(fq, fp)

≤ hmax{d(q, fp), d(p, fq)}
= hmax{d(q, p), d(p, q)}.

Thus, d(q, p) ≤ hmax{d(q, p), d(p, q)}. As per assumption, we have

d(q, p) ≤ hd(q, p) (13)

It is a contradiction, since h < 1.

Case 2: If max{d(p, q), d(q, p)} = d(p, q). From inequality (12), we get

d(p, q) ≤ hd(p, q).

As 0 ≤ h < 1, it implies that d(p, q) ≤ 0. But d(p, q) ≥ 0. Hence, d(p, q) = 0.

Similarly, we can show d(q, p) = 0. Hence, d(p, q) = d(q, p) = 0 and hence p = q.

Thus, p is a unique fixed point of f . □

Theorem 3.4. Let f : X → X be a continuous mapping in f -orbitally complete

dq-metric space (X, d) satisfying

d (fx, fy) ≤ hmax {d (x, fx) , d (y, fy) , d (x, y))} (14)

for all x, y ∈ X, x ̸= y, where 0 ≤ h < 1. If there exists x0 ∈ X such that O(x0) is

bounded, then f has a unique fixed point in O(x0).
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Proof. Choose any x0 ∈ X (fixed). Construct the sequence xn = fn(x0) =

f(xn−1) within O(x0). Consider,

d (xn, xn+1) = d (f(xn−1), f(xn))

≤ hmax{d (xn−1, f(xn−1)) , d (xn, f(xn)) , d (xn−1, xn)}
= hmax{d (xn−1, xn) , d (xn, xn+1) , d (xn−1, xn)}
= hmax{d (xn−1, xn) , d (xn, xn+1)}. (15)

Case 1: If

max{d(xn−1, xn), d(xn, xn+1)} = d(xn, xn+1),

then, from inequality (15), we obtain

d(xn, xn+1) ≤ h d(xn, xn+1),

which is a contradiction, since 0 ≤ h < 1.

Case 2: If

max{d(xn−1, xn), d(xn, xn+1)} = d(xn−1, xn),

then, from (15), we have

d(xn, xn+1) ≤ h d(xn−1, xn). (16)

Similarly,

d(xn−1, xn) ≤ h d(xn−2, xn−1). (17)

Using (16) and (17), we get

d(xn, xn+1) ≤ h d(xn−1, xn) ≤ h2 d(xn−2, xn−1).

Continuing in this way, we obtain

d(xn, xn+1) ≤ hn d(x0, x1). (18)

Since h < 1, hn → 0 as n→ ∞. Thus we have

lim
n→∞

d (xn, xn+1) = 0.

Now, we will show {fn(x0)} is Cauchy sequence. i.e. {xn} is Cauchy sequence.

For any sufficiently large natural number N ∈ N, there exist m,n ∈ N with m,n ≥
N . Without loss of generality, we may assume that m < n. Consider,

d(xm, xn) ≤ d(xm, xm+1) + d(xm+1, xm+2) + · · ·+ d(xn−1, xn)

≤ d(x0, x1)
(
hm + hm+1 + · · ·+ hn−1

)
≤ d(x0, x1)

(
hm + hm+1 + · · ·+ hn−1 + hn + · · ·

)
=

hm

1− h
d(x0, x1).



52 DAPKE AND MORE

Thus

d(xm, xn) ≤
hm

1− h
d(x0, x1).

Clearly, hm → 0, as m→ ∞, because 0 ≤ h < 1. Therefore,

lim
m→∞,n→∞

d(xm, xn) = 0.

Hence, {xn} = {fn(x0)} is Cauchy in O(x0). Hence, {xn} = {fn(x0)} is Cauchy

in O(x0). But, X is f -orbitally complete, so {fn(x0)} is dq-converges to q, for some

q ∈ O(x0). Thus, we have

f(q) = f
(
lim
n→∞

fn(x0)
)
= lim

n→∞
f(f n(x0)) = lim

n→∞
f (n+1)(x0)) = q.

Thus, q is a fixed point of f and q ∈ O(x0). Suppose that r ∈ O(x0) and r is

another fixed point of f ∈ O(x0). Now,

d (r, r) = d (fr, fr)

≤ h max {d (r, fr) , d (r, fr) , d (r, r)}
= h max {d (r, r) , d (r, r) , d (r, r)} ,

=⇒ d (r, r) ≤ h d (r, r) ,

It implies that d(r, r) ≤ 0. But d(r, r) ≥ 0. Hence d(r, r) = 0. Similarly, d (q, q) =

0. Now,

d(q, r) = d (fq, fr)

≤ h max {d (q, fq) , d (r, fr) , d (q, r)}
= h max {d (q, q) , d (r, r) , d (q, r)}
= h max {0, d(q, r)}
= hd(q, r).

As h < 1, the inequality d(q, r) ≤ hd(q, r) implies d(q, r) = 0. Hence q = r.

Hence f has unique fixed point in O(x0). □

Theorem 3.5. Let f : X → X be a continuous mapping in f -orbitally complete

dislocated quasi-metric space (X, d) satisfies

ψ (d (fx, fy)) ≤ ψ (d(x, y))− ϕ (d(x, y)) , (19)

where, ψ, ϕ : [0,∞) → [0,∞) are both continuous, non-decreasing functions with

ψ(t1) ≤ ψ(t2) implies that t1 ≤ t2 and ψ(t) = 0 = ϕ(t) iff t = 0. If there exists

x0 ∈ X such that O(x0) is bounded, then f has a unique fixed point in O(xo).

Proof. Choose any x0 ∈ X(fixed), we construct the sequence {fn(x0)} as xn =

fn(x0) = f(xn−1) within O(x0). Here x1 = f(x0), x2 = f(x1) and in general it can



SOME FIXED POINT THEOREMS IN ORBITALLY COMPLETE DQ-METRIC SPACE 53

be written as xn = f(xn−1). Put x = xn−1 and y = xn in the inequality (19), we get

ψ (d (xn, xn+1)) ≤ ψ (d (xn−1, xn))− ϕ (d (xn−1, xn)) . (20)

As ϕ(t) ≥ 0, ∀t ∈ R+ =⇒ ψ (d (xn, xn+1)) ≤ ψ (d (xn−1, xn)). Therefore by

using property of ψ, we get

d (xn, xn+1) ≤ d (xn−1, xn) .

It shows that {d(xn, xn+1)} is monotonically decreasing. Moreover, every d(xn, xn+1)

≥ 0,∀n ∈ N. Thus it is monotonically decreasing sequence, which is bounded below

and hence it is convergent. Therefore, there is u ∈ [0,∞) such that {d(xn, xm)} → u

as n→ ∞. If we assume u > 0 then letting n→ ∞ in (20), we get

ψ(u) ≤ ψ(u)− ϕ(u).

This implies

ψ(u) < ψ(u), since ϕ(u) > 0.

Thus, it is contradiction. Hence, u = 0. Therefore, d(xn, xn+1) approaches

to 0 as n → ∞. Now, we have to show {fn(x0)} is Cauchy sequence. i.e. to

show {xn} is Cauchy sequence. Let us assume that {xn} is not Cauchy sequence.

Therefore, for given ϵ > 0, we can find subsequences
{
xp(k)

}
and

{
xq(k)

}
of {xn}

with q(k) > p(k) > k such that

d
(
xp(k), xq(k)

)
≥ ϵ (21)

corresponding to p(k), we can choose q(k) in such a way that, it is the smallest

integer with q(k) and satisfy inequality (21), and we have

d
(
xp(k), xq(k)−1

)
< ϵ.

Also,

ϵ ≤ d
(
xp(k), xq(k)

)
≤ d

(
xp(k), xq(k)−1

)
+ d

(
xq(k)−1, xq(k)

)
< ϵ+ d

(
xq(k)−1, xq(k)

)
, (22)

as k → ∞ inequality (22) becomes,

ϵ ≤ lim
k→∞

d
(
xp(k), xq(k)

)
≤ ϵ.

Therefore,

lim
k→∞

d
(
xp(k), xq(k)

)
= ϵ.

Now,

d
(
xp(k), xq(k)

)
≤ d

(
xp(k), xp(k)−1

)
+ d

(
xp(k)−1, xq(k)−1

)
+ d

(
xq(k)−1, xq(k)

)
(23)

d
(
xp(k)−1, xq(k)−1

)
≤ d

(
xp(k)−1, xp(k)

)
+ d

(
xp(k), xq(k)

)
+ d

(
xq(k), xq(k)−1

)
, (24)
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as k → ∞ and using d(xn, xn+1) → 0 as n→ ∞ above inequality becomes,

ϵ ≤ lim
k→∞

d
(
xp(k)−1, xq(k)−1

)
≤ ϵ.

Therefore,

lim
k→∞

d
(
xp(k)−1, xq(k)−1

)
= ϵ.

Put x = xp(k)−1 and y = xq(k)−1 in (19), we get

ψ
(
d
(
xp(k), xq(k)

))
≤ ψ

(
d
(
xp(k)−1, xq(k)−1

))
− ϕ

(
d
(
xp(k)−1, xq(k)−1

))
,

as k → ∞ above inequality becomes,

ψ(ϵ) ≤ ψ(ϵ)− ϕ(ϵ),

ϵ = 0 which is contradiction. Hence, {xn} is Cauchy sequence. i.e. {fn(x0)} is a

Cauchy sequence in O(x0). As X is f -orbitally complete. So fn(x0) is dq-converges

to q for some q ∈ O(x0). We have,

f(q) = f
(
lim
n→∞

fn(x0)
)
= lim

n→∞
f(f n(x0)) = lim

n→∞
f (n+1)(x0)) = q.

Since, f is continuous and {fn+1(x0)} is a subsequence of {fn(x0)}. We have,

f(q) = q and q ∈ O(x0). Let q1 and q2 be two fixed points of f i.e. f(q1) = q1 and

f(q2) = q2. By using inequality (19), we get

ψ (d (f (q1) , f (q2))) ≤ ψ (d (q1, q2))− ϕ (d (q1, q2))

ψ (d (q1, q2)) ≤ ψ (d (q1, q2))− ϕ (d (q1, q2)) ,

this gives us,

ψ (d (q1, q2)) ≤ ψ (d (q1, q2)) .

Thus, d(q1, q2) = 0. Therefore, d(q1, q2) = 0 =⇒ q1 = q2. Hence, f has a unique

fixed point. □

Theorem 3.6. Let f : X → X be a continuous mapping in f -orbitally complete

dislocated quasi-metric space (X, d) satisfies

ψ (d (fx, fy)) ≤ ψ (M(x, y))− ϕ (M(x, y)) , (25)

where, M(x, y) = max{d(x, y), d(x, fx), d(y, fy)} and ψ, ϕ : [0,∞) → [0,∞) are

both continuous and non-decreasing functions with ψ(t1) ≤ ψ(t2) implies that t1 ≤ t2
and ψ(t) = 0 = ϕ(t) iff t = 0. If there exists x0 ∈ X such that O(x0) is bounded,

then f has a unique fixed point in O(xo).

Proof. Choose any x0 ∈ X(fixed), we construct the sequence {fn(x0)} as xn =

fn(x0) = f(xn−1) within O(x0). Here x1 = f(x0), x2 = f(x1) and in general it can

be written as xn = f(xn−1). Put x = xn−1 and y = xn in the inequality (25), we get

ψ (d (xn, xn+1)) ≤ ψ (M (xn−1, xn))− ϕ (M (xn−1, xn)) , (26)
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where,

M (xn−1, xn) = max {d (xn−1, xn) , d (xn−1, f (xn−1)) , d (xn, f (xn))}
= max {d (xn−1, xn) , d (xn−1, xn) , d (xn, xn+1)}
= max {d (xn−1, xn) , d (xn, xn+1)} , (27)

Case 1: If max {d (xn−1, xn) , d (xn, xn+1)} = d (xn, xn+1) . From inequality (27),

we get

ψ (d (xn, xn+1)) ≤ ψ (d (xn, xn+1))− ϕ (d (xn, xn+1)) ,

If xn = xn+1 =⇒ xn = f(xn). Then xn is a fixed point of f . If xn ̸= xn+1,

ϕ (d (xn, xn+1)) > 0 =⇒ ψ (d (xn, xn+1)) < ψ (d (xn, xn+1)), which is contradiction.

Case 2: If max {d (xn−1, xn) , d (xn, xn+1)} = d (xn−1, xn) . From inequality (27),

we get

ψ (d (xn, xn+1)) ≤ ψ (d (xn−1, xn))− ϕ (d (xn−1, xn)) . (28)

As ϕ(t) ≥ 0, ∀t ∈ [0,∞) =⇒ ψ (d (xn, xn+1)) ≤ ψ (d (xn−1, xn)). Therefore,

using ψ(t1) ≤ ψ(t2) =⇒ t1 ≤ t2, we get

d (xn, xn+1) ≤ d (xn−1, xn) ,

this gives us that {d(xn, xn+1)} is monotonically decreasing. Moreover, every d(xn, xn+1) ≥
0, ∀n ∈ N and it is bounded below, hence it is convergent. Therefore, there is

u ∈ [0,∞) such that {d(xn, xm)} → u as n → ∞. If we assume u > 0 then letting

n→ ∞ in (28), we get

ψ(u) ≤ ψ(u)− ϕ(u).

This implies,

ψ(u) < ψ(u), since ϕ(u) > 0.

Thus, it is contradiction. Hence, u = 0. Hence, d(xn, xn+1) approaches 0 as

n→ ∞. Now, we have to show that {fn(x0)} is Cauchy sequence. i.e. to show {xn}
is Cauchy sequence. Let us assume that {xn} is not Cauchy sequence. Therefore,

for given ϵ > 0, we can find subsequences
{
xp(k)

}
and

{
xq(k)

}
of {xn} with q(k) >

p(k) > k such that

d
(
xp(k), xq(k)

)
≥ ϵ (29)

corresponding to p(k), we can choose q(k) in such a way that, it is the smallest

integer with q(k) which satisfy inequality (29) and we get

d
(
xp(k), xq(k)−1

)
< ϵ.
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Also,

ϵ ≤ d
(
xp(k), xq(k)

)
≤ d

(
xp(k), xq(k)−1

)
+ d

(
xq(k)−1, xq(k)

)
< ϵ+ d

(
xq(k)−1, xq(k)

)
, (30)

as k → ∞ inequality (30) becomes,

ϵ ≤ lim
k→∞

d
(
xp(k), xq(k)

)
≤ ϵ.

Therefore,

lim
k→∞

d
(
xp(k), xq(k)

)
= ϵ.

Now,

d
(
xp(k), xq(k)

)
≤ d

(
xp(k), xp(k)−1

)
+ d

(
xp(k)−1, xq(k)−1

)
+ d

(
xq(k)−1, xq(k)

)
(31)

d
(
xp(k)−1, xq(k)−1

)
≤ d

(
xp(k)−1, xp(k)

)
+ d

(
xp(k), xq(k)

)
+ d

(
xq(k), xq(k)−1

)
, (32)

as k → ∞ and using d(xn, xn+1) → 0 as n→ ∞ above inequality becomes,

ϵ ≤ lim
k→∞

d
(
xp(k)−1, xq(k)−1

)
≤ ϵ.

Therefore,

lim
k→∞

d
(
xp(k)−1, xq(k)−1

)
= ϵ.

Put x = xp(k)−1 and y = xq(k)−1 in (25), we get

ψ(d(xp(k), xq(k))t) ≤ ψ(M(xp(k)−1, xq(k)−1))− ϕ(M(xp(k)−1, xq(k)−1)), (33)

where, M(xp(k)−1, xq(k)−1) =

max{d(xp(k)−1, xq(k)−1), d(xp(k)−1, f(xp(k)−1)), d(xq(k)−1, f(xq(k)−1))}
= max{d(xp(k)−1, xq(k)−1), d(xp(k)−1, xp(k)), d(xq(k)−1, xq(k))}, (34)

Case 1: If max(d(xp(k)−1, xq(k)−1), d(xp(k)−1, xp(k)), d(xq(k)−1, xq(k))) = d(xp(k)−1, xq(k)−1).

From inequality (34), we get

ψ(d(xp(k), xq(k))) ≤ ψ(d(xp(k)−1, xq(k)−1))− ϕ(d(xp(k)−1, xq(k)−1)), (35)

as k → ∞ inequality (35) becomes,

ψ(ϵ) ≤ ψ(ϵ)− ϕ(ϵ),

which is contradiction if ϵ > 0, then ϵ = 0.

Case 2: If max(d(xp(k)−1, xq(k)−1), d(xp(k)−1, xp(k)), d(xq(k)−1, xq(k))) = d(xp(k)−1, xp(k)).

From inequality (34), we get

ψ(d(xp(k), xq(k))) ≤ ψ(d(xp(k), xq(k)))− ϕ(d(xp(k), xq(k))), (36)
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as k → ∞ inequality (36) becomes,

ψ(ϵ) ≤ ψ(ϵ)− ϕ(ϵ),

which is contradiction if ϵ > 0, then ϵ = 0.

Case 3: If max(d(xp(k)−1, xq(k)−1), d(xp(k)−1, xp(k)), d(xq(k)−1, xq(k))) = d(xq(k)−1, xq(k)).

From inequality (34), we get

ψ(d(xp(k), xq(k))) ≤ ψ(d(xq(k)−1, xq(k)))− ϕ(d(xq(k)−1, xq(k))), (37)

as k → ∞ inequality (37) becomes,

ψ(ϵ) ≤ ψ(ϵ)− ϕ(ϵ),

which is contradiction if ϵ > 0, then ϵ = 0. Hence {xn} = {fn(x0)} is Cauchy in

O(x0). Since X is f -orbitally complete, {fn(x0)} dq-converges to some q ∈ O(x0).

By continuity of f and since {fn+1(x0)} is a subsequence of {fn(x0)}, we obtain

f(q) = f
(
lim
n→∞

fn(x0)
)
= lim

n→∞
f(f n(x0)) = lim

n→∞
f (n+1)(x0)) = q.

Thus, q is a fixed point of f and q ∈ O(x0). Let q1 and q2 be two fixed points of

f i.e. f(q1) = q1 and f(q2) = q2. By using inequality (25), we get

ψ(d(fq1, fq2)) ≤ ψ(M(q1, q2))− ϕ(M(q1, q2))

ψ(d(q1, q2)) ≤ ψ(M(q1, q2))− ϕ(M(q1, q2)), (38)

where,

M(q1, q2) = max(d(q1, q2), d(q1, f(q1)), d(q2, f(q2)))

= max(d(q1, q2), d(q1, q1), d(q2, q2)), (39)

Case 1: If max(d(q1, q2), d(q1, q1), d(q2, q2)) = d(q1, q2). From inequality (38), we

get

ψ(d(q1, q2)) ≤ ψ(d(q1, q2))− ϕ(d(q1, q2)).

This gives us,

ψ(d(q1, q2)) < ψ(d(q1, q2)), as ϕ (d(q1, q2)) > 0,

which is contradiction unless d(q1, q2) = 0. Therefore, d(q1, q2) = 0 =⇒ q1 = q2.

Case 2: If max(d(q1, q2), d(q1, q1), d(q2, q2)) = d(q1, q1). From inequality (38), we

get

ψ(d(q1, q2)) ≤ ψ(d(q1, q1))− ϕ(d(q1, q1)), (40)

as d(q1, q2) ≤ d(q1, q1) and ψ is non-decreasing, we have

ψ(d(q1, q2)) ≤ ψ(d(q1, q1)). (41)

Using (40) and (41), we obtain

0 ≤ −ϕ (d(q1, q1))



58 DAPKE AND MORE

This forces ϕ (d(q1, q1)) = 0. Therefore, d(q1, q1) = 0 =⇒ ψ(d(q1, q1)) = 0. By

substituting ψ(d(q1, q1)) = 0 into the inequality (40). It follows that ψ(d(q1, q2)) = 0

and hence q1 = q2.

Case 3: If max(d(q1, q2), d(q1, q1), d(q2, q2)) = d(q2, q2), then from inequality (38),

we get

ψ
(
d(q1, q2)

)
≤ ψ

(
d(q2, q2)

)
− ϕ

(
d(q2, q2)

)
. (42)

Since d(q1, q2) ≤ d(q2, q2) and ψ is non-decreasing, we have

ψ
(
d(q1, q2)

)
≤ ψ

(
d(q2, q2)

)
. (43)

Using (42) and (43), we obtain

0 ≤ −ϕ
(
d(q2, q2)

)
.

This forces ϕ
(
d(q2, q2)

)
= 0. Therefore, d(q2, q2) = 0 =⇒ ψ

(
d(q2, q2)

)
= 0. By

substituting ψ
(
d(q2, q2)

)
= 0 into inequality (42), it follows that ψ

(
d(q1, q2)

)
= 0,

and hence q1 = q2. Hence, f has a unique fixed point. □

4. Conclusion

In this paper, we have established several new fixed point theorems for con-

tinuous self-mappings in orbitally complete dislocated quasi-metric spaces. These

results serve as significant generalizations of classical fixed-point theorems in asym-

metric settings. The concept of orbital completeness in the context of dislocated

quasi-metrics provides a novel framework for analyzing convergence and stability

of mappings. Our findings not only enrich the existing body of fixed point theory

but also highlight the potential of dislocated quasi-metric spaces for further math-

ematical investigation. These theorems may find applications in various areas such

as nonlinear analysis, optimization, and computational mathematics. Future work

may focus on extending these results to multivalued mappings or other generalized

metric structures.
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