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ABSTRACT. This paper aims to obtain some new fixed point theorems in orbitally
complete dislocated quasi-metric spaces for continuous self-mapping. This study
opens new paths for research in dislocated quasi-metric spaces and enhances the
ongoing progression of fixed point theory.
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1. Introduction

Banach [3] established a renowned fixed point theorem for contraction mappings
in complete metric spaces. Widely known as the Banach Contraction Principle
(BCP). It has many applications in differential equations, integral equations, engi-
neering, etc. Rhoades [11] studied various contractive conditions that extend the
classical Banach Contraction Principle, and Rhoades proposed numerous general-
izations of contractive mappings, offering conditions under which fixed points exist,
even when the mappings are not strict contractions. His work introduced new tools,
such as partial ordering and altering distance functions, to study fixed point results
more broadly. Khan et al. [8] introduced a new class of fixed point problems involv-
ing a control function, referred to as the altering distance function. This concept
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has since been extended to various forms, including two-variable, three-variable,
multivalued, and fuzzy mappings. Zeyada et al [14] introduced the notion of a dis-
located quasi-metric space and generalized the result of Hitzler and Seda in such
spaces. Aage and Salunke [2] established additional fixed point results in dislocated
and dislocated quasi-metric spaces. Samet et al. [13] introduced the concepts of
a-admissible and « — -contractive mappings and established several fixed point
theorems for these mappings. Their results are closely related to certain fixed point
theorems in ordered metric spaces.

2. Preliminaries

In this section, we present some fundamental definitions and essential concepts
that form the foundation of our study. These preliminaries will be useful in devel-
oping the results discussed in subsequent sections.

Definition 2.1. Let X be a non-empty set. Let d : X x X — [0,00) be a

mapping satisfies the conditions:
(i) d(z,z) =0 for all z € X,
(il) d(z,y) = d(y,z) =0 = z =y,

(iii) d(x,y) = d(y,x) for all z,y € X,

(iv) d(z,y) < d(z,z) +d(z,y) for all z,y,z € X.

If d satisfies conditions (i), (ii), (iii) and (iv), it is called a metric on X. If d
satisfies conditions (ii) and (iv), then it is referred to as a dislocated quasi-metric
on X. The non-empty set X together with a dg-metric d is called a dislocated
quasi-metric space, and it is denoted by (X, d).

Definition 2.2. [14] A sequence {z,} in dq-metric space (X, d) is called Cauchy
if for given € > 0 3 ny € N such that Ym, n > ng implies d(z,,, z,,) < € or d(x,,, T,,) <
€. i.e. min{d(xp, x,),d(xp, )} <e.

Definition 2.3. [14] A sequence {x,} in dislocated quasi-converges to x if

lim d(z,,z) = lim d(z,z,) =0.
n—oo n—oo

In this case z is called a dg-limit of {z,} and we write x,, — x.

Lemma 2.1. [1}] Every subsequence of dg-convergent sequence to a point xq is
dg-convergent to x.

Definition 2.4. [14] A dg-metric space (X, d) is considered complete if every
Cauchy sequence within it is dq-convergent in X.

Definition 2.5. [14] Let (M, d,) and (N, d,) be a dq-metric spaces and g : M —
N be a mapping. We say that ¢ is continuous at a € M if each d,-quasi convergent
sequence {a,,} to a in M, then {g(a,,)} is d,-quasi convergent to g(a) in N.
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Lemma 2.2. [1/] Let (X,d) be a complete dg-metric space and f : X — X be
a contraction function, then {f™(xo)} is a Cauchy sequence for each xo € X.

Definition 2.6. [14] Let (X, d) be a complete dg-metric space and let f : X — X
be a continuous contraction function, then f has a unique fixed point.

Definition 2.7. [1] Let f : X — X be a mapping in a dg-metric space (X, d).
The orbit of f at the point # € X is the set O(z) = {z, fx, f?z,...}. The closure of
an orbit denoted by W, is the set of all x € X for which there exists a sequence
in O(x) that converges to x.

An orbit O(x) of z in X is known as dq-bounded if there exists a positive integer
k such that d(z,y) < k, Vx,y € O(X) then constant k is called dg-bound. (X,d) is
called f-orbitally complete if every Cauchy sequence in O(x) converges to the point

in X.

Remark 2.8. In a space (X, d), if the sequence {x,, } converges toz € X (i.e. {z,} —
x) and {x,, } is sub-sequence of {z,} then {z,,} — = as k — 0.

Definition 2.9. [1] A mapping f : X — X in a dq- metric space (X, d) is called
an orbitally contraction mapping if 3zg € X and « € [0, 1) such that

d(fa, fb) < ad(a,b),

for all a,b € O(x).

Definition 2.10. [1] A mapping f : X — X in a dq-metric space (X, d) is called
an orbitally-Kannan mapping if 3xy € X and « € [0, %) such that

d(fa, fb) < o{d(a, fa) + d(b, fb)},

for all a,b € O(xp).

Lemma 2.3. [1] Let (X,d) be a dg-metric space and f : X — X be an orbitally
contraction mapping. If xyg € X with O(x) is bounded, then {f"(x)} is a Cauchy
sequence for any x in O(xg).

Theorem 2.4. [1] Let f : X — X be a continuous orbitally contraction mapping
in f-orbitally complete space (X,d). If there exists o € X such that O(xg) is
bounded, then f has a unique fized point in O(x).

Definition 2.11. [8] A function ¢ : [0,00) — [0,00) is said to be an altering
distance function, if it satisfies the following conditions:

(i) #(0) =0,

(ii) ¢ is continuous and monotonically non-decreasing.
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3. Main Results

In this section, we establish several fundamental theorems within the framework
of dislocated quasi-metric spaces. These results play a pivotal role in the devel-
opment of our main findings and serve as a foundation for further extensions and
generalizations. The theorems are presented and proved as follows.

Theorem 3.1. Let f : X — X be a continuous mapping in f-orbitally complete
dg-metric space (X, d) satisfies

d(fe, fy) < 5 (s, f) + dly. Fy) (1)

1
for all x,y € X with v # y, where 0 < h < 3 If there exists o € X such that

O(zo) is bounded, then f has a unique fized point in O(zo).

PRrROOF. Choose any zy € X(fixed). We construct a sequence z,, = f"(zg) =
f(zp—1) within O(x(). Consider,

d(Tn, Tny1) = d (f(2n-1), f(Tn))
h
S 5 [d(xn—h xn) + d(l’n, xn—i—l)] )
h h
S _d(xn—la xn) + —d((L’n, xn—l—l)-
2 2
It implies that,
h
d (SCn, xn+1) S ﬂ d (xnfla mn) .
That is,
h
d(zp,tpi1) < kd(zp-1,2,), wherek = T (2)
Similarly,
d(T01,20) < o d( )
Tn—1,Tn) > 9 _ h Lp—2,Lp—1) -
That is,
d(xn_1,2,) < kd(x, 9,2,1), wherek = % (3)

Using (2) and (3), we get
d(Tn, Tny1) < k2 d(Tn_g, Tp_1).
Continuing in this way, we get
d(zp, Tpi1) < K" d(z9,21) . (4)

Therefore, k" — 0 as n — oo. Thus, d(z,,x,11) — 0 as n — oo. Now, we
will show {f™(zo)} is Cauchy sequence. i.e. {z,} is Cauchy sequence. For any
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sufficiently large natural number N € N, there exist m,n € N with m,n > N.
Without loss of generality, we may assume that m < n. Consider

d(Tm, Tn) < d (T, Tmr1) + d (Tmat, Tmae) + -+ d(Tp_1, Tn)
< k™d(xg, 21) + K™ d (20, 21) + -+ K" (20, 71)
= (K™ + k™ 4+ k") d(zo, 21)
< (k:m+l<;m+1+---+k”‘1+k”+---)d(wo,xl)
=k"(L+k+-+E"+- ) d(zo, 71)
= i—mkd(xo,xl).
That is,

m

k
d (T, Tn) < T % d(zg, x1).

Since k < 1, K™ — 0 as m — oo. Thus, d(x,,,z,) — 0 as m,n — oo. Hence
{z,} = {f"(x0)} is Cauchy in O(zy). Since X is f-orbitally complete, {f"(x0)}
dqg-converges to some ¢ € O(zp). By continuity of f and since {f"™!(zo)} is a
subsequence of {f™(xo)}, we obtain

fla) = f (lim f"(xo)) = lim f(f"(z0))

n—oo

— i (n+1) —
Jim f7(20)) = ¢

Thus, ¢ is a fixed point of f and ¢ € O(zy). Now, suppose p € O(xg) is another
fixed point of f. Then fp =p and fq = q. Consider

d(p,p) = d(fp, fp)

< 21d(p, fp) + d(p, F)]
= g[d(p,p) +d(p,p)]

= hd(p,p).

It gives that, d(p,p) < hd(p,p). Since 0 < h < 1 (in particular 1 — h > 0) and
d(p,p) > 0, the inequality d(p,p) < hd(p,p) forces d(p,p) = 0. Similarly, we can
show d(q,q) = 0. Now,

d(p,q) = d(fp, fa)

[d(p, fp) +d(q, fq)]

[d(p,p) +d(q,q)]

IN

Sl >
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It gives that, d(p,q) < 0. But d(p,q) > 0. Thus, we have d(p,q) = 0. Similarly,
we can show d(q,p) = 0. Therefore d(p,q) = d(q,p) = 0. Hence p = q. Therefore f
has a unique fixed point in O(zy). O

Theorem 3.2. Let f: X — X be a continuous mapping in f-orbitally complete
dg-metric space (X,d). If there exists g € X such that O(xg) is bounded and
satisfies for all x,y € X,

d(fz, fy) < hmax{d(z, fr),d(y, fy)},

where 0 < h < 1. Then f has a unique fized point in O(x).

PROOF. Choose any xy € X (fixed). We construct a sequence z,, = f"(xg) =
f(x,—1) within O(zg). Consider,

d(xnvanrl) = d(f(xnfl)a f(xn))
S h max {d (xnfla f(xnfl)) 7d (xna f(xn))}

= hmax{d(zn_1,2n), d(Tpn, Tni1)} -
That is,
d(zp, tpi1) < hmax{d(z,_1,2,),d(Tn, Tni1)} - (5)

Case 1: If max {d(zp—1,2,), d(Tn, Tni1)} = d(2n, Tpt1). From inequality (5), we
get

d(a:n, ./En_t,_l) S hd(fﬂn, xn—&-l)v

which is contradiction, as h € [0, 1).
Case 2: If max {d(zp—1,2,), d(Tn, Tni1)} = d(xn—1, ;). From inequality (5), we
get

d(xp, Tpy1) < hd(zp_q,2,). (6)
Similarly,
d(xp_1,%,) < hd(xy_2,,_1). (7)
Using inequality (6) and (7), we get
d(xy, Tpyr) < R2d(2p_9, Tn_1).
Continuing in this way, we get
d(xp, Tpy1) < W"d(z9, 21). (8)

Since 0 < h < 1, therefore lim A" — 0, we get

n—oo

lim d(zy,, Tpy1) < lim A"d(zg, 1) = 0.
n—oo n—o0
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Now, we will show {f"(zo)} is Cauchy sequence. i.e. {z,} is Cauchy sequence.
For any sufficiently large natural number N € N, there exist m,n € N with m,n >
N. Without loss of generality, we may assume that m < n. Consider

ATy, ) < d(Tpy Trs1) + ATty Tmao) + d(Tia2, Tias) + -+ d(xp—1, x5)
< h™d(zg, 21) + R™ (20, 21) + R 2d (20, 21) + - - - + B (w0, 71)
=M1+ h+ R+ B (20, 1)
< h™(1+h+h*+---)d(xg,71), (since h >0)
= 1h_—mhd(xo,x1).

Thus,

d(Tpm, Ty) < md(fo,xl)-
As h € [0,1) and as m,n — oo, we have d(z,,, x,) — 0. Hence, {z,} = {f"(z0)}
is Cauchy in O(xg). But, X is f-orbitally complete, so {f™(x¢)} is dq-converges to
q, for some ¢ € O(xg). Thus, we have

F(@) = f (lim f"(z0)) = Tim f(f"(w0)) = lim f(z0)) = g

since f is continuous, and {f"*1(x¢)} is a subsequence of {f"(zo)}, it follows that
f(q) = ¢; that is, ¢ is a fixed point of f. Suppose p is another fixed point of f.
Consider,

d(p,p) = d(fp, fp)
< hmax{d(p, fp),d(p, fp)}
= hd(p,p).

It implies that, d (p,p) < hd(p,p), as h € [0,1), we get d(p, p) = 0. Similarly, we
can show d(q,q) = 0. Now,

d(p,q) = d(fp, fq)
< hmax{d (p, fp),d (g, fq)}
= hmax{d (p,p),d(q,q)}.

It implies that, d (p, q) < hmax{d (p,p),d(q,q)}. This gives us that d (p,q) < 0.
Since, d(p, q) > 0. Therefore d(p,q) = 0. Also

d(q,p) = d(fq, fp)
< hmax{d(q, fq),d(p, fp)}
= hmax{d(q,q),d(p,p)}.
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That is, d(p,q) < max{d(q,q),d(p,p)} this gives that d(g,p) < 0 and hence,
d(q,p) = 0. Therefore, d(p,q) = d(q,p) =0 = p = q. Hence, f has a unique
fixed point in O(x). O

Theorem 3.3. Let f : X — X be a continuous mapping in f-orbitally complete
dg-metric space (X,d) satisfying

d(fz, fy) < hmax{d(z, fy),d(y, fz)} (9)

for all x,y € X with x # y, where 0 < h < 1. If exists xo € X such that O(xg) is

bounded, then f has a unique fized point in O(xg).

PROOF. Choose any xy € x (fixed). Since f: X — X, so fxg € X. Therefore,
we construct a sequence z,, = f"(zg), n > 1. Consider

d(zn, tns1) = d(fon-1, f2n)
< hmax {d(x,_ 1, fr,),d (T, fro_1)}
= hmax{d (z,_1,%Tns1),d (Tn, x,)}.
Case 1. If max {d (z,_1,Tpns1),d(Tn, T)} = d(zp, xy), then
d(zp, xpi1) < hd(x,,x,)
< h{d(@n, Tnt1) + d (T4, 20) } -
It implies that,
h

d (ZEn, xn—i—l) S md (a’:n—‘rl; xn) .
That is,
h
d(Tp, Tpi1) < kd (py1,2,), where k= -7 (10)
Similarly, we can show,
d(Tps1, ) < kd (T, Tpiq) . (11)

From (10) and (11), we have
d (mna xn-{—l) S de (mna mn-l—l) .

It is a contradiction, since k < 1.
Case 2. If max {d (zp_1,Tn+1),d(xn, )} = d(Tp_1,2ns1) . Then,

d (ZEn, xn—l—l) S hd (xn—lu xn—i—l)
S h {d (xn—la xn) + d (l’n, xn+1)}
It implies that,

d($ml’n+1) S —d (:L’n_l,xn), where k = 1_ < 1.
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Thus,
d(xy, Tpy1) < kd(xp_1,2,).

Similarly, we can show

d(zp-1,2,) < kd(xp_2,Tn1).
Using above two inequalities, we have

d (T, Tny1) < K2d (09,20 1) .
Continuing in this way, we obtain

d (T, Tpi1) < k"d(z9,21), where k < 1.

Since, 0 < k < 1, therefore lim k™ — 0, we get

n—oo

lim d(z,, x,e1) < lim k"d(zo,x1) = 0.

n—oo n—oo

Now, we will show {f"(x¢)} is Cauchy sequence. i.e. {x,} is Cauchy sequence.
For any sufficiently large natural number N € N, there exist m,n € N with m,n >
N. Without loss of generality, we may assume that m < n. Consider,

d (T, ) < d(Tm, Tmir) + d (Tmi1, Tmiz) + -+ d (Tno1, 20)
< K7 d(wo, v1) + K" (o, 3) + -+ K d (o, 1)
= (K™ ™ kY d(, )
< (km+k.m+1+...+kn_1+kn+"')d(x07$l)
=E" (1 k+- k" ) d(xo, 71)
= i—mkd(xo,m)-
That is,

m

k
d (T, T,) < 1% d(xg,x1).

Since k < 1, k™ — 0 as m — oo. Thus, d(z,,x,) — 0 as m,n — oco. Hence
{z,} = {f™"(x0)} is Cauchy in O(zg). Since X is f-orbitally complete, {f"(x0)}
dq-converges to some ¢ € O(zo). By continuity of f and since {f"'(xo)} is a
subsequence of {f™(xo)}, we obtain

F(@) = £ (lim f"(z0)) = lim f(F"(0)) = lim f050(20)) =g
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Thus, ¢ is a fixed point of f and ¢ € O(zy). Now, suppose p € O(xg) is another
fixed point of f. Then fp =p and fq = q. Consider

d(q,q) = d(fq, fq)
< hmax{d(q, fq),d(q, fq)}
= d(g,q) < hd(q,q)
as h € [0,1), we get d(q,q) < 0. But d(q,q) = 0. Here d(q,q) = 0. Similarly, we can
show d(p,p) = 0. Now consider,
d(p,q) = d(fp, fa)
< hmax{d(p, fq),d(q, fp)}
= hmax{d(p,q),d(q,p)}

That is,
d(p,q) < hmax{d(p, q),d(q,p)}- (12)

There are two cases.
Case 1: If max{d(p,q),d(¢q,p)} = d(q,p). From (12), we get

d(p,q) < hd(gq,p).
Also,

d(q,p) = d(fq, fp)
< hmax{d(q, fp),d(p, fq)}
= hmax{d(q,p),d(p,q)}.

Thus, d(q,p) < hmax{d(q,p),d(p,q)}. As per assumption, we have
d(q,p) < hd(q,p) (13)

It is a contradiction, since h < 1.
Case 2: If max{d(p,q),d(q,p)} = d(p,q). From inequality (12), we get
d(p,q) < hd(p, q).

As 0 < h < 1, it implies that d(p,q) < 0. But d(p,q) > 0. Hence, d(p,q) = 0.
Similarly, we can show d(q,p) = 0. Hence, d(p,q) = d(q,p) = 0 and hence p = q.
Thus, p is a unique fixed point of f. O

Theorem 3.4. Let f : X — X be a continuous mapping in f-orbitally complete
dg-metric space (X, d) satisfying
d(fz, fy) < hmax{d(z, fz),d(y, fy) d(z,y))} (14)

for all x,y € X,z # vy, where 0 < h < 1. If there exists xg € X such that O(xg) is
bounded, then f has a unique fixed point in O(xg).
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PROOF. Choose any zp € X (fixed). Construct the sequence z,, = f™(xy) =
f(2y—1) within O(z). Consider,
d (2, Tny1) = d (f(2n-1), f(2n))
< hmax{d (zp—1, [(¥n-1)), d(@n, f(20)), d (01, 2n)}
= hmax{d (zp_1,%n), d(Tpn, Tni1), d(Tp_1,2,)}
= hmax{d (zp_1,%n), d(Tpn, Tni1)}- (15)
Case 1: If
max{d(x,_1, ), A(Tpn, Tni1)} = d(Tn, Tpi1),
then, from inequality (15), we obtain
d(wp, Tny1) < hd(wy, Tny1),
which is a contradiction, since 0 < h < 1.
Case 2: If
max{d(x,_1,2,), d(Tn, Tpni1)} = d(xy_1,T,),
then, from (15), we have
(@, Tpg1) < hd(Tp—1,xy). (16)
Similarly,
d(xp_1,2,) < hd(x, 2,2, 1). (17)
Using (16) and (17), we get
(2, Tpy1) < hd(2p_1,2,) < P d(Ty_2, Tp_1).
Continuing in this way, we obtain
d(xp, Tpe1) < B d(xo, x1). (18)
Since h < 1, h™ — 0 as n — o0o. Thus we have

lim d(x,,x,1) = 0.
n—oo

Now, we will show {f™(zo)} is Cauchy sequence. i.e. {z,} is Cauchy sequence.
For any sufficiently large natural number N € N, there exist m,n € N with m,n >
N. Without loss of generality, we may assume that m < n. Consider,

d(xmwfn) < d(l‘m,xm—o—l) + d<xm+17 Im+2) et d(«rn_l,xn)
< d(*%'Oa $1) (hm -+ hm+1 4+t hnfl)
<d(zo,z1) (W™ + R 4 R R )
hm

= m d(ZEQ, ZE1>.
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Thus

m

d(ﬂ?m, .CCn> S ﬁ d(l’o, l'1>.
Clearly, h™ — 0, as m — oo, because 0 < h < 1. Therefore,

lim  d(zp,,x,) =0.
m—00,n—00

Hence, {z,,} = {f"(x0)} is Cauchy in O(xg). Hence, {z,} = {f"(x)} is Cauchy
in O(xp). But, X is f-orbitally complete, so { f"(zo)} is dg-converges to ¢, for some
q € O(xg). Thus, we have

F(@) = £ (lim f(w0)) = Tim f(f"(x0)) = lim [ (zy)) =g

Thus, ¢ is a fixed point of f and ¢ € O(z¢). Suppose that r € O(zo) and r is
another fixed point of f € O(xy). Now,
d(r,r)=d(fr, fr)
< h max{d(r, fr),d(r, fr),d(r,r)}
= h max{d(r,r),d(r,r),d(r,r)},
— d(r,r) < hd(r,r),

It implies that d(r,r) < 0. But d(r,r) > 0. Hence d(r,r) = 0. Similarly, d (¢, q) =
0. Now,
d(q,r) = d(fq, fr)
< hmax{d(q, fq),d(r, fr),d(q,r)}
=h max{d(q,q),d(r,r),d(q,r)}
= h max {0,d(q,r)}
= hd(q,r).

As h < 1, the inequality d(q,7) < hd(q,r) implies d(q,r) = 0. Hence ¢ = r.
Hence f has unique fixed point in O(zg). O

Theorem 3.5. Let f : X — X be a continuous mapping in f-orbitally complete
dislocated quasi-metric space (X, d) satisfies

Y (d(fr, fy)) <@ (d(z,y)) — o (d(z,y)), (19)

where, ¥, ¢ : [0,00) — [0,00) are both continuous, non-decreasing functions with
W(ty) < Y(ty) implies that t1 < ty and ¥(t) = 0 = ¢(t) iff t = 0. If there exists
xog € X such that O(zy) is bounded, then f has a unique fized point in O(z,).

PROOF. Choose any 2y € X(fixed), we construct the sequence { f"(z¢)} as z,, =
f™(xo) = f(xp_1) within O(x). Here 1y = f(z0),x2 = f(x1) and in general it can
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be written as =, = f(z,_1). Put x = z,,_; and y = x,, in the inequality (19), we get

Y (d(Tn, Tpr1)) < (d(Xn-1,70)) — @ (d(Tn-1,20)) . (20)
As ¢(t) > 0,Vt € Rt = ¢ (d(xn,xn11)) < ¥ (d(xy_1,2,)). Therefore by
using property of ¢, we get
d (xn; xn+1> S d (xnflv xn) .
It shows that {d(z,, ,+1)} is monotonically decreasing. Moreover, every d(x,,, T, 1)
> 0,Vn € N. Thus it is monotonically decreasing sequence, which is bounded below

and hence it is convergent. Therefore, there is u € [0, 00) such that {d(z,, )} — u
as n — oo. If we assume u > 0 then letting n — oo in (20), we get

U(u) < Pu) — o(u).
This implies
P(u) < (u), since ¢(u) > 0.
Thus, it is contradiction. Hence, u = 0. Therefore, d(x,,z,+1) approaches
to 0 as n — oo. Now, we have to show {f™(x¢)} is Cauchy sequence. i.e. to

show {z,} is Cauchy sequence. Let us assume that {z,} is not Cauchy sequence.
Therefore, for given € > 0, we can find subsequences {xp(k)} and {xq(k)} of {x,}

with ¢(k) > p(k) > k such that
d (2pr), Ta(ty) > (21)

corresponding to p(k), we can choose ¢(k) in such a way that, it is the smallest
integer with ¢(k) and satisfy inequality (21), and we have

d (Tp(), Tathy-1) < €
Also,
€ < d (Tp(r), Toir)
< d (%p(r): Taiy-1) + d (Tg)-1, Tg(r)
< e+ d (Tg)-1, Tar)) » (22)
as k — oo inequality (22) becomes,

e < lim d (a:p *)> IL’q(k)) <e.

k—o0
Therefore,
N d (200, (1)) =
Now,

d (Tp(k), Ta(ry) < d (Tprys Tpky—1) + d (Tp)—1, Tary-1) + d (Tgy-1, Tary) ~ (23)

d (Tp(r)—1, Tgr)-1) < d(Tpk)—1, Tpry) + d (Tp(h)s Tary) + d (Tqerys Tay—1) . (24)
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as k — oo and using d(z,, 1) — 0 as n — oo above inequality becomes,

e < lim d (:L‘p(k),l, xq(k),l) <e.

k—oo

Therefore,

N d (-1, Tqry-1) = €

Put = z,4)-1 and y = x44)—1 in (19), we get

U (d (2p(h)s Tar) ) < W (d (Tpih)—1, Tamy1)) = & (d (Tpry—1, Tgmy—1) ) »

as k — oo above inequality becomes,

b(e) < ¥(e) — o(e),
¢ = 0 which is contradiction. Hence, {z,} is Cauchy sequence. i.e. {f"(z¢)} is a
Cauchy sequence in O(z). As X is f-orbitally complete. So f™(z) is dg-converges
to ¢ for some ¢ € O(zy). We have,

f(@) = f (lim f"(xo)) = Tim f(f"(x0)) = lim f*D (zg)) = g.

Since, f is continuous and {f"™!(x)} is a subsequence of {f"(zo)}. We have,
f(q) = qand q € O(xp). Let ¢; and g, be two fixed points of f ie. f(¢1) = ¢; and
f(g2) = g2. By using inequality (19), we get

V(d(f(q), fla) <¢(d(a, ) —o(dq, )
Y (d(q1,q2) < ¥ (d(q1,q2) — ¢ (d(q1,42)),

this gives us,

Y (d(q,q2)) < (d(q,q)).

Thus, d(q1,g2) = 0. Therefore, d(q1,q2) =0 = ¢ = ¢2. Hence, f has a unique
fixed point. O

Theorem 3.6. Let f: X — X be a continuous mapping in f-orbitally complete
dislocated quasi-metric space (X, d) satisfies

P (d(fr, fy)) < (M(z,y) — ¢ (M(z,y)), (25)

where, M(x,y) = max{d(z,y),d(z, fz),d(y, fy)} and ¥, : [0,00) — [0,00) are
both continuous and non-decreasing functions with ¥(t1) < ¥ (ts) implies that t; < to
and Y(t) = 0 = ¢(t) iff t = 0. If there exists o € X such that O(xg) is bounded,
then f has a unique fized point in O(z,).

PROOF. Choose any zy € X(fixed), we construct the sequence { f"(z¢)} as z,, =
f™"(xo) = f(zp—1) within O(zy). Here 21 = f(x¢),x2 = f(x1) and in general it can
be written as x, = f(z,_1). Put x = z,,_; and y = x,, in the inequality (25), we get

¢ (d (xm J7n+1)) S 1/} (M (xn—la xn)) - ¢ (M ('xn—lv xn)) ) (26>
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where,
(337171, f (xnfl>> ) d (xn7 f (l’n))}

d
=max {d (z,_1,2,),d(Tp_1,2n) , d(Tp, Tpni1)}
d (T, Tni1)} (27)

Case 1: If max {d (zy—1,2n),d (Tn, Tnt1)} = d (2, Tpy1) . From inequality (27),

M (l‘n*la xn) = Inmax {d (:Cnfla xn) )
= max {d (zp_1,Zy) ,

we get

¥ (d (@0, Tni1)) <Y (d (@0, Tn41)) = ¢ (d (20, Tnga))

)
If 2, = .1 = =z, = f(x,). Then z, is a fixed point of f. If z, # x,41,
O (d(Tn, Tpy1)) >0 = Y (d(xy,Tp41)) < ¥ (d(xy,Tne1)), which is contradiction.
Case 2: If max{d (zp_1,2,),d (xp, Tpns1)} = d(Tp_1,2,). From inequality (27),
we get

O(d (n, Tni1)) Y (d(2n-1,20)) = ¢ (d (Tn-1,20)) (28)
As ¢(t) > 0,Vt € [0,00) = ¢ (d(Tn,Tnt1)) < ¥ (d(Tp-1,2,)). Therefore,
using ¥(t1) < Y(te) = t1 < to, we get
d(xna xn+1> S d (ajnfl)xn) )

this gives us that {d(x,, x,+1)} is monotonically decreasing. Moreover, every d(x,,, T,41) >
0,vn € N and it is bounded below, hence it is convergent. Therefore, there is

u € [0,00) such that {d(zp,z,)} — u as n — oo. If we assume u > 0 then letting

n — oo in (28), we get

U(u) < Plu) — d(u).
This implies,

Y(u) < (u), since ¢(u) > 0.

Thus, it is contradiction. Hence, u = 0. Hence, d(x,,z,+1) approaches 0 as
n — oo. Now, we have to show that { f™(x)} is Cauchy sequence. i.e. to show {z,}
is Cauchy sequence. Let us assume that {x,} is not Cauchy sequence. Therefore,
for given € > 0, we can find subsequences {z,u)} and {z 4} of {z,} with ¢(k) >
p(k) > k such that

d (Tp(h), To(ry) > € (29)

corresponding to p(k), we can choose ¢(k) in such a way that, it is the smallest
integer with ¢(k) which satisfy inequality (29) and we get

d (%p(ky, Tory-1) < €
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Also,

e < d (2pw), Tg))
< d (Tp(k): Taiy—1) + d (Tg)—1, Ta(r)
< et d (Typ1,Tew) (30)
as k — oo inequality (30) becomes,

e < lim d (xp (k) a:q(k)) <e.

k—o0
Therefore,
N d (00, 7)) = €
Now,

d (wp(k)>%(k)) <d (xp (k)> Tp(k)— ) +d (xp 15 Tg(k)— ) +d (xq ljxq(k)) (31)

d (p(k)-1 Tawry-1) < A (Tp) 1, Tp(ry) + A (Tpih)s Ta(ry) + A (Tg(a) Tay-1) - (32)
as k — oo and using d(z,, x,+1) — 0 as n — oo above inequality becomes,

e < lim d (mp (k)— 1,xq(k)_1) <e.

k—o00

Therefore,

N d (001, Tgy-1) = €

Put x = xp)-1 and y = x44)-1 in (25), we get
D(d(@pir), Ta(r))t) < (M (2pr) -1, gy 1)) =AM (Zp()-15 To(r-1)), (33)

where, M (Zp(e)—1, Tqr)—1) =

max{d(Tpr)—1, Tqk)—1), ATpy—1, f(Tpry-1)), A(Tqry—1, f(Tqry-1))}
:max{d(a:p (k)—1s Lq(k)— >7d(xp (k)—1) Lp(k ) d(xq(k)—lvxq(k))}v (34)
Case 1: Tf max(d(zp(h) -1, Zo(r)-1), A(Zpr)—1, Tp() )s A Tatk) -1, Tary)) = d(Tp()—15 Lack)-1)-
From inequality (34), we get
V(A(@pr)s Tary)) < Y(A(Tpry—1, Ty -1)) — PA(Tpry—15 Tgky-1)) (35)

as k — oo inequality (35) becomes,

¥(e) < Y(e) — 9(e),
which is contradiction if € > 0, then ¢ = 0.

Case 2: If max(d(xp(k),l, :L“q(k),l), d(xp(k),l, :Ep(k)), d(l‘q(k),l, xq(k))) = d(xp(k),l, Ip(k)).
From inequality (34), we get

Y(A(Tpry, Taer))) < V(A(Tpr)s Tary)) — A(A(@pr)s Ta@ry)) (36)
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as k — oo inequality (36) becomes,

P(e) < ab(e) — ole),
which is contradiction if € > 0, then € = 0.
Case 3: If max(d(wp(k)-1, Tqr)-1), ATpk) 1, Tp(k) ) ATq(i)—15 Tg(r))) = A@q@i)—1, Tqr))-
From inequality (34), we get
D(d(@pr), Tary)) < Y(Ad(Tqeh)-15 Tar)) — A Zq()-15 Ta(r)) (37)

as k — oo inequality (37) becomes,

P(e) < () — g(e),
which is contradiction if € > 0, then € = 0. Hence {z,,} = {f"(x¢)} is Cauchy in
O(zp). Since X is f-orbitally complete, {f™(xo)} dq-converges to some ¢ € O(xy).
By continuity of f and since {f"™!(x¢)} is a subsequence of {f"(x¢)}, we obtain

f(@) = (Jim () = lim f(F"(0)) = lim f05D(20)) =g

Thus, ¢ is a fixed point of f and ¢ € O(xg). Let ¢; and g2 be two fixed points of
fie f(q1) =q and f(g2) = go. By using inequality (25), we get
V(d(fqr, fa2)) < V(M(q1,q2)) — ¢(M(q1, q2))
U(d(qr, q2)) < Y(M(q1,q2)) — ¢(M(q1, q2)), (38)

where,

M(q1, q2) = max(d(qi, 2), d(q1, f(q1)), d(q2, f(g2)))
= max(d(q1, ¢2), d(q1, ¢1), d(q2, G2)), (39)

Case 1: If max(d(q1,q2),d(q1,q1),d(g2, g2)) = d(q1, g2). From inequality (38), we
get

Y(d(qr, q2)) < P(d(qr,q2)) — o(d(qr, q2))-

This gives us,

Y(d(qr, q2)) < ¥(d(q1,q2)), as ¢ (d(q1,q2)) >0,

which is contradiction unless d(qi, ¢2) = 0. Therefore, d(¢1,q2) =0 = ¢ = @o.
Case 2: If max(d(q1,q2),d(q1,q1),d(q2,q2)) = d(q1, q1). From inequality (38), we
get

Y(d(q1,q2)) < (d(qr1, q1)) — o(d(q1, @), (40)
as d(q1,q2) < d(q1,q1) and 1 is non-decreasing, we have
Y(d(q1, q2)) < Y(d(q1, q1)). (41)

Using (40) and (41), we obtain
0< —¢(dlq,q))
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This forces ¢ (d(q1,q1)) = 0. Therefore, d(q1,¢1) =0 = ¥(d(q1,¢1)) = 0. By
substituting 1(d(q1, ¢1)) = 0 into the inequality (40). It follows that ¢ (d(q1,q2)) =0
and hence ¢; = ¢s.

Case 3: If max(d(q1,¢2),d(q1,q1), d(q2, g2)) = d(q2, q2), then from inequality (38),
we get

D(d(q1,¢2)) < ¥ (g2, 32)) — ¢(d(a2, a2)). (42)
Since d(q1,q2) < d(q2,q2) and 1) is non-decreasing, we have
U(d(q1,q2)) < ¥(d(ga, q2))- (43)

Using (42) and (43), we obtain

0< —¢(d(g2. ¢2))-

This forces gb(d(qQ,qQ)) = 0. Therefore, d(q2,q) =0 = w(d(qQ,q2)) = 0. By
substituting w(d(qZ,qz)) = 0 into inequality (42), it follows that w(d(ql,qQ)) =0,
and hence q; = ¢». Hence, f has a unique fixed point. O

4. Conclusion

In this paper, we have established several new fixed point theorems for con-
tinuous self-mappings in orbitally complete dislocated quasi-metric spaces. These
results serve as significant generalizations of classical fixed-point theorems in asym-
metric settings. The concept of orbital completeness in the context of dislocated
quasi-metrics provides a novel framework for analyzing convergence and stability
of mappings. Our findings not only enrich the existing body of fixed point theory
but also highlight the potential of dislocated quasi-metric spaces for further math-
ematical investigation. These theorems may find applications in various areas such
as nonlinear analysis, optimization, and computational mathematics. Future work
may focus on extending these results to multivalued mappings or other generalized
metric structures.
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