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Solving nonlinear integral equation using fuzzy
F-interpolative Berinde weak contraction

Shobha Jain*, Shishir Jain, and Stojan Radenovié¢

ABSTRACT. This study presents a contraction referred to as fuzzy F-interpolative
Berinde weak contraction, achieved by integrating two primary contractions, namely
F-contraction and Berinde weak contraction, using a F-function within a fuzzy
metric space. Utilizing this contraction, we have established a fixed point theo-
rem applicable to self-mappings. To illustrate the implications of our results, we
investigate the existence of solutions for nonlinear integral equations. An example
has been devised to substantiate the established result.
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1. Introduction

In fixed point theory, the sufficient condition for the existence and uniqueness of
a fixed point of self mapping is guaranteed by Banach’s contraction principle. This
principle can be briefly articulated in a metric space context as follows:

Let (X,d) be a complete metric space and let T' be a self mapping on X and if
there exists a positive constant K < 1 such that

d(T(z), T(y)) < Kd(z,y), foral =z yeX.

This work is licensed under the Creative Commons Attribution 4.0
International License

*Corresponding author


http://creativecommons.org/licenses/by/4.0/

2 JAIN, JAIN, AND RADENOVIC

Then T has a unique fixed point x € X such that T'(z) = «.
Due to its extensive applications across various disciplines and its straightforward
nature, numerous authors have sought to generalize the contractive condition. One
notable attempt was made by Berinde in 2004, who introduced the concept of weak
contraction.

Definition 1.1. [2] Let (X, d) be a metric space. A map T : X — X is called
weak contraction if there exist a constant 6 € (0,1) and some L > 0 such that
rz,y€e X

d(Tz,Ty) < dd(z,y) + Ld(y, Tx).

Later on in year 2012 Wardowski initiated the F-contraction as follows:

Definition 1.2. [11] Let (X, d) be a metric space. A mapping 7' : X — X, will
be called an F-contraction, if there exists 7 > 0 such that for all z,y € X,

d(Txz,Ty) >0 implies 7+ F(d(Tx,Ty)) < F(d(z,y)),

where F' : R* — R be a mapping satisfying.

(a) F is strictly increasing, that is, for all o, 5 € R such that o < 3, F(a) <
F(B);

(b) For each sequence {a, },en of positive numbers, lim,, ., o, = 0 if and only
if lim,, 400 F'(ay,) = —00.

(¢) There exists A € (0,1) such that limy_,o+ o*F(a) = 0.

In [9] Karapinar used interpolation technique and proved the following

Theorem 1.1. Let (X,d) be a complete metric spaces and T : X — X be
interpolative Kannan contraction mapping, i.e.

d(Tx,Ty) < A(d(z,Tz))*(d(y, Ty)"

forallz,y € X—Fix(T) where Fiz(T) ={z € X, Tx =z}, A €[0,1) anda € (0,1).
Then T has a unique fixed point.

Drawing inspiration from the research conducted by Karapinar [9], we present
the concept of Fuzzy F-interpolative Berinde weak contraction. This is achieved
by merging F-contraction with Berinde weak contraction through an interpolate
method within the context of fuzzy metric spaces, while considering only conditions
(a) and (b) of the F-function. Furthermore, we demonstrate the existence of solutions
to nonlinear integral equations in fuzzy metric spaces. The paper also features an
example that illustrates the validity of our findings.

2. Preliminaries

In this section we give definitions of known notions as well as some known results
from fuzzy metric spaces.
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Definition 2.1. [10] A mapping * : [0,1] x [0,1] — [0, 1] is called a continuous
triangular norm (t-norm for short) if * is continuous and satisfies the following
conditions:

(i) * is commutative and associative, i.e. axb = bxa and a* (bxc) = (a*xb) x
for all a,b,c € [0, 1];

(ii) 1*a = a, for all a € [0, 1];

(iii) a*c < bx*d, for a < b,c < d for a,b,c,d € [0, 1].

Well known examples of t-norm are, the minimum t-norm ,,, a*,, b = min{a, b}
written as *,, and product t-norm %, a * b = ab.

Definition 2.2. [3] A fuzzy metric space is an ordered triple (T, M, %) such
that Y is a (nonempty) set, * is a continuous t-norm and M is a fuzzy set on
T x T x (0,400) satisfying the following conditions, for all z,y,z € T and ¢, s > 0;

(GV1) M(z,y,t) > 0;
(GV2) M(z,y,t) =1 if and only if x = y;
(GV3) M(z,y,t) = M(y,z,1);
(GV4) M(z,z,t+s) > M(x,y,t)« M(y, z,s);
(GV5) M(z,y,-): (0,+00) — (0, 1] is continuous.

Note that in view of condition (GV2) we have M (x,z,t) =1, for all z € T and
t>0and M(z,y,t) <1, for all z # y and ¢t > 0.

Definition 2.3. [3] A sequence {w,} in a fuzzy metric space (Y, M, *)is said
to be M-Cauchy, or simply Cauchy, if for each € € (0,1) and each ¢t > 0 there ex-
ists an ny € N, such that M (w,,w,,t) > 1 — €, for all n,m > ny or equivalently,

lim M (wy, wn,,t) =1, for all t > 0.

n,m—-+00

Lemma 2.1. [3] Let (Y, M, %) be a fuzzy metric space. Then M (p,q,.) is non-
decreasing for all p,q € Y.

Theorem 2.2. Let (T, M, x) be a fuzzy metric space. A sequence {wy}nen in
T converges tow € Y if lim M(w,,w,t) =1, for any t > 0.

n—-+o0o

Definition 2.4. [3] (T, M, %) (or simply T) is complete if every Cauchy sequence
is convergent.

Lemma 2.3. [6] Let (Y, M, *) be a fuzzy metric space and let {w,} be a sequence
i T such that

lim M (wy,,wp11,t) >0, n € N, (1)

t—0t
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and
lim M (w,, wp41,t) =1, > 0. (2)

n—-+oo

If {wy,} is not a Cauchy sequence in (Y, M,x*), then there exist ¢ € (0,1), to > 0,
and sequences of positive integers {ny}, {my}, nx > my > k, k € N, such that the
following sequences

{M(wmka wnkvtO)}a {M(wmka wnk+1> tO)}a {M(wmk—la wnka tO)}v

{M<wmk_1’ Wny+1, to)}a {M(wmk-l—lv Wny+15 tU)}
tend to 1 — ¢, as k — +o0.

3. Fuzzy F-Interpolative Berinde weak contraction

This section starts with the definition of the Fuzzy F-Interpolative Berinde weak
contraction, and we will take into account the F-function from [11], specifically un-
der conditions (a) and (b) only.

Definition 3.1. A mapping A : T — 7T, is called to be fuzzy F-Interpolative
Berinde weak contractive, if there exists 7 > 0,0 < p < 1 such that for all u,v €

T, u,v €Y — Fix(A)
(; _ 1)"
M(Au Av t) > 0 implies 7+F ; 1) <F M (u,v,t)
) ) p ]\4(/&“7 A'U, t) - ( 1 B 1) (1—p)

M (u,Au,t)
Example 3.2. [11]
o F(w)=Inw, for w> 0
o F(w)=Ilnw+w, for w> 0

. F(w):%,for w > 0.

Remark 3.3. Every fuzzy F-Interpolative Bertin weak contraction is Interpola-
tive Berinde weak contraction in the sense of Gregori and Sapena [4]
Taking F'(w) = Inw in equation (3) we get

17
M(Au, Av,t) > 0 impli ! 1<eT <M(“1’“’t’ _1) (4)
u, A, LMPLIES M(Au, Ao t) <e <M( lA . 1) (1-p) .

w,Au,t

which distinctly illustrates Berinde’s weak contraction.
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Gregori and Sapena in [4] defined the fuzzy contractive mappings as follows:
Let (X, M,*) be a fuzzy metric space. A mapping 7' : X — X is called a fuzzy
contractive mapping if there exists k& € (0, 1) such that

! 1<k L 1
M(Tz,Ty,t) -\ M(x,y,t) ’
for all x,y € X.

Remark 3.4. Every fuzzy F-Interpolative Bertin weak contraction is fuzzy con-
tractive if we take = 1,7 = 1 them equation (3) becomes

1
— —I<K|—— -1
M (Au, Av,t) - (M(u,v,t) >
which clearly demonstrates fuzzy contraction with K = e™!.

4. Main results
Our first new result is the next

Theorem 4.1. Let (T, M, *) be a complete fuzzy metric space such that

tli%}r M(u,v,t) > 0,u,v € Y and A be a fuzzy F interpolative Berinde weak contrac-
_>

tive self mapping. Then A has a fixed point in Y.

PROOF. Let zy € T, be any arbitrary point. Define sequence {z,}, by Az, =
Zma1, form =0,1,2,.... For existence of fixed point of map A following cases arise.

Case I Suppose z,, = 2,11, for some m € N. As Az, = 2,11, we have Az, =
Zm- In this case z,, becomes the fixed point of the map A. So we can assume the
consecutive terms of the sequence {z,} are distinct.

Again, to see the existence of fixed point in other cases, we first show that all
the terms of the sequence {z,,} are distinct.

Case II Suppose z,, = z, for some k > (m + 1), then as all the consecutive
terms of the sequence {z,,} are distinct we assert that 2,11 = zxy1. Now

Zm+1 = AZm = AZk = Zk+1-

That is, 2,11 = 2k11. Taking u = z,,.1 and v = 2, in equation (3), we have

I

1
1 <M(2m+1 Zkot) 1)

F —1) <F o _

o (M(AzkaAszrlat) ) B (+ 1)1 '

M (zm+1,A2m+1,t) o

Using zx = 2, and 2p11 = 2,1 We get

n
1
]- <M(Zm+1 Zm t) o 1)
T+ F —1)<F o _
(M(zm+2,zm+1,t) ) (ﬁ - 1)1 '

M (2m+1,2m+2,
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M (2m+1,2m,t)
F —-1) < F -
(M(zmH, Zmi1,t) ) <+t) B 1) I

M (2m+1,2m+2,

As 7 > 0 we have

As F is strictly increasing we have

1 1 " 1 o
( -1)<( 1) ( 1)
M(Zm+2, Zm+1, t) M(’Zm-l-h Zms t) M(Zm+17 Zm42, t)

Thus

M (zmy Zmy1,t) < M(Zmi1, Zma2, t). (5)
So

M (zm, Zma1,t) < M(Zma1, 2ma2, t) < M (Zmi2, Zmas, t) < oo < M(2g, 2541, ).

That is, M (zm, 2Zms1,t) < M(2k, 2k11,t) = M (zm, Zms1, t), which is not possible.
So this case does not arise.

Hence, we conclude that z,, # z. for distinct m,k € N. Thus the elements of
the sequence {z,,} are distinct. Now we show that the sequence {z,,} is M-Cauchy
in Y.

Step 1 In this step we prove that lim M (z,,, zpme1,t) = 1, for all ¢ > 0, and

m——+0o0
m € N. From equation (5) we have

M (zm, Zma1,t) < M(2ma1, Zmae,t), forall ¢ > 0.

Thus, {M (zm, Zm+1,t)}, for each t > 0, is an strictly increasing sequence, which
is bounded above by 1. As 7 > 0 from condition (3) with u = 2,,,, v = 2,41, for all ¢ >
0 we have

1 1
F -1 < F —1) -7
(M(zm—l—lv Zm+2, t) ) B (M(Zm7 Zm+1, t) )

1
F —1) -2
(M<Zm17 Zmy t) ) !

IN

1
< Fl——m—-1]) — .
N (M(zo,zl,t) ) "

Taking limit as m — 400 we obtain

1 1
li F -1 <F|l—————-1]— 1 = —00.
m_lg’_loo (M<Zm+17 Zm42, t) > - <M(Z07 21, t) > m_lg}oo " >

Using condition (b) of F-function we obtain

1
li —1)=0
m_lg_loo (M(szrla Zm t) > ’
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which yield
lim Mz, 2me1,t) = 1, for all ¢ > 0. (6)

m——+00
Step 2 We assert that {z,} is a Cauchy sequence in Y. Suppose this is not
true then using Lemma 2.3 and equations (1) and (6) we have that there exist ¢ €
(0,1), to > 0 and sequences {2, } and {z,, } such that limy_, oo M (2,41, Znj+1, to) =
1 —e. By (3) we have

I
1
1 <M(zm Zn, »t0) - 1)
T—|—F( —1)§F kR 1—
M(Azp, , Az, to) (;)_1) I

M(ka 7Azmk ,to

As 7 > 0 we have

1 M (2m, ,2n,.,to) o )
F —1|<F kR 1_
(M(ka—i-la Zng+1, tO) ) (+ 1) g

M(ka 7ka+17t0) B

By condition (a) we obtain

1 1 " 1 o
( 1)< ) ( )
M<ka+l7 anJrl; tO) M(kaa an7 tO) M(ka7 ka+17 tO)

Taking limit as £k — +oo we have

I
llm 1 —1 < hm <M(kalyznk7t0) o 1)
k—+o0 M(ka+1, an+17 to) ~ k—+oo (;) B 1) 1—p

M(ka: ,ka+l7t0

that is
1 e (et 1)’
. - o M(ka 7an7t0)
lim 1)< 1—p
k——+o0 M(ka+17 an+17 tO) 11mk}—>+00 <m _ 1)
my Zmy 41,

Using equation (6) we get

1
lim —1) =0,
koo <M(ka+1, Zny+15 L) )
which yields
lim M(ka_H, Zng+1s to) =1 (7)

k—+o00
which contradicts with assumption. So, the sequence {z,,} is an M-Cauchy sequence
in T which is M-complete. Therefore there exists z € T such that

That is,
{Azp} — = 9)
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Taking u = z,,, and v = z in equation (3), we have

I
1
1 (M(zm zZt) 1)
F —1)<F o _
T (M(Azm,Az,t) )_ ( 1 1 s
M (zm,Azm,t)
As 7 > 0 we have
(v = 1)
1 M(zm,zt) >
F —-1)<F _
(M(Azm,Az,t) ) ( 1 _ 1>1 :
M (zm ,Azm,t)

By condition (a) of F-function we have

1 1 " 1 1w
-1 _— -1 -1 .
M(Azpy, Az, t) < (M(zm,z,t) ) (M(zm,zmﬂ,t) )

Taking limit as m — 400 we get

1
— —1<0
M(z,Az,t) -

which implies M (z, Az,t) = 1 which gives Az = z. Thus z is a fixed point of the
map A. O

Taking F(w) = Inw in equation (3) we obtain interpolative Berinde contraction
in the sense of Gregori and Sapena [4] in the setting of fuzzy metric space.

Corollary 4.2. Let A be a self-map on a M-complete fuzzy metric space (T, M, %)
satisfying

n
1
. ) (sm — 1)
I < _T 9 b _
M(Au, Av,t) > 0 implies M (Au, Av,t) b=e (+ - 1>1 )
M (u,Au,t)

for all u,v € Y, for all t > 0, then the map A has a fized point in Y.

Example 4.1. (of Theorem 4.1) Let T = {1,2,2 __}{J{1} and define a fuzzy
set M on T x Y x (0,400) by:

1; if u=nwv,
M(u,v,t) = { min{u, v}, if u £ v for all u, v e T,t € (0,400).
Taking F'(s) = —1/4/s, for all s € [0, +00), and a*b = min{a, b}, then (T, M, *)
is a M-complete fuzzy metric space.
Define self mapping A on Y by A(u,) = upy1, for all n € N and Al =
1.Additionally, the sequence u,, = —5 1s an increasing sequence. When considering

the fixed point of the mapping A two scenarios emerge.
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Case 1 Assume u = u, and v = wu,;, for some n € N. Consequently, we
have M (u,v,t) = M (tp, Upy1,t) = Up, M(Au, Av,t) = M(wpi1, Upyo,t) = Upyq and
M (u, Au,t) = M (tp, Upi1,t) = Uy.

Case 2 Assume u = u, and v > u,,; for some n € N. Thus, we find that
M(u,v,t) = up, M(Au, Av,t) = u,y1 and M(u, Au,t) = w,. Therefore, in both
scenarios, the contractive condition is expressed as

1 1
T+ F —1)<F(=-1),
Un+1 Unp,
-1 -1
T+ < :
L1 S
Un 41 Un

and is satisfied if we select a sufficiently small 7 > o, as the sequence is increasing.

Thus all the conditions of Theorem 4.1 holds. Therefore, by Theorem 4.1 the
map A has a fixed point in Y.

1.e.

5. Application to integral equation

In this section by applying Corollary 4.2, we determine the solution of nonlinear
integral equations. For this, we need specified conditions in the frame of our result.
The nonlinear integral equation is

w(t) = P(t) +/0 F(t,s,w(s))ds,t € [0, L], (10)

where F': [0, L] x [0,L] x R — R. Let T = C([0, L], R) be the set of all continuous
function, w : [0, L] — R together with the sup norm

= t)|.
el = max )

Let A: T — T be a mapping defined as
t
Aw(t)) = (t) + / F(t,s,w(s))ds,for all w € X, (11)
0

and d is a metric on T defined by
d(w,v) = sup e ‘|lw(t) —v(t)].
tel0,L]
Then (T, d) is a complete fuzzy metric space if we take M (w,v,t) = m, for
all w,v € T and ¢t > 0 with product norm. Now w € T is a solution of equation
(10) if and only if w € T is a solution of equation (11).

Theorem 5.1. Consider the self mapping A and equation (11) with continuous
function F' satisfying

|F(t,s, Aw(s) — F(t,s, Av(s)| < e T|w(s) —v(s)|*|Aw(s) — w(s)|' ™+ (12)
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for some T >0 and 0 < < 1. Then the equation (11) has a solution in Y.

PRrOOF.

|[Aw(t) — Av(t)] = /0 (F(t,s,w(s)) — F(t,s,v(s))ds

< /0|F(t,s,w(s))—F(t,s,v(s)|ds
< / e~"w(s) — v(s)*|Aw(s) — w(s)|'#ds (using(12))

— e / (e~ w(s) — v(s)]) (e~ Aw(s) — w(s)]) Pe'ds

< 6_7/0(d(w,v))”(d(Aw,w))l_“esds

= eT(d(w,v))“(d(Aww))l"/O e*ds

= e "(d(w,v))"(d(Aw,w)) Fe".

That is,
e | Aw(t) — Av(t)| < e " (d(w,v))*(d(Aw, w)) ",
so that
2up € Aw(t) - Av(t)| < ¢ (d(w,v)) (dAw,w)
d(Aw, Av) < e 7 (d(w,v))*(d(Aw,w)) . (13)
Also, we have
1 | = d(Aw, Av)
M(Aw,Av,t)  — t
< e (d(w, v))“id(/\w,w))l_“ (using(13))

_ (d(’uz, v))“ (d(ATf,w))l_“

1 K 1 (1-p)
= e |——mF—-1 — -1
(M(w,v,t) ) (M(Aw,w,t) )

for all w,v € S,t > 0. So, by Corollary 4.3 the map A has a fixed point in T. Hence
by corollary 4.3 the equation (10) has a solution in C'(2, R). O
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