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A study of coincidence point theorems for
multivalued mappings on extended m;-metric
spaces
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ABSTRACT. In recent studies, the exploration of coincidence points represents a
fresh development within the area of contractive-type single-valued and multival-
ued theory. This paper establishes new coincidence point theorems pertaining
to both single-valued and multivalued mappings within the context of extended
my-metric spaces. Employing methodologies derived from classical fixed point the-
orems, such as Banach’s Contraction Principle and Kannan’s fixed point results,
we elucidate the requisite conditions under which these mappings exhibit coinci-
dence points. To underscore the practical implications of our principal theorem,
we present an illustrative example that validates the results. These contributions
advance the understanding of fixed point theory in extended my-metric spaces and
offer new avenues for further research in this area.
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1. Introduction

Multivalued functions arise within the domain of optimal control theory as a
consequence of the existence of controls, leading to an intrinsic multivalence in the

This work is licensed under the Creative Commons Attribution 4.0

International License

*Corresponding author

127


http://creativecommons.org/licenses/by/4.0/

128 PATRA

evolution of the system. This is particularly evident in differential inclusions and
associated fields like game theory, where the utilization of the Kakutani fixed point
theorem for multivalued mappings has been instrumental in establishing the exis-
tence of Nash equilibria and various concepts in physics. Notably, the renowned
Banach and Schauder fixed-point theorems have been extended to encompass mul-
tivalued mappings. In addition to exploring the existence of solutions for nonlinear
Volterra integral equations and nonlinear integro-differential equations within the
framework of Banach spaces, this approach holds promise for numerous other poten-
tial practical implementations. Nonlinear Volterra integral equations find relevance
in various scientific contexts, including the modelling of phenomena like the spread
of epidemics, behaviour of semiconductor devices, and the dynamics of populations.

Using the Pompeiu-Hausdorff metric, Nadler [12] investigated the fixed points of
multivalued mappings. Specifically, he derived an expansion of the Banach Contrac-
tion Principle pertaining to multivalued mappings. Subsequently, the realm of fixed
points associated with multivalued mappings underwent substantial development,
evolving into a comprehensive and productive theory. Following this, numerous
scholars have attained noteworthy results concerning fixed points for multivalued
mappings, with practical implications in domains such as control theory, differen-
tial equations, and convex optimization (see [1, 2, 3, 5, 6, 7, 10, 11, 14]). The
broadening of fixed point theorems occurred not solely through the relaxation of
contractive conditions but also by easing the restrictions imposed on the space.

In 1994, Matthews [8] presented the notion of partial metric spaces as a gen-
eralization of the classical idea of metric spaces, where the distance between two
points may not necessarily be zero. The notion of partial metric spaces was recently
expanded to m-metric spaces by Asadi et al. [4], who also produced Banach and
Kannan fixed point theorems in this context. Later, to expand both m-metric and
b-metric by combining both within a nonempty set, Sahin et al. [13] introduced the
idea of my-metric. A generalization of an my-metric space and an extended b-metric
space, the concept of extended my-metric spaces was introduced in [9].

Under certain restrictions, this work proves new coincidence point theorems for
single-valued and multivalued mappings in extended mj-metric spaces. The ap-
proach makes use of traditional fixed-point theorems, such as Banach’s Contraction
Principle and Kannan’s fixed point theorem. Furthermore, examples are provided
to illustrate the validity of the main results.

2. Some Basic Concepts

We commence by introducing fundamental notations, definitions, and essential
outcomes in extended my-metric spaces.

Definition 2.1. [8] A partial metric on a nonempty set Z is a function ¢ :
Z x Z — R* such that for all u, v, w € Z,
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(i) q(u,u) = q(v,v) = q(u,v) = u =",
(i) q(u,u) < g(u,v),
(iii) q(u,v) = q(v,u),
(iv) q(u,v) < q(u,w) + q(w,v) — q(w, w).

A pair (Z,q) where Z is a nonempty set and ¢ represents a partial metric on Z
is called a partial metric space.

Definition 2.2. [4] Let Z be a nonempty set. An m-metric is a function = :
Z x Z — R if the following conditions are satisfied: for all u, v, w € Z,

(1) v(u,u) = 7(v,v) = (u,v) <= u =,
(i) Muy < 7(u,v),
(iii) ’y(U,U) = ’y(?),’LL),
(iV) (7(“77}) - muv) S (V(U’ w) - muw) + (/7(w7v) - mwv)a
where my, = min{y(u,u), y(v,v)}. Then the pair (Z,7) is called an m-metric
space.

Definition 2.3. [13] Let Z be a nonempty set. An my-metric is a function

Yo : Z x Z — RT if the following conditions are satisfied: for all u, v, w € Z,
(2) ’Yb(uv u) = 7b<vv U) = ’Yb(uv U) = u=uv,

(4) Mpur < (1, v),

(#1) w(u,v) = (v, u),

(i) (v (w, v) = mpuw) < s[ (W (1, W) = M) + (W (W, ) = M) |,
where My, := min {v(u, u), v(v,v)}. Then the pair (Z, ) is called an mj,-metric
space.

Definition 2.4. [9] Let Z be a nonempty set and 6 : Z x Z — [1,00) be a
function. An extended my-metric is a function 79 : Z x Z — R7 if the following
conditions are satisfied: for all u, v, w € Z,

(m91) 79(u7u) = ’79(%2}) = 79(”? U) = u="v,

(m2) Mouw < Yo(u,v),

(mg3) vo(u,v) = vo(v, u),

(me4) (Vo(u,v) —mguw) < O(u, v)[ (vo(u, w) — Mpuw) + (Yo (w,v) — Mgun) |,
where mygy, := min {vs(u,u), v9(v,v)}. Then the pair (Z,~y) is called an extended
my-metric space. The following notation is useful in the sequel:

Mpyp := max {vg(u, u), y9(v,v)}.
We observe that the definition of an mj-metric space is obtained if 6(u,v) = s

for s > 1.

Example 2.5. [9] Let Z = C([a,b],R) be the set of all continuous real valued
functions on [a, b]. We define the functions 5 : Zx Z - Rt and 0 : Zx Z — [1,0)

by 0 (f(t),9(t)) = sup [f(t) —g(t)|* and O(f(t),9(t)) = [f ()] + |g(t)| + 2.

t€(a,b]
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Then (Z,y) is an extended my-metric space with the function 6.

Proposition 2.1. [9] Let (Z, ) be an extended my-metric space and u, v, w €
7. Then we have
1. 0 < Myuy + moyy = ”}/9(’&, u) + 79(7}7 U>7'
2.0 S MGuv — Mouv :‘ ")/g(u, u) - ")/9(1)7@) |;'
3. MGuv — Moyw S 9(“7 U)[(Meuw - mQuw) + (MGwv - mewv)]-

Let (Z,79) be an extended my-metric space, v € Z and r > 0. The open ball
with centered at v € Z and radius r > 0 is denoted by

B’Y€<u7r> = {U €Z: 79<U7U> < m@uv"’r}-

Definition 2.6. [9] A subset U of an extended mj-metric space (Z, ) is called
open if and only if for all u € U, there exists r > 0 such that B,,(u,r) C U.

It can be demonstrated that a topology on Z, say 7, is the family of all open
subsets of Z. Closed sets are the complements of the elements of 7, in Z.

Remark 2.7. Let (Z,7y) be an extended my-metric space, (u,) be a sequence in
Z and u € Z. Then (u,,) converges to u with respect to(w.r.t.) 7, if im (vs(u,,uw)—
n—oo

mgunu) = 0.

Suppose that lim (7 (uy,, u) —mey,.) = 0. We shall show that w,, — v w.r.t. 7,,.
Let U € 7, and Z_EOU. Then there exists € > 0 such that u € B,,(u,e) C U. Since
lim (7Y (tp, w) — Mgy,) = 0, there exists ng € N such that vp(u,, u) — mg,,, < € for
gl_lm; > ng. This ensures that u,, € B,,(u,€) for all n > ny and hence u,, € U for all
n > ng. Therefore, (u,) converges to u w.r.t. 7,, on Z.

In light of the aforementioned observation, we put forth the subsequent definition
of convergence in a sequence and my-Cauchy sequence within extended my-metric
spaces.

Definition 2.8. Let (Z,7y) be an extended mj-metric space. Then:

1. A sequence (u,,) in an extended m;,-metric space (Z, ) converges to a point
uw e Zif lim (yo(un, u) — may,u) = 0.
n—o0
2. A sequence (u,) in an extended my-metric space (Z,7y) is called an my-

Cauchy sequence if Hm  (vp(tn, Um) — Mou,u,,) = 0 and  lm (Myy,w,, —
n,Mm—00 n,M—00

meunum) - O
3. An extended mj,-metric space (Z,7y) is said to be complete if every my-
Cauchy sequence (u,) in Z converges to a point u € Z such that

n—o0 n— o0



A STUDY OF COINCIDENCE POINT THEOREMS ... 131

3. Coincidence Point Results

In this section, we establish certain results regarding coincidence points for a
pair of multivalued and single valued mappings within extended my-metric spaces.

Definition 3.1. A subset A of an extended mj,-metric space (Z, vy) is called
bounded if there exist w € Z and r > 0 such that a € B,,(u,r), ie., y(a,u) <
Meau + 1, for all a € A.

Let CB,,(Z) represents the collection of all nonempty, bounded, and closed sets
within an extended my-metric space (Z,7y). For every C, D € CB,,(Z), define
H@(C, D) = max{ 59(0, D), 59<D, C)},
where 0p(C, D) = sup{ vs(c, D) : c € C'} and (¢, D) = inf{y(c,d) : d € D }.

The closure of a set C' with respect to the extended my-metric 74 is denoted as
C. Tt is evident that C is closed in (Z, 7y) if and only if C' = C.

Lemma 3.1. Let C be a nonempty subset of an extended my-metric space (Z,y),

then u € C if and only if vo(u, C) = Sup mgye.
ceC

PROOF.

weC <= B,(u,r)NC#0, foralr>0
<~  y(u,c) < moy+1, for someceC
= Y(u,c) —meye <1
<  inf{yp(u,c) —mgu.:c€C} =0
<~ inf{y(u,c):c e C} =sup{mg, : c€ C}
<>  (u,C) = sup meyc.
ceC
O
Proposition 3.2. For any C, D € CB,,(Z), the following are true
(i) Ho(C,C) =6(C,C) = ilelg{itelg Moun}
(il) Hy(C, D) = Ho(D,C).
PROOF. (i) Since C' € CB,,(Z), we have C = C. Then from Lemma (3.1),
Yo(u, C) = ilelg Meuy- Therefore
Hy(C,C) = 6o(C,C) = supyg(u,C) = sup{sup mgyy }-
ueC ueC vel

(ii) The definition of an extended mj,-metric space (Z,y) gives rise to the fol-
lowing implications.

O
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Lemma 3.3. Let (Z,vy) be an extended my-metric space and 0 : Z X Z — [1, 00)
be bounded above. Then for any subset A of Z and any u, v € Z, we have

(11, A) = $up mgus < 5up (1, ) | (011, 0) — mows) + (mv,A) = inf mewﬂ |
acA acA acA

Proor. We have

Yo (Ua A) — SUpP Meya

- nf (g
SUp f yp(u, a) + inf (=mgu)

< inf ol @) = rou
S VQ(U, CL) — Moya,

< 0(”? CL) [(79(u7 U) - mf)uv) + (79(1}7 a) - mg?)a)] )

S sup@(u, CL) |:('79(u7 U) - m@uv) + (79(7)7 a) - ;Ielfl m@va):| )

a€A

Taking infimum for all a € A, we get

Yo(u, A) — sup mgy, < supf(u, a) |:(’}/9(U, V) — Mgyy) + (79(1), A) — inf mgw)] )
acA ac€A ac€A
O

Lemma 3.4. Let C, D € CB,,(Z) and h > 1. Then for every u € C, there is
atleast one v € D such that vg(u,v) < h Hy(C, D).

PROOF. We assume that there exists an u € C' such that vy(u,v) > hHy(C, D)
for all v € D. This implies that

in]g{fyg(u,v)} > h Hy(C, D).
vE
Thus, vp(u, D) > h Hy(C, D). Now, we observe that
H@(Cu D) > 59(07 D) = Sup’79<u7 D) > VQ(U, D) > h H@(C7 D)
ueC

Since Hy(C, D) # 0, h < 1, which is a contradiction. O

Definition 3.2. Let (Z,7y) be an extended mp-metric space and G : Z —
CB,,(Z) and g : Z — Z be a multivalued mapping and a single valued mapping
respectively. If v = gu € Gu for some u in Z, then u is called a coincidence point of
G and g and v is called a point of coincidence of G' and g.

Definition 3.3. Let (Z,7) be an extended mj,-metric space with the function

6. Then a multivalued mapping G : Z — CB,,(Z) and a single valued mapping

g : Z — Z are called Hy-Banach contraction if the following condition holds: there
exists k € (0, 1) such that

Hy(Gu, Gv) < kvs(gu, gv), (1)

for all u, v € Z.
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Definition 3.4. Let (Z, ) be an extended mj,-metric space with the function
6. Then a multivalued mapping G : Z — CB,,(Z) and a single valued mapping
g: Z — Z are called Hp-Kannan contraction if the following condition holds: there
exists k € (0, 5) such that

Hy(Gu, Gv) < k [y9(gu, Gu) + v9(gv, Gv)], (2)
for all u, v € Z.

Theorem 3.5. Let (Z, vy) be an extended my-metric space and 0 : Z X Z —
[1,00) be bounded above. Let G : Z — CB,,(Z) and g : Z — Z be Hy-Banach
contraction with the constant k € (0,1). Suppose that G(Z) C g(Z) and g(Z)

is a complete subspace of Z with lim 6(gun, gu,) < T where gu,+1 € Guy,
,1M—00

n=20,1,2,---, for every ug € Z. Then g and G have a point of coincidence say a
in Z with vg(a,a) = 0.

PROOF. Since Z is a nonempty set, we consider ug € Z and fix an element
guy € Gug. Using Lemma 3.4, there exists gus € Guy such that

Yo(gur, gus) < %HG(GU& Guy). (3)

By using (1) we obtain,
Hy(Gug, Guy) < k~yp(guo, gur).

Now from (3) we have,
1
Yo(gur, gus) < NG ko (guo, gur) = vV vs(guo, gur) = 7 v9(gue, gus)

where r = vk < 1. Again, from Lemma(3.4), there exists gus € Guy such that

Yo(guz, gus) < ryg(guy, gus).

In this manner, we obtain a sequence (gu,) in g(Z) such that gu,; € Gu,, for
n=20,1,2,... and

Yo(GgUn, Guni1) < rY9(gUn—_1, guy,), for all n > 1. (4)
Repeating the condition (4) n-times, we get
0 < Y9(gtn, gunt1) < 7"7(guo, gua). (5)
Taking limit as n — oo, we obtain

Tim p(gun, gtni1) = 0. (6)
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Now, for m,n € N with m > n, we have by using the triangle inequality of the
extended mj,-metric space and condition (5) that
Yo(gUn, GUm) — Mogu,gun, (7)
< 0(gun, g )"0 (gut0, gtr) + 0(gUn, Gtn)0(gtinr1, g )™ (o, gur)
+ o 0(gun, gum) -+ 0(gUm—1, g )T 09U, gun)
< Yo(guo, gur)[0(gur, gum)0(guz, gum) - - - 0(gtn—1, gm)0(gun, gum)r"
+0(gus, gum)0(guz, gum) -+ 0(gtn, g )0(gUn 1, it )r™*

et e(gula gum)e(gu% gum) T e(gumf% gum)e(gumfla gum)rmil]'

Since lim 6(gu,, gu,)r < 1, the series E r" | | 0(gu;, gu,,) converges by ratio
n,m—00
n=1 i=1

00 J
test for large m € N. Let S = Zr” Hﬁ(gui,gum), where S,, = er Hﬁ(gui,gum).

n=1 =1 =1 =1
Thus, for m > n, we deduce that,

79(gunagum) — MYgu, gum S 79(gu07gul)[sm—l - Sn]

Taking the limit as n — oo, we conclude that

}}LIEOO(’Y@(QUTH gum) - m@gungum) = 0.

)

By using the proposition 3.2 and condition (1), we have for all n > 1

0 < Mogup1gunsy < SUDP { sup m(?gun+1gun+1} = Hy(Guy, Guy,)
Jun+1€GUR gun+1€GUn

= 0 < %(gtnt1, Guns1) < kye(gun, gun) < Yo(gun, gus).
This shows that the sequence (v4(gu,, gu,,)) is decreasing. So lim ~y(guy,, gu,)
n—o0

exists. By using (my2), we get

0 < Mogugunis = V0(9Un+1, GUn+1) < Vo(gUn, GUnt1)-
Taking the limit of the above inequality as n — oo and using the condition (6),
we obtain
Tim yy(gun, gup) = 0 (8)
As 0 < Mogu,gum — Mogungum = |76(gUn, gUn) — Yo(gUm, gum,)], it follows that

lim (MGgungum - m99ungum) =0.
n,m—+00

Therefore, (gu,) is an my-Cauchy sequence in g(Z). Since g(Z) is complete,
there exists a € g(Z) such that gu, — a = gt for some t € Z. So, it must be the
case that

Tim (yo(gtn, gt) = Mogu,gr) = 0 (9)

and lim (Mpgu, gt — Mogungt) = 0.
n—o0
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As lim mggy, g = 0, it follows that
n—oo

lim g (gun, gt) = 0 (10)
n—oo
and ?}LIEO Mg, gt = 0.

From 1, we have
0 < Hy(Gup, Gt) < kyp(gun, gt).

Taking the limit as n — oo and using the condition (10), we obtain
nlgglo Hy(Gu,, Gt) = 0. (11)
Now, since gu, 1 € Gu,, we have
0 < v9(guns1, Gt) < dg(Guy,, Gt) < Ho(Guy, Gt).
Taking the limit as n — oo and using (11), we get
Tim p(guns1, Gt) = 0. (12)
Now, using the proposition 3.3

Yo(gt, Gt) — sup mgg, < sup 0(gt, z)[(Ve(gt, guni1) — Mogrgu,.)
zeGt zeGt

(79 (gun-HJ Gt) - xlélét m99un+1$)]

IN +

sup 0(gt, x)[(vo(gt, guns1) — Mogrgunsr) + Vo(gUns1, GT)]
xEe

Taking limit as n — oo and using (9) and (12), we get

79(gt; Gt) < sup Megta - (13)
zeGt

Again, we have lim,, o (Mggu,, gt +Mogunge) = 0. This implies that lim, oo (Yo (gun, gun)+
Yo(gt, gt)) = 0, Then

Tim_p(gun, gun) +70(gt, gt) = 0
Now, by using (9), we have v4(gt, gt) = 0. So,

Sup Megta = SUP mln{ﬁ)@(gta gt)? ")/9(*%7 l’)} =0.

zeGt zeGt
So, by using (13), we have vy(gt, Gt) = 0. Thus, y9(gt, Gt) = sup mgg,. By
zeGt
using Lemma 3.1, we get gt € Gt = Gt, as Gt is closed. So, a is a point of
coincidence of g and G in Z with 7y(a,a) = 0. O

Corollary 3.6. Let (Z,7y) be a complete extended my-metric space and 6 :
Z x Z — [1,00) be bounded above. Suppose that G : Z — CB,,(Z) satisfies the
following condition: there exists k € (0,1) such that

Hy(Gu, Gv) < kvg(u,v),
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for all u, v € Z. Also assume that lim 0O(u,,v,) < ——, where u,y1 € Gu,,
n,Mm—00 k

n =0,1,2,..., for every ug € Z. Then G has a fized point a(say) in Z with
Yo(a,a) = 0.

ProoOF. By taking g = I, the identity map on Z, the proof is derived from
Theorem 3.5. 0

Theorem 3.7. Let (Z, vg) be an extended my-metric space and 0 : Z X Z —
[1,00) be bounded above by 2. Let G : Z — CB,,(Z) and g : Z — Z be Hy-
Kannan contraction with the constant k € (0,1). Suppose that G(Z) C g(Z) and

1
9(Z) is a complete subspace of Z with n’}riLIEOOQ(gun,gum) < o where r = ﬁ and

Jupi1 € Gu,, n = 0,1,2,---, for every ug € Z. Then g and G have a point of
coincidence say a in Z with vye(a,a) = 0.

PROOF. Let ug € Z be arbitrary. As Guy C g(Z), we can choose an element
uy € Z such that gu; € Gug. As Gu, is a closed subset of Z, we can choose
gus € Guy such that

Yo(gu, gus) = va(guy, Guy) < 89(Gug, Guy) < Hy(Gug, Guy).
Again, we can choose gus € Gus such that
Yo(gus, gus) < Hy(Guy, Gus).
Continuing in this way, we get a sequence (gu,) such that gu, 1 € Gu, with
Yo(gun, Juni1) < Ho(Gun—1, Guy). (14)
Using (2) in (14), we get
klve(gun—1, Gun—1) + Yo (gun, Guy,)]

Yo(GUn, Guny1) <
< k[yo(gun—1, gun) + vo(gun, gtini1)]

Thus, Yo(gun, gunt1) < % Vo(gUn-1, Gun)-
Let r = ﬁ Since k < %, we have r < 1. So
V6 (Gtn, GUn41) <7 Y6(Gtn-1, gtin). (15)
Repeating the condition (15) n-times, we get
0 < %9(gtn, guns1) < 7" v5(guo, gur). (16)
Taking limit as n — oo, we get
Tim g(gun, gtni1) = 0. (17)
Proceed similarly as in Theorem (3.5), we get

n,flrlzgloo(%(gum JUm) = Mogungunm) = 0
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By using the Proposition 3.2 and condition (2), we have for all n > 1
0 S m@gun+1gun+1 S sup { sup m@gun+1gun+1} = HH(Guny Gun)
Jun+1€GuUn gunt+1€GuUn
= 0 < 99(gUnt1, Guni1) < 2k70(gUn, Gun) < 2k Y9(GUn, GUini1)-

Taking the limit of the above inequality as n — oo and using the condition (17),
we obtain

lim Yo (gun+1, gtnt1) = 0. (18)

n—oo
As 0 < Mogu,gum — Mbgungum = |76(9Un, gUn) — Yo(gUm, gum,)|, it follows that

lim (MGgungum - m99un9um) = 0.
n,m—+00

Therefore, (gu,) is an my-Cauchy sequence in g(Z). Since g(Z) is complete,
there exists a € g(Z) such that gu, — a = gt for some t € Z. So, it must be the
case that

1}2&(7@(9“71’ gt) - m@gungt) =0 (19)
and
TLILIEO(M@ungt — Mogu,gt) = 0. (20)

As 0 < mggy, gt < Yo(gun, gu,). Taking limit as n — oo and using (18), we get

nlgrolo Mogungt = 0- (21)

Using (21) in (19) and (20), we get

lim (g, gt) = 0 (22)
n—oo
and
nh_g}o Mogu,gt = 0. (23)

Adding (21) and (23), we get lim,, 0o Mygu,, gt +1imy—s00 Mgy, g¢ = 0. This implies
that hmn%oo [MBgungt + m@gungt] =0 and so hmnﬁoo [79(9“1179“%) + 79(gt>gt>] = 0.
Thus, lim,, 0 Yo(gtn, gu,) + ve(gt, gt) = 0. Hence,

ve(gt, gt) = 0. (24)
Now,
Yo(guni1,Gt) < 6o(Guy, Gt) < Ho(Guy, Gt)
< k[vo(gun, Gu,) + vo(gt, Gt)].

Taking limit as n — oo and using (17), we get

Jim Yo(gunt1, Gt) < ky(gt, Gt). (25)
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Using the proposition 3.3, we have

Yo(gt, Gt) — sup moge, < sup 0(gt, ) [(vo(gt, guni1) — Mogrgun,y)
zeGt zeGt

+(79(gun+la Gt) - xlngt megun+1l‘)] .

Taking limit as n — oo and using (19), we get

Yo(gt, Gt) — sup moge, < sup 0(gt, ) lim vy(guni1, Gt)
zeGt zeGt n—00
< sup g(gtax)k79(9t7 Gt)
zeGt
As yp(gt, gt) = 0, so sup mgg, = 0.
zeGt
vo(gt, Gt) < sué) O(gt,x) ke(gt, Gt).
zeGt
If vo(gt, Gt) > 0, then 1 < sup 0(gt, x) k < 2k i.e, % < k. This is a contradiction.
zeGt
So, we have 7y(gt, Gt) = 0. Thus, v4(gt, Gt) = sup mgg,. By using Lemma 3.1, we
zeGt
get gt € Gt = Gt, as Gt is closed. So, a is a point of coincidence of g and G in Z
with yg(a,a) = 0. O

Corollary 3.8. Let (Z,7y) be a complete extended my-metric space and 6 :
Z x Z — [1,00) be bounded above by 2. Suppose that G : Z — CB,,(Z) satisfies the

following condition: there exists k € (0, %) such that

Hy(Gu, Gv) < k [y9(u, Gu) + vo(v, Gv)],

1
for all u,v € Z. Also assume that lim 6(u,, u,) < —, where r = £ and
1—Fk
,

,1M—00

Unr1 € Guy, n=0,1,2,---, for every ug € Z. Then G has a fized point a(say) in
Z with vg(a,a) = 0.
PROOF. By using g = I, the proof is derived from Theorem 3.7. 0]
Example 3.5. Let Z = {1, 2, 3} and the function § : Zx Z — [1, 00) be defined
by 0(u,v) = wv, for all u, v € Z. We take the function vy : Z x Z — [0, 00) as
79(17 1) = 79(27 2) = 79(37 3) =0,
79(17 2) = 79(2a 1) =6,
Y0(1,3) = 7(3,1) =294 = v5(2,3) = 75(3,2).
Then (Z,7y) is a complete extended my,-metric space. Let G : Z — CB,,(2)
be defined by G1 = G2 = {1}, G3 = {1,2} and g : Z — Z be defined by
gl =2 ¢g2=1, g3 =3. Then g(Z)(= Z) is a complete extended my-metric space.

For every u € Z, it is simple to verify that each Gu is a closed and bounded subset
of Z. We now examine the following possible cases:
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Case-I: u, v € {1, 2}. In this case, Hyo(Gu,Gv) = Hy({1}, {1}) = 7(1,1) =
0 < 55 70(gu, gv).

Case-1I: u € {1, 2}, v = 3. Then,

Hy(Gu,Gv) = Hy({1}, {1, 2})
max {0s({1}, {1, 2}),00({1, 2}, {1})}
max {0, 6}
= 6.

If uw € {1, 2}, v =3, then yy(gu, gv) = 294 and so
1
Hy(Gu,Gv) =6 = E%(gu, gv).
Case-111: u = v = 3. Then,

Hy(Gu, Gv) = 6y(G3, G3) = sup {yp(w,G3) : w € G3}
max {7y(1, G3), 74(2,G3)}

= 0
1

9 Yo(gu, gv).

IN

Thus, we have

Hy(Gu, Gv) < kvg(gu, gv)

1
. . 1 .
for all u, v € Z with k = ;5. Also, nﬂl}glooe(gumgum) < _\/E’ where gu,1 € Guy,

n=0,1,2,..., for every ug € Z. We see that 1 is a point of coincidence of g and G
in g(Z) with 75(1,1) = 0, and all the requirements of Theorem 3.5 are satisfied.

4. Conclusions

This paper presents new coincidence point theorems for single-valued and multi-
valued mappings in extended m;-metric spaces. Using classical fixed point methods,
we identify the necessary conditions for the existence of coincidence points for these
mappings and validate the results with examples, contributing to both theory and
future research in this field.
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