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Quadrature rule extended cubic spline approach
for a class of nonlinear and linear Fredholm
integral equations
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ABSTRACT. In this research, we consider the linear and nonlinear Fredholm inte-
gral equations (FIEs). The main aim of research is to approximate the integral
by Gauss-Turdn quadrature rule and then using an extended cubic spline as the
base function. The unknown coefficients are determined in combination by the
collocation method. The arising system of linear and nonlinear equations can be
solved. Error analysis is investigated theoretically. Numerical text problems are
considered to justify the applicability and efficient nature of our approach; com-
parison of the results justifies the considerable accuracy and efficiency proposed
methods. The extended parameter in valued in the spline can be chosen in such
a way to improve the accuracy also.
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1. Introduction

It is well known that FIEs are of the form
B
U©) = 9(6) + | KEnUW)y. €€ fos Bl 1)
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where K (&,y,U(y)) is continuous on [, 5] and satisfies a uniform Lipschitz condi-
tion. FIE(1) arise in various fields of science and dynamics, such as the spread of
epidemics, and semiconductor devices [28, 5, 4]. For the solution of the FIE (1), sev-
eral numerical approaches have been proposed, such as the Homotopy-perturbation
method [7, 8, 20], the wavelet basis [21, 29], and the collocation method basis [23],
the superconvergent methods based on quasi-interpolating operators [2], the multi-
step collocation[10], the Taylor-series expansion methods [31, 19, 3], the Newton-
Kantorovich-quadrature method [26], the Bernstein polynomial [22], the quadrature
approach based on B-spline [15], hat functions operational matrix [14]. We develop
a collocation by using an extended cubic spline to approximate in FIE(1).

2. Extended cubic spline collocation approach

We apply extended cubic spline collocation method to approximate solution of
FIE(1). Let Ay {a=yo < 31 < ... < yy = B} be a uniform partition of the
interval [a, B] with step size h = 5_70‘ The extended cubic spline B, (y, #) is defined
as:

( 4k(1 - 9)(y - y'l‘—2)3 + 39(y - yr—2)4a Yr—2 <Y < Y1
(4 —0)k* +12k3(y — yr—1) + 6k%(2+ ) (y — yr—1)?
) —12k(y — yr—1)® = 30(y — yr—1)*, Yro1 <y <y
Br(y,0) = 574 (4= Ok +12%(yri1 —y) + 6K>(2+ 0)(yr41 — 9)? (2)
—12k(yr41 — y)® — 30(yr1 — y)*, Yr <Y < Yri1
4k(1 = 0)(yri2 — y)® + 30(yry2 — y)*, Yri1 <Y < Yrgo
0, otherwise.

The extended cubic spline function has one arbitrary parameter 6,when 6 tends to
zero the extended cubic spline reduced to convectional cubic spline function. For
0 > —2, spline and extended spline share the same properties: local support, non-
negativity, partition of unity and C? continuity. The parameter 6 control the tension
of the solution curve [30, 24]. we consider a extended cubic spline S(y) of the form

[27]
S(y) = S0 6 Br(y.0)
(3)

5—1(%9) WO + Bar+1(y,9) W1 + 27]}10 tr§T<y7 9)a

—1(¥0,0) Bary1(ya,0)
where Wy = U(a) , U(B) and the functions B, (y, 8) as follows:
§r(y,9) B.(y.0) — 5 f(y;(; ) B_y(y.0), 7 =0,1,
BT(yv 6) (y> 9)7 r= M - 27 (4>
B,(y,0) = B.(y,0) — Bi;f—%BMﬂ(y, 0), r=M—1,M.
B,.(y,0), r=0,..., M is as the new set of redefined extended cubic spline functions

which vanish on the Dirichlet’s boundary conditions.
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3. On quadrature rules of Gauss-Turan

Let P, be the set of all algebraic polynomials of degree at most n. The Gauss-
Turdn quadrature rule in [13, 18] is

B m 2P
/ 1AW =33 9rrd®(52) + By (9), (5)

T=1 r=0

where m € M, p € M, and dx(y) is a nonnegative measure on the interval (o, )
which can be the real axis F, with compact or infinite support for which all moments:

B
nN:/ yﬁdX(y% "4':0717"'7 (6)

exists, are finite, more over 1y > 0, and ¢, , = faﬁ Yrr(¥)dx(y), (r=0,...,2p,
7=1,...,m)and 7,,(y) are the fundamental polynomials of Hermite interpolation.
The nodes v, (1 = 1,...,m) in Eq.(5) are the zeros of monic polynomial v,,(y) =
Y™ 4+ b y™ L+ . 4 bix + by which minimizes the integral.

B8
Glbo,brs . bs) = / [ ()22 (1), (7)

then the rule Eq.(5) is exact for all polynomials of degree at most 2(p + 1)m — 1,
that is, Fp, 2p4+1(9) = 0,Yg € Pypi1)ym—1. The condition Eq.(7) is equivalent with the
following conditions:

B
/ [Qbm(y)]szrlyde(x) = 07 K= 0> s, M= 17 (8)

1
/_ [nPydy =0, 5 =0.1.2,3 (9)

where ¥4(y) = y* + b3y® + boy® + by + by, by solving system Eq.(9) we can obtain
by, (r=0,1,2,3,4) coefficients, on the other hand we have

Vr1(y) = (¥ — pr)-(yz) — 001 (y), 7=0,1,2,3,

Yoi(y) =0, Yoly) =1,

= p-(2,4) = (rabr) _ S vt Wy L w2 (w)ed(w)dy
Pr=pris @rr) [ 2 wdy [T 92@)el(y)dy
5, =0,(2,4) = et JLtetwdy [N v )iy

Wroafr—1) 102 )y 292 (v )dy
1
50 = f_l Qz}g(y)dya
so that we can obtain the zeros of monic polynomial ¥7”(y) of eigenvalue Jocobian

where
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TABLE 1. Determined values of v,, 8, and 4.

v Vr /B‘r or

0 -0.899829212560986 0 0.132703088805391(-03)*
1 -0.365924354691640 0 0.424102581549750

2 0.365924354691679 0 0.263848849055045

3 0.899829212650986 0 0.255641814691793

*0.132703088805391(—03) = 0.132703088805391 * 105,

matrix
Po \/31
Jy = \/31 P1 \/32
\/(_52 P2 \/53 ’

\/(_53 P3

and the values of v,, p, and ¢, which are tabulated in Table 1.

Finally, to determine ¢, ,, we use the following polynomial for approximation of
function ¢(y),

gm’r(y) = (y - VT>H¢T(y) - (y - 7/7')"€ H(y - VT)2p+1a (10)
r#ET
where 0 < k < 2w, 1 <7 <m and

(DT(y) N (;pri—(z]i))Qp—i_l - H(y - Ur)2p+177— - 1? cee, M,
T r#T

since Eq.(5) is exact for all polynomials of degree at most 2(p+1)m—1 then accuracy
degree g, ; is
deggnr =(m—1)2p+ 1)+ < (2p+1)m — 1.
Then Eq.(5) is exact for polynomials Eq.(10), that is, E(g.,) = 0, (0 < k <
2p,1 <7 < m) then by replacing g, -(y) instead of ¢g(y) in Eq.(5) we have

S S gt () = 7 gur(y)dx(y)

= Nk,
therefore for each 7 = [, we get the following linear system (2p+1) x (2p+1), where
¢, are unknowns r =0,...,2w, 7 =1,...,m,
/ (2p)
Jor(vr) 9077(’/7') e 9((),27 (vr) Pr,0 No,r
gll,r(VT) 91,7]—J (vr) Pr,1 | T
(2p)
ng,T<VT) Pr.2p N2p,r
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solving the above system for p = 2 and 7 = 1,2,3,4, we obtain the values of
Orpy, T=1,...,4, r=0,...,4, which are tabulated in Table 2.

TABLE 2. Determined values of ¢.,, 7=1,...,4, r=0,...,4.
1,0 = 0.315604206062624 p1,2 = 0.001213976533015
2,0 = 0.684395793937405 2,2 = 0.0104801638359508
3,0 = 0.684395793937377 3,2 = 0.010480163835949
4,0 = 0.315604206062603 pa,2 = 0.00121397653301490
@11 = 0.0151791927277847 ¢1.3 = 2.67403743470878 107
2,1 = 0.013556093515529 2,3 = 0.0001128025099388
031 = —0.135560935155336 * 10+ 3.3 = —0.11280250993880 * 103
a1 = —0.151791927277821 % 10" Pa.3 = —0.267403743470821 x 104
©1,4 = 5.42643518348675 * 10~7 2.4 = 0.00002636423549605
3,4 = 0.000026364235496 4,4 = 5.42643518348595 * 1077

4. Nonlinear Fredholm integral equation

In the given nonlinear FIE(1), we can approximate the unknown function by
extended cubic spline Eq.(3), we have:

S(e / K(€.y,5(y))dy, (11)

Now collocated Eq.(11) for a fixted t in o < & < /3 at the points & = o + rh,

h="E2 r=0,1,...,M, we obtain

[2 K (&, y, (2200, 4 Pua@h oy o S4B (y,0)))dy + g(&r)

1(yo,0) Bary1(yn,0 ( )
12
— B_ fTa B ('57‘7 —
= = 1509 Wo +BA14W+11£M9 W1+ZT otrBr(&,0), T=0,1,..., M.
By partitioning the interval [, 5] to M equal subintervals we obtain
3 B_1(y,8 B 0 M , 5
S T K (&, (W + 52Oy, 4+ 37 4B (y,0)))dy
(13)
r B r,0
Fol6) = BB ¢ Bty S B (€ 0), =0, M

For using the Gauss-Turdn rule we need to change each subinterval [}, {;41] to
the interval [—1,1]. Then by the following change of variable, we have

e h
(€~ Gt (G~ &), dy= TS = Lo,

To approximate the integral Eq.(13), we can use the Gauss-Turan quadrature
rule in the case m = 4 and w = 2, then we get the following (M + 1) x (M + 1),

y:
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nonlinear system
%WG+%—§IG@) 1+Zr0 B, (&, )_ E ZlefY 0 Proy
(14)

1\G 7 B T
X (K (&, Gy (FAER Wy + G20 Wy + 30 6B (G, 0)) + 9(&),
r=0,1,..., M,

(&j11=&)vr+(Ej41+E5)
2

where (;; = and v, we have the nodes and coefficients ¢, ., of

previous section. By solving the above nonlinear system via iterative method we
determine the coefficients t,., 7 = 0,..., M by setting ¢, in Eq.(3), we obtain the
approximate solution for FIE(1).

5. Error analysis

To obtain the error estimation of our approach, the first of all we recall the fol-
lowing definition and Theorem in [13, 18, 9.

Definition 5.1. The Gauss-Turdn quadrature rule with multiple nodes,

B m 2P
| 9@y =303 6erg ) + B (9) (15)

T7=1 r=0

is exact for all polynomials of degree at most 2(p + 1)m — 1, that is,
Emapt1(9) =0, Y9 € Popr1ym—1-

Theorem 5.1. Let U(§) € C*a, ], A be the partition of [«, 3] and S(€) be the
spline interpolation function U(E), we have

I1D"(S —U)|loe < ¢h* ", 7 =0,...,3. (16)
For the proof see [9].

Next we will prove the following theorem for convergence of our method in
Eq.(14).

Theorem 5.2. The approzimate method Eq.(1})
( )_ Z ZT 127 OSOT’Y( (§T7CJT’S(Cj7)))(7)+g<fr)?T:O’17"'7M7

(17)
for solution of the nonlinear FIE(1) is converge and the error bounded is
g M1 4
|Er| <—ZZZ|¢MIIEJT! (18)
7=0 7=1 =0

where E;; = S —Ujr, B, = S, —U,,r =0,...,M and kernel K satisfy Lipschitz
condition in their third argument with L Lipschitz constant.
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Proor. We suppose that at the points & = a +rh, h = 5_ , r=0,1,..., M,
the corresponding approximation method for nonlinear FIE(l)

M14

5> 53 e K G SG 4 9(6), T = 0,1, M. (19
7=0 7=1 =0
By discrediting FIE(1) and approximate the integral by the Gauss-Turdn rule,
we can obtain
M-

;_n

wlm

4 4
ZZ% (& Gr UGN +9(&), 7=0,1,... .M. (20)

7=0 =11~
By subtracting Eq.(20) from Eq.(19) and using interpolatory condition of cubic
spline, we get

M-1

Nlb‘

4 4
Z Z 907'7 'fr’ ngv (CJT)) - K(V) (fra Cjﬂ U(Cﬁ))]v

7=0 =1 v=0

S(fr) -

we suppose that, S(y.) = Sy, U(y,) = U., » =0,..., M, and kernel K satisfies
Lipschitz condition in their third argument for all pq, s € R is of the form

(KD (y, ¢, 1) — KO (y, ¢, po)| < L — ol

where L is independent of y, (, 11 and ps. We get

M-1 4

15, = U] < LZZZISDMIISJT— il

7=0 7=1 =0

7M1
| Er| <M Z ZZ!@MH
j=0 7=1 =0
where £, = S, —U,, r=0,..., M. When h — 0 then the above terms are zero and
also these terms are due to interpolating of U (&) by cubic spline (Theorem 5.1). We
get for a fixed r,

|E.| = 0 as h — 0.

6. Numerical examples

We consider text problems of nonlinear and linear FIEs. Our numerical results
are compared with methods in [6, 1, 12, 11, 16, 25, 17|, program preformed
by Mathematica for examples , the running time is also reported in seconds(CPU
time(s)).
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Example 6.1. Consider the following nonlinear FIE with exact solution U () =

- I 1
T
We apply the presented method Eq.(14), the maximum absolute errors(MAES)
in the solutions for # = 0 with different values of M = 8,10, 15, 16, 20 are tabulated
in Table 3, and compared with the results [1, 6]. The MAEs in the solution for the
different values of § = —1.99, —1,1,3 with M = 20 are tabulated in Table 4.

dy, & €10,1]. (21)

TABLE 3. The MAEs for different values of M.

M  our Method § =0, CPU time (s) Method in [6] Method in [1]
8 5.55112(-17) 1.954 7.5(-10) —

10 7.70186(-17) 2.89 1.9(-10) 1.5(-09)
15 4.11682(-17) 9.499 — 2.9(-11)
16 1.38778(-17) 9.969 1.1(-11) —

20 1.14186(-16) 20.344 3.1(-13) 7.3(-14)

TABLE 4. The MAEs at particular points for M = 20.

& 0=-199 06=-1 06=1 6=3
0.1 1.39(-17) 0 0 1.39(-17)
0.2 2.78(-17) 2.78(-17) 0 2.78(-17)
0.3 0 0 0 0

04 555(-17) 5.55(-17) 5.55(-17) 5.55(-17)
0.5 1.11(-16) 0 1.11(-16) 1.11(-16)
0.6 0 0 1.11(-16) 0

0.7 0 0 0 0

0.8 2.22(-16) 1.11(-16) 0 2.22(-16)
0.9 2.22(-16) 0 0 2.22(-16)

Example 6.2. Consider the following linear FIE with exact solution U(£) = e*,

U(€) = X+5 — /1 L
0

€U W)y, € €(0.1)

We apply the presented method Eq.(14), the MAEs in the solutions for § = 0
with M = 16 are tabulated in Table 5, and compared with the results [11, 12]. The
MAESs in the solution for the different values of # = —1.99, —1, 1,3 with M = 30 are
tabulated in Table 6.

(22)

Example 6.3. Consider the following linear FIE with exact solution U(§) = ef,

1

U(©) = ¢+ 5" = Dsin) = [ sin(©U )y, € € 0.1

We apply the presented method Eq.(14), the MAEs in the solutions for § = 0 for
the different values of M are tabulated in Table 7, and compared with the results

(23)
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TABLE 5. The MAEs at particular points for M = 16.
& our Method 6 =0 Hybrid function Haar function
CPU time = 5.625s method in [12] method in [11]
0 0 0 6.26(-04)
0.0625 2.22045(-16) 2.44027(-10) -
0.125 2.22045(-16) 3.24913(-11) 1.51(-03)
0.1875  2.22045(-16) 2.80845(-10) 9.78(-04)
0.25 6.66134(-16) 7.42122(-11) -
0.3125 0 3.28122(-10) 1.08(-03)
0.375 8.88178(-16) 1.27778(-10) .
0.4375 1.33227(-15) 3.88825(-10) 2.81(-03)
0.5 4.44089(-16) 1.96564(-10) 1.70(-03)
0.5625 1.33227(-15) 4.66775(-10) -
0.625 1.33227(-15) 2.84886(-10) 4.09(-03)
0.6875 1.77636(-15) 5.66856(-10) 2.66(-03)
0.75 8.88178(-16) 3.98295(-10) -
0.8125 2.66454(-15) 6.95369(-10) 2.94(-03)
0.875 1.77636(-15) 5.43908(-10) -
0.9375 8.88178(-16) 8.60371(-10) 7.63(-03)
1 8.88178(-16) 7.30885(-10) )

TABLE 6. The MAEs at particular points for M = 30.

16] .

&  0=-199 0=—1 0=1 0=3

0.1 2.22045(-16) 2.11738(-16) 2.22045(-16) 4.44089(-16)
0.2 4.44089(-16) 0 6.66134(-16)  4.44089(-16)
0.3 0 0 4.44089(-16)  4.44089(-16)
0.4 8.88178(-16) 8.88178(-16) 8.88178(-16) 8.88178(-16)
0.5 8.88178(-16) 1.77636(-15) 8.88178(-16) 1.33227(-16)
0.6 0 0 4.44089(-16)  4.44089(-16)
0.7 8.88178(-16) 8.88178(-16) 8.88178(-16) 8.88178(-16)
0.8 1.77636(-15) 1.77636(-15) 1.77636(-15) 2.66454(-16)
0.9 2.66454(-15) 1.77636(-15) 2.66454(-15) 3.55271(-16)

1 0 0 0 0

M = 5,10, 15, 20 are tabulated in Table 8.

The MAESs in the solution for the different values of § = —1.99,

TABLE 7. The MAEs for the different values of M.

M CPU time(s) our Method Method in [16] Method in [16]
0=0

6 89.671 2.40(-16) 5.54(-06) 1.84(-09)

11 93.139 3.86(-16) 3.53(-07) 2.91(-11)

21 115.044 2.37(-16) 2.22(-08) 4.56(-13)

41 375.154 3.92(-16) 1.39(-09) 7.99(-15)

123

~1,1,3 with
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TABLE 8. The MAEs for the different values of M.

M 6=-199 6=-1 6=1 6=3

5  4.965(-16) 2.22(-16) 1.40(-16) 2.63(-16)
10 6.397(-16) 2.53(-16) 2.98(-16) 5.06(-16)
15 1.404(-16) 3.85(-16) 1.28(-16) 2.00(-16)
20 4.684(-16) 1.65(-16) 2.16(-16) 3.29(-16)

Example 6.4. Consider the following nonlinear FIE with exact solution

Ue) =¢.
UE) =eé— / £V Wy, ¢ € [0,1]. (24)

We apply the presented method Eq.(14), the (MAEs) at particular points are
tabulated in Table 9, and compared with the results [17, 25]. The MAEs in the
solution for the different values of # = —1.99, —1,1,3 with M = 5,10, 15,20 are
tabulated in Table 10.

TABLE 9. The MAEs at particular points.

our Method Method in [25] Method in [17]
CPU time=14.59s
13 0=0,M =10 M =10 M = 32
0.2 8.33(-16) 1.88(-05) 3.43(-11)
0.4 1.67(-16) 3.76(-05) 6.00(-11)
0.6 0 5.65(-05) 6.91(-11)
0.8 3.33(-16) 7.52(-05) 5.78(-11)

TABLE 10. The MAEs for the different values of M.

M 6=-199 6=-1 6=1 6=3

5  204(-16) 1.43(-16) 8.95(-17) 1.78(-16)
10 2.39(-16) 1.34(-16) 1.14(-16) 1.53(-16)
15 1.44(-16) 9.73(-16) 1.62(-16) 1.32(-16)
20 1.90(-16) 1.06(-16) 1.22(-16) 1.46(-16)

7. Conclusions

We developed a method to find the solution of linear and nonlinear FIEs. The
over approach is based on the Gauss-Turan quadrature rule and then using an ex-
tended cubic spline as the base function. The unknown coefficients in combination
are determined by the collocation method. The arising system of linear and nonlin-
ear equations can be solved. Numerical text problems are considered to justify the
applicability and efficient nature of our approach; comparison of the results justifies
the considerable accuracy and efficiency proposed methods.
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