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Fixed point theorems of some mappings via
interpolation in 2-Banach spaces
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ABSTRACT. In this article, we introduce weak contractive mappings and inter-
polative Kannan-type contraction mappings on a 2-Banach space. In particular,
we discuss the existence and uniqueness of a fixed point of such mappings in a 2-
Banach space. However, we define interpolative Reich-Rus-Ciri¢ type contraction
mappings and interpolative Hardy-Rogers type contraction mappings, Kannan-
Ciri¢ type contraction mappings and interpolative Kannan-Meir-Keeler type con-
tractions on a 2-Banach space. In particular, we prove the existence of a fixed
point of such mappings in a 2-Banach space.
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1. Introduction

The Banach contraction mapping principle is one of the interesting results in
functional analysis. Moreover, it was applied in several branches of mathematics,
which is given by

Theorem 1.1. Let (F,d) be a complete metric space and S : F — F be a
mapping with
A(S2 51) < kd(z, f) 1)

where k € (0,1) and z, f € F, hence S has a unique fized point.
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There are many generalizations of this principle, see [1, 4, 20, 23]. The fixed
point theory played a crucial role in functional analysis. Moreover, it is used in
many branches of science such as biology, chemistry, economics, engineering and
computer science. In a 2-Banach space framework, Géhler [8] initiated the study of
2-normed spaces. Recently, White [24] initiated and studied the 2-Banach spaces.

Recently, the authors [12] demonstrated that a contraction mapping has a one
fixed point in bounded and closed subsets of a 2-Banach space. However, Kir and
Kiziltunc [18] demonstrated several results on fixed points in 2-Banach spaces.

In this paper, we demonstrate a fixed point theorem for weakly contractive map-
pings in 2-Banach spaces, which is a generalization of the Banach contraction map-
ping principle. On the other hand, we introduce interpolative Kannan type contrac-
tion mappings, interpolative Reich-Rus-Ciri¢ type contraction mappings, interpola-
tive Hardy-Rogers type contraction mappings, Kannan-Ciri¢ type contraction map-
pings and interpolative Kannan-Meir-Keeler type contractions on 2-Banach spaces.
In particular, we prove the existence of a fixed point of such mappings in 2-Banach
spaces.

2. Preliminaries
We begin with preliminaries:
Definition 2.1 ([8]). Let X be a real vector space with dim X > 2. A 2-norm

on X is a function || - || : & x X — R, such that
(i) ||z, y|| = 0 if and only if x and y are linearly dependent.
(ii) For all z,y € X, ||z, y|| = ||y, =]
(iii) For any z,y € X and X € R, ||z, y|| = |A|]|z, y]|.
(iv) For each z,y,z € X, ||z + v, z|| < ||z, 2| + ||y, 2]
The pair (X, |-, -||) is called a 2-normed space.

Definition 2.2 ([6]). Let X be a 2-normed space. A sequence {z,} C X is said
to be a Cauchy sequence if lim ||z, — x,,,y|| = 0 for any y € X.
m,n—00

Definition 2.3 ([24]). Let X be a 2-normed space. A sequence {z,} C X
converges in X" if there exists an element x € X such that for all y € X, lim ||z, —
n—oo

x,y|| = 0. If {,,} converges to x, we write z,, — = as n — 0.

Definition 2.4 ([24]). A 2-normed space in which every Cauchy sequence con-
verges will be called a 2-Banach space.

Definition 2.5 ([12]). Let X be a 2-normed space then the mapping S : X —
X is said to be a contraction if there exists k£ € (0,1) such that

Sz — Sy, z|| < kllz -y, 2] (2)
for all z,y,z € X.
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Theorem 2.1 ([12]). Let X be a 2-normed space and F be a nonempty closed
and bounded subset of X. Let S : F — F be a contraction, then S has a unique
fixed point.

Definition 2.6 ([5]). A mapping S on a 2-normed space X is called a Meir-
Keeler contraction if given € > 0, there exists 6 > 0 such that for each x,y,z € X,

e<|lz—y, 2| <e+0=|Sxr— Sy, 2| <e. (3)

Definition 2.7 ([5]). A mapping S on a 2-normed space X is called a Ciri¢
contraction if given € > 0, there exists 4 > 0 such that for each z,y,z € X,

e<|lzr—y, 2| <e+d=|Sx— Sy, z| <e. (4)

Theorem 2.2 ([5]). Let X be a 2-Banach space and let S be a Meir-Keeler
contraction on X, then S has a unique fized point in X.

Theorem 2.3 ([5]). Let X be a 2-Banach space and let S be a Cirié contraction
on X, then S has a unique fixed point in X.

Definition 2.8 ([5]). A mapping S on a 2-normed space X is called a Hardy-
Rogers contraction if S is a self-mapping on X satisfying for each z,y,z € X,

152 = Sy, z[| < allz — Sz, 2| + blly — Sy, z[| + cl|lz — Sy, 2] )

+elly = Sz, 2| + flle —y, 2|

where a, b, c, e, f are nonnegative and we put 5 =a+b+c+e+ f.

Consider the following condition
v #y =[Sz =Sy, 2| <allx = Sz, 2| + blly — Sy, z|| + cllx — Sy, 2|
+elly = Sz, 2l + flle —y, 2]
Theorem 2.4 ([5]). Let X be a 2-normed space and S a self-mapping on X
satisfying for each x,y,z € X,
1Sz = Sy, 2| < allz = Sz, z[| + blly — Sy, z[| + cllz = Sy, 2] "
+elly = Sz, z[| + fllo -y, 2]
where a,b,c,e, f are nonnegative and we put B =a+b+c+e+ f.

(i) If X is complete and B < 1, then S has a unique fized point.
(i) If (5) is modified to condition (6) and in this case X is compact, S is
continuous and [ =1, then S has a unique fized point.

Theorem 2.5 ([5]). Let X be a 2-Banach space, a,b,c, e, f be monotonically
decreasing functions from [0,00) to [0,1) and let the sum of these five functions be
less than 1. Assume that S : X — X satisfies condition (5) with a = a(||z —
y, zl), o f = flle =y, 2||) for each x,y,z € X. Then S has a unique fized point.
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Theorem 2.6 ([5]). Let X be a 2-Banach space and S, : X — X, n=1,2,---
satisfy the conditions of Theorem 2.5 with the coefficients a,b,c,e, f. Let S,x, = x,
and assume that S, — S pointwise on X. Then x = lim,,__.., x, is the unique fixed
point of S.

Theorem 2.7 ([5]). Let X be a 2-Banach space and S, : X — X, n=1,2,---
be functions with at least one fixed point x,,n = 1,2,--- . Let S satisfy the hypothesis
of Theorem 2.5 and S,, — S uniformly on X. Then x = lim,,__,, x,, s the unique

fized point of S.

Ettayb [5] established a generalization of Banach’s principle of contraction map-
pings in 2-Banach spaces as follows.

Theorem 2.8 ([5]). Let X be a 2-Banach space and F be a nonempty closed
and bounded subset of X. If S : F — F is a continuous mapping such that S* is a
contraction for some k > 1, then S has a unique fized point.

3. Main results

In this section, we start with the following definition.

Definition 3.1. A mapping S on a 2-normed space X is called a weak contractive
if for all z,y,2z € &,

15z = Sy, z[| < ||lz =y, 2ll = e(llz =y, 2[)) (8)
where ¢ : [0,00) — [0,00) is a continuous and nondecreasing function such that
©(t) = 0 if and only if ¢ = 0.

Now, we present our main result.

Theorem 3.1. Let X be a 2-Banach space and F C X is a nonempty, closed
and bounded subset. If S is a weak contractive mapping on F, then S has a unique
fized point.

PROOF. Let xy € F and {x,} C F be given by z,41 = Sz, for each n € Ny.
Hence for each z € F,

Hxn_anrlazH = HS.CEn,l _S:ETMZH
< w1 = @, 2 = e(len—1 — 2, 2])
S ||$n—1 —J?n,Z”

then the sequence {||x, — x,41, 2||} is decreasing, hence there exists d € [0, c0) such
that for each z € F, ||z, — xp11, 2|| — d as n — oo0. Take z = x,_; and y = y,, in
(8) and letting n — oo, we get

d<d-—p(d).



FIXED POINT THEOREMS 31
Hence ¢(d) = 0 thus d = 0. So for any z € F,
Tim |z = 241, 2] = 0. 9)

Next, we demonstrate that {z,} is a Cauchy sequence. Suppose that {z,} is not
Cauchy, hence there exists ¢ > 0 for which we can find subsequences {x,,x)} and
{@nw} of {x,} with n(k) > m(k) > k such that for any z € F,

me(kz) - xn(k)a ZH Z €. (1O>

Further, corresponding to m(k), we can choose n(k) in such a way that it is the
smallest integer with n(k) > m(k) and satisfying (10). Hence

| Tmk) = Tngy—1, 2|l <e. (11)
Thus we get for each z € F,
€ < |Zmy=Znk)s 2|l < N Zm) =Tn)=15 2| F | Tnm) 1= Tny, 2|l < e+ Tn)—1—2nw), 2]|-
Utilizing (9) and letting n — oo, we obtain
Jim {2y = 2@, 2] = & (12)
Also,
1wy = Tmrys 2l < NTnm) — Togy—15 211 + |0y -1 — Ty 15 21| + [Ty -1 — Ty 2]l
and
[Znm)—1 = Tm@) -1 2l < Zny—1 = Tagwys 2|+ | Tn) — Tmy, 2|+ [Ty -1 — Ty, 2|-
Taking & — oo in the above two inequalities and utilizing (10),(12), we have
li 11— _ =ec. 1
Jim | Tn(k)—1 = Tm@)—1, 2] = € (13)
Putting = Zpm@)-1 and y = zppy—1 in (8) and utilizing (10), we get
e <e—ye) (14)

which is a contradiction with € > 0. This proves that {z,} is a Cauchy sequence.
Since F is complete, we get it is convergent to w € F as n — oo. Substituting
r =2, 1 and y = w in (8), we have

|20 — Sw, 2| < ||zt —w, 2| = o([|zn—1 — w, 2|). (15)
Letting n — oo, we get for each z € F,

Jw = Sw, z|| < [lw —w, z[| = ¢([lw —w,z]]) = 0= ©(0) = 0. (16)
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Then Sw = w. To demonstrate the uniqueness of the fixed point, let us assume
that w; and wy are two fixed points of S. Setting x = w; and = wy in (8), we get
for any z € F,

[wy —wy, 2| = [|Swy = Swy, 2|
< lwy —wa, 2| = @([Jwr —wa, 2]),
thus (||w; — wy, z||) = 0 for each z € F. Hence wy = ws. O

In particular, if ¢(t) = kt where k € (0,1) we obtain the result in Theorem 2.1.
Now, we introduce an interpolative Kannan type contraction in a 2-normed space
as follows.

Definition 3.2. A self-mapping S on a 2-normed space X is called an interpola-
tive Kannan type contraction if there exist A € [0,1) and « € (0, 1) such that

ISz — Sy, 2| < Allle = Sz, 2[[]* - [lly — Sy, 2] (17)
for each x,y € X\Fix(S) and z € X where Fix(S5) = {u € X : Su = u}.

Theorem 3.2. Let X be a 2-Banach space and let S be an interpolative Kannan
type contraction on X, then S has a fixed point in X.

PROOF. Let zp € X. We will set a constructive sequence {z,} C X by z,4 =
Sz, for each n € Ny. Without loss of generality, we suppose that z,,, # z, for all
n € Ny. Indeed, if there exist a nonnegative integer ng such that x,, = xn 41 = STp,,
then z,,, forms a fixed point. Hence

[0 = Zni1, 2| > 0

for all n € Ny and z € X. Putting * = x,, and y = z,,_1 in (17), we obtain for all
z e F,

[0 — Tps1, 2| = [[Szn — Szpea, 2
Ml = S, 2" - [lwn-1 — St 2]

Mllzn = S, 2% - [ll2n-1 = za, 2],

IN

then
20 = Tngr, 270 < M|y — 2, 277 (18)

Thus, we deduce that the sequence {||x,, — z,11, 2|} is decreasing. As a result,
there exists M € R, such that lim,, .« ||, — Zpi1, 2|| = M for all z € X. We will
indicate that M = 0. Indeed, by (18), we derive that

[0 = @npr, 2l] S Allzn—a — @, 2[] < A™[zo — 1, 2]]. (19)
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Letting n — oo in (19), we obtain M = 0. Now, we demonstrate that {x,} is
Cauchy. Let m,n > 0 with m > n. Put m = n + [, hence for any z € X,

|Zn = T, 2]] = |20 — Tnys, 2]

|(Zn — Tpi1) + (Tngr — Tpa2) + -+ (Tngi—1 — Tnga), 2|

< ||xn - xn—i-hZH + ||xn+1 - ZEn+27Z” ot ||l'n+l—1 - ZL‘n_H,ZH
S /\nHZEQ — I, Z” + )\n+1||.l’0 — (L‘l,ZH +--+ /\n+l_1||l’0 - Il,ZH
= N1+ A+ + N Y|zg — 21, 2|

A"
< 1_/\”3:0_'7;172”‘

Letting n,m — 0o, we get

lim @, — 2, 2| =0.
m,n—oo

Hence {z,} C & is Cauchy. Then {z,} converges to some z € X. Now, we
demonstrate that x € X is a fixed point of S. Hence for each z € X,

01 — Sz, 2l = [|1S20 — S, 2]| < Ml — Sz, 2117 - [ly — Sy, 2l
Taking n — oo, we get
|Sz —x,z|]| =0 foreachz e X.

Then Sz = x thus z is a fixed point of S. U

Now, we introduce interpolative Reich-Rus-Ciri¢ type contractions in 2-normed
spaces as follows.

Definition 3.3. A self-mapping S on a 2-normed space X is called an interpola-
tive Reich-Rus-Ciri¢ type contraction if there exist A € [0,1) and «, 8 € (0,1) such
that for each z,y € X\Fix(S) and z € X,

1Sz — Sy, 2| < Mlllx =, 2l - [lie — Sz, 2] - [lly = Sy =%, (20)

Theorem 3.3. Let X be a 2-Banach space and let S be an interpolative Reich-
Rus-Ciric type contraction on X, then S has a fixed point in X.

PROOF. Let zp € X. We will set a constructive sequence {z,,} C X by z,41 =
Sz, for each n € Nj. If there exist a nonnegative integer ng such that x,, = z,,11 =
Sxy,, then z,, forms a fixed point. The proof is complete. Henceforth, suppose
that x,41 # x, for all n € Ny. Putting * = z,, and y = x,,_; in (20), we have for all
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ze X,
0 = T, 2]l = 1520 — Sz, 2]
< Nl = 215211 e = S 2l ey = S AP
= Ml = s AP+ ln = s 207 - (01 — 2, 2]
= A2 — B, 210% - [t — 2, 2]
then
50 — Tt 217 < Al — 2y 21 (22)

Hence we deduce that the sequence {||x,, — z,41, 2||} is decreasing. As a result,
there exists M € R, such that lim,, o ||, — Zni1, 2|| = M for all z € X. We will
indicate that M > 0. Indeed, by (22), we derive that

[0 = @npr, 2l| < All#ny =20, 2]| < A*[|2o =21, 2]]. (23)

Letting n — oo in (23), we obtain M = 0. Now, we demonstrate that {z,} is
Cauchy. Let m,n > 0 with m > n. Put m = n + [, hence for any z € X,

[ = @m, 2| = (20 = Znp, 2]

|(@n = Tpi1) + (Tng1 — Tpa2) + -+ (Tngi—1 — Tnga), 2|

< e = @ng, 2l + 1Tnen — T, 2l + -+ [@ngi1 — T, 2]
< AN\wo — o1, 2| + N |2o — 2y, 2| - AT |2 — 24, 2|
= AN'(14+A+-+ XY |zo — 21, 2|

A"
< 1_>\||9170—9017Z||-

Letting n, m — oo, we get

lim |x, — zm, 2| = 0.
m,n—oo

Hence {z,} C X is Cauchy. Then {xz,} converges to certain x € X. Now, we
demonstrate that x € X is a fixed point of S. Hence for each z € X,

[€ns1 = Sz, 2| = || Sz — Sz, 2]
B «a 1—a—p (24)
< Al = 2, 2l - [n = s 2[)° - [l = Sz, 2]]2".
Letting n — oo in (24), we obtain
|Sz —x,2|]| =0 foreach z € X.
Then Sz = z, thus z is a fixed point of S. O

We introduce interpolative Hardy-Rogers type contractions in 2-normed spaces
as follows.
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Definition 3.4. A self-mapping S on a 2-normed space X is called an interpola-
tive Hardy-Rogers type contraction if there exist A € [0,1) and «, 3,7 € (0,1) with
a+ 4+ v < 1 such that for each z,y € X\Fix(S) and z € X,

1Sz = Sy, 2|l < Mllz =y, 2[]7 - [llz = Sz, 2[l]* - [lly = Sy, 2[]”

1 ap (25)
5l =Sy, 2l + lly = Sz, ()] .

Theorem 3.4. Let X be a 2-Banach space and let S be an interpolative Hardy-
Rogers type contraction on X, then S has a fived point in X.

PROOF. Let zp € X. We will set a constructive sequence {z,} C X by z,41 =
Sz, for each n € Nj. If there exist a nonnegative integer ng such that x,, = z,,11 =
Sxy,,, then z,, forms a fixed point. The proof is complete. Henceforth, suppose
that x,1 # z, for all n € Ny. Putting x = z,, and y = 2,1 in (25), we have for all
ze X,

|Zn — Ty, 2|| = |20 — Sy, 2|
< Mll#n = 21, 2[)° - [llan — Sz, 2% - [|20-1 = Swn, 2]

1 o
(G Ul = @, 2l o = T, 2D 0 (26)

= Mllen = 2n-1, 207 - len = g, 20 201 = 20, 2]

. [%(Hxn1 — Tny1, 2|)]

l—a—f—y
If |21 — @p, 2| < ||Tn — Tnt1, 2|, then from (26), we obtain
2 — Zogr, 217 < Mz — @, 2[17F7

which is a contradiction. Then {||x, — x,41, 2||} is decreasing. As a result, there
exists M € R, such that lim,, . ||T, — Tni1, 2|| = M for all z € X'. We will indicate
that M = 0. Indeed, by (26), we derive that

[0 = @npr, 2l| < Ay = @n, 2]| < A*[Jzo — 21, 2]]. (27)

Letting n — oo in (27), we obtain M = 0. Now, we demonstrate that {z,} is
Cauchy. Let m,n > 0 with m > n. Put m = n + [, hence for any z € X,

Hxn — Tn+i, ZH

H(xn - «'Un+1) + ($n+1 - xn+2) + -+ (xn+l—1 - $n+l>, Z||

Hxn — Tmy, Z”

S Hxn — Tntl, ZH + Hxn+1 — Tp+2, ZH + 4+ Hxn—l-l—l — Tn+i, ZH
S )\nH.fO — Iy, Z” + )\n+1|ll‘0 — T, ZH + -+ /\nJrlilHI'O — T, ZH
= N1+ A+ + N Y|zg — 21, 2|

7
S HxO _:ChZH'

1—A
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Letting n, m — oo, we get

lim (@, — 2z, 2| = 0.
m,n—o0

Hence {z,} C X is Cauchy. Then {x,} converges to certain z € X. Now, we
demonstrate that € X is a fixed point of S. Hence for each z € X,

|zpni1 — Sz, 2| = ||Sx, — Sz, z||
< Mllen — =, 2[)° - [l2n — San, 2[]* - [lz — Sz, 2||]” (28)

1
’ [é(Hxn — Sz, z|| + ||z — Sz, ZH)]l—a—ﬁ_’Y'

Letting n — oo in (28), we obtain
|Sz —x,z]| =0 foreach z € X.
Then Sz = x thus z is a fixed point of S. O

Now, we introduce an interpolative Kannan-Ciri¢ type contraction in a 2-normed
space as follows.

Definition 3.5. A mapping S on a 2-normed space X is called an interpolative
Kannan-Ciri¢ type contraction if there exists « € (0,1) such that for each z,y €
X\Fix(S5) and z € X, we have

(i) given € > 0, there exists > 0 such that
e <[llo— Sz, zl)1*[ly — Sy, 2l]' ™ < e+ = Sz — Sy, z|| <e, (29)
and
(i)
1Sz — Sy, z|| < [llo = Sz, 2[]*[lly — Sy, 2[]"™. (30)

Theorem 3.5. Let X be a 2-Banach space and let S be an interpolative Kannan-
Ciric type contraction on X, then S has a fixed point in X.

PROOF. Let zp € X. We will set a constructive sequence {z,} C X by z,41 =
Sz, for each n € Ny. Putting x = x,,_1 and y = x,, in (30), we have for all z € X,

|Tn — Ty, 2|| = stn—l - S:En,ZH
< Wncs — Sracr, 21 — Sz 2] (31)
= [lzn-1 — 2, 2] (|20 = T, 2]

Then [||z, — Tpnt1, 2]|]* < [|2n=1 — @n, 2||]¥, thus {||z, — Xnt1, 2||} is strictly
decreasing. As a result, there exists M € R, such that lim, o ||z, — 21, 2| = M
for all z € X. We claim that M = 0. By monotonicity, we have

|ty — pit1, 2| > M foralln € Ngand z € X (32)
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Indeed, if we suppose that M > 0, we can find N € N such that
M < ||z, — Tpy1, 2|| < M+ 6(M) (33)

for all n > N. Since M < ||z, — Zpi1, 2] < [[[Tn_1 — @, 2| |20 — 2ng1, 2], it
follows from (29) that ||z, — 2,41, 2| < M for any n > N which is a contradiction
with (32). So M = 0. Now, we demonstrate that {x,} is Cauchy. Let ¢ > 0
be fixed and we can consider that d(¢) can be choose such that §(e) < e. Since
lim, o || — Znt1, 2]| = 0, we can find Ny € N such that ||z, — 2,41,2| < § for
n > N; and we claim that

|Zn — Tnip, 2]l < € (34)
for all p € N. Of course, the inequality (34) holds for p = 1. Supposing that for
some p, (34), we get for any z € X,

|20 = Tpapr1s 2 < 120 — Togr, 2l + (|01 — Tosprrs 2|

= Hxn — Tn+1, Z” + stn - S$n+p> ZH

< ||$n — Tn+l,s Z” + [Hxn — Tpt1, Z”]a[”xn-i-p — Tntp+1, Z”]l_a
19 19

< 4 =g
3 t3=°¢

Hence {z,} C & is Cauchy. Then {z,} converges to some = € X. Now, we
demonstrate that © € X is a fixed point of S. Hence for each z € X,

s = S, 2]l < s — 2, 21 + [|7ngs — S, 2]

= ||$n+1 - SCB?'ZH + ||an - Sl‘,Z”

< e — Sz, 2[le — S, 2|1 &
= ||zn — @nra, 2[]*lle — S, 2|
Letting n — oo in (35), we obtain
|Sx —x,z]| =0 foreachz € X.
Then Sz = x thus z is a fixed point of S. 0

We introduce interpolative Kannan-Meir-Keeler type contractions in 2-normed
spaces as follows.

Definition 3.6. A mapping S on a 2-normed space X is called an interpolative
Kannan-Meir-Keeler type contraction if there exists a € (0,1) such that for each
z,y € X\Fix(S) and z € X, we have

(i) given € > 0, there exists 6 > 0 such that
e <[llx — Sz, 2)]"[lly — Sy, 2l <e+d =[Sz — Sy, 2] <e,  (36)
and
(i)
1Sz — Sy, 2|l < [l = Sz, 2[]*[ly — Sy, []' ™. (37)
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We finish with the following theorem.

Theorem 3.6. Let X be a 2-Banach space and let S be an interpolative Kannan-
Meir-Keeler type contraction on X, then S has a fixed point in X.

PRrROOF. The proof is similar to the proof of Theorem 3.5. U
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