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time-fractional Fokker-Planck equations by Tarig
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Abstract. Fractional models offer greater accuracy and efficiency in modelling

various physical systems across scientific, engineering, and technological fields.

Analyzing linear and nonlinear time-fractional systems of fractional order differ-

ential equations is a challenging task in terms of mathematical and theoretical

aspects. In this paper, we propose a hybrid approach as a combination of the

strength of the Tarig transform with the Projected Differential Transform Method

(TPDTM) for solving the linear time-fractional Fokker-Planck (F-P) equation.

The solution of the F-P equation was obtained in terms of space and fractional

time co-ordinates based on imposing the different initial conditions. The results of

the present work are illustrated using detailed 2D and 3D plots and tables for dif-

ferent values of the fractional parameter, providing visual and numerical clarity on

the behavior of the solutions. To validate the solution and evaluate the algorith-

mic performance of the TPDTM, we have performed comparative analysis against

solutions obtained using the Finite Difference Method (FDM), Homotopy Pertur-

bation Method (HPM), and Laplace Adomian Decomposition Method (LADM)

through different time fractional F-P equations. The study investigates solutions

that show that TPDTM is a potent and straightforward technique for interpret-

ing fractional F-P equations and is more versatile than FDM and HPM. Also,

we found that our present work interpreted the high effectiveness and accuracy

precision of results.

Keywords: Fractional differential calculus, Fokker-Planck equation, Tarig transform, Projected differential trans-

form method, Numerical simulation

2020 Mathematics Subject Classification: 34K37, 26A33

This work is licensed under the Creative Commons Attribution 4.0

International License

∗Corresponding author
77

http://creativecommons.org/licenses/by/4.0/


78 DUNNA AND KINAKKAL

1. Introduction

Fractional calculus is a crucial branch of mathematics, and it extends the con-

cept of integrals and derivatives to arbitrary, non-integer order. The history of

fractional models is extensive and well-established. Over the past decades, several

notable figures in mathematics, physics, and applied mathematics have significantly

contributed to the field. These include Cauchy, Liebniz, Liouville, Abel, Caputo,

Riesz, and many more. Most mathematical theories pertinent to fractional calcu-

lus were developed before the 20th century. Also, it has been noted that many

real-world problems and examples of fractional calculus emerged in the 20th cen-

tury. By no means are these applications and the mathematical basis of fractional

calculus illogical, but it is a challenging task to comprehend the physical meaning

[47]. There has been a remarkable surge in the advancement of fractional differ-

ential equations driven by their broad scope and applications in various fields of

science and technology, including control and signal analysis [2, 30, 82], biology

[70], mechanical engineering [47], chemical engineering [79], for instance, as colored

noise [56], boundary layer effects in dust [1, 37], heat transfer [54], electromagnetic

waves [38], electrode-electrolyte polarization [41], image processing [16], synchro-

nization of chaos [22], viscoelasticity [49, 55], multidirectional multi scroll attrac-

tors [24], and friction modeling [59], etc. The majority of physical, mechanical,

engineering, and biological problems in the modern era are represented as nonlinear

fractional partial differential equations and have been subjected to many efficient

methods, including the fractional variation iteration method (VIM) [19], Inverse

scattering transform (IS) [36, 32], fractional differential transform method (DTM)

[28], fractional operational matrix method (OMM) [45], fractional improved homo-

topy perturbation method (IHPM) [46], fractional wavelet method (WM) [71], and

fractional Laplace Adomian decomposition method (LADM) [61].

Considerable research has been conducted to derive exact and approximate solu-

tions for a wide range of partial and fractional differential equations (linear and non-

linear). For instance, Schrödinger equation [36], Hirota equations [31], the Kadomt-

sev–Petviashvili equation [35], the KdV–Calogero–Bogoyavlenskii–Schiff equation

[33] the Sharma–Tasso–Olver [34], the time-fractional Zakharov- Kuznetsov (ZKE)

[78], Burgers-Huxley (BH) [64], Noyes-Field (NF) model of Belousov-Zhabotinsky

(BZ) [5], Benjamin Bona Mahony Burger (BBMB) [63], Poisson (P) [68], Telegraph

(TE), Laplace (L), wave (W) equations [18], and Newell-Whitehead-Segel equations

(N-W-S)[4]. In this research, we are finding the solutions of Fokker-Planck (F-P)

equation . The understanding of solution of F-P equation is crucial, due to its poten-

tial applications in various fields of natural science by modeling the time evolution

for systems influenced by stochastic (random) processes, such as solid-state physics,

quantum optics, chemical physics, theoretical biology, circuit theory, plasma physics,



SOLVING TIME-FRACTIONAL FOKKER-PLANCK EQUATIONS USING TPDTM 79

surface physics, population dynamics, biophysics, engineering, neuroscience, nonlin-

ear hydrodynamics, polymer physics, laser physics, pattern formation, psychology,

and marketing.

The nonlinear F-P equation in a single variable scenario expressed as follows:

∂U

∂t
=

(
− ∂

∂x
A(x, t, U) +

∂2

∂x2
B(x, t, U)

)
U(x, t). (1)

In this work, we focus on the time fractional F-P equation of the form

∂αU

∂t
=

(
− ∂

∂x
A(x, t, U) +

∂2

∂x2
B(x, t, U)

)
U(x, t), t > 0, and α ∈ (0, 1], (2)

where α is the order of fractional time, A and B > 0 are the drift coefficient and

the diffusion coefficient respectively. Time may also affect the drift and diffusion

coefficients. If α = 1, the time fractional F-P equation (2) reduced to a nonlinear

classical F-P equation.

From the early century onwards, researchers have been interested in finding the

solution to the F-P equation. In 1996, Drozdov and Morillo [25] proposed a finite-

difference method (FDM) to solve a general class of linear and non-linear time-

dependent F-P equations based on a K- point Stirling interpolation algorithm. To

solve several linear and nonlinear space-time F-P equations in closed form, Dubay

et al. [26] suggested an effective method based on the Homotopy perturbation

method (HPM) employing the Sumudu transform (ST). Johnson et al. [29] used

the convergence of a class of combined spectral-finite difference methods (S-FDM)

using the Hermine basis to study the F-P equation. Tatari et al. [69] investigated

the solution of the F-P equation and some similar equations through the Adomian

Decomposition method (ADM). Dehghan and Tatari [21] used VIM as proposed

by Chinese mathematician Ji Huan He to solve the F-P equation. Pankaj and

Narayanan [51] used the standard sequential finite element method (FEM) with

shape functions and the Crank-Nicholson time integration scheme (C-N TIS) to

examine the numerical solution of both the stationary and transient variants of

the F-P equation for two-state nonlinear systems. Biazar [10] employed HPM in

2008 to solve the linear and nonlinear F-P equation. HPM has been generalized

by Jafari and Aminataei [42]. They demonstrated that the HPM, the spectral

method (SM), and ADM are all special cases of newly modified HPM; they used

the generalized version of HPM to solve the F-P equation in their research. Yang

et al. [74] examined a family of time and space fractional F-P equation, using

the Riesz space fractional derivative of order µ ∈ (1, 2) and the Riemann Lioville

time fractional derivative of order 1 − α. Yildirim [75] investigated the numerical

solution of the F-P equation and some similar equations using the HPM. The primary

goal of his study was to suggest a different approach to solve the problem that

isn’t dependent on spectral, finite difference, or finite element methods. The space
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and time fractional F-P equation can be numerically solved using FEM created by

Weihua [23]. This method is useful for characterizing processes that involve both

flight and trapping. Zhengang and Changpin [77] solved the extended non-linear F-

P equation using a completely discrete Galerkin FEM. A dynamic interval Shannon

wavelet collocation approach for fractional F-P equations was proposed by Shu and

De [57] in 2013. Ayati et al. [6] solved the space-time dependent fractional F-P

equation using a new form of the HPM in 2014. In 2015, Mohamed et al. [58] offered

an approximate analytical solution using the fractional iteration method (IM) for the

time fractional F-P equation. In 2016, Jawary [3] solved the linear and nonlinear

F-P equation as well as a few other equations of a similar nature using the new

iterative method (NIM) developed by Daftardar-Gejji and Jafari in 2006. Hemeda

and Eladdad [39] introduced a new integral iterative method (NIIM) in 2018 to solve

linear and nonlinear F-P and similar equations. Apart from this, several research

works [9, 11, 12, 13, 14, 20, 43, 48, 50, 52, 62, 67, 72, 80, 81] have been

conducted on the F-P equation because of its tremendous applications.

Recently, Behnam and Marzieh [66] used a compact finite difference method

to find the numerical solution of the F-P equation. Yoong et al. [73] presented a

brand-new machine learning technique based on deep neural networks in 2019 to

solve the general F-P equations. A new conformable Laplace decomposition method

(LDM) was developed by Muammer and Ozan [7] to solve the nonlinear fractional

F-P problem.

Even though semi-analytical techniques like HPM and LADM are widely used

to solve nonlinear differential equations, they frequently have drawbacks when used

to solve problems involving complex terms, singular perturbations, or strong nonlin-

earity. In particular, HPM necessitates a suitable selection of embedding parameters

and may not exhibit consistent convergence throughout the domain, whereas LADM

may experience slow convergence and accumulation of Adomian polynomials. The

Tarig Projected Differential Transform Method (TPDTM) [8], as a blending of the

Tarig Transform [27] with the Projected Differential Transform Method (PDTM)

[44], on the other hand provides a more effective substitute by projecting the solu-

tion space to lower dimensional complexity, which enhances computing performance

and lowers memory needs. Additionally, TPDTM has a wider stability region, which

makes it better suited for problems where traditional approaches become computa-

tionally demanding or unstable.

In this paper, we use this novel TPDTM for solving the linear time-fractional

F-P. Nevertheless, no researcher has yet examined the solution to the well-known

F-P equation using the suggested hybrid technique (TPDTM). Athira et al. [4]

proposed TPDTM in their research work for finding the solutions of N-W-S and

Burgers equation and they concluded with the efficiency and reliability, stability of

the method on other powerful methods existing in literature. From the literature,
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it is evident that, this is the first time, we employed the TPDTM approach to

compute numerical approximate solutions for the F-P equation, motivated by the

work of Athira et al. in the existing literature.

The organization of the paper is outlined below: Section 2 discusses specific

vocabulary and the mathematical underpinnings of the fractional calculus theory to

establish our results. To test the effectiveness of our method, we solve the fractional-

order F-P equation in Section 3. The numerical outcomes and their analysis are

presented in Section 4, followed by the study’s conclusions and summary in Section

5.

2. Methodology

2.1. Basic Definitions. This section introduces some basic definitions:

Definition 2.1. [65] The Reimann-Liouville fractional integral of order α of

a) left-sided for a function f(t) ∈ L1(a, b), α > 0 as:

(Iαa+f) (t) =
1

Γ(α)

∫ ∞

a

(t− s)α−1f(s) ds, s > α.

b) right-sided for a function f(t) ∈ L1(a, b), α > 0 as:

(Iαb−f) (t) =
1

Γ(α)

∫ b

−∞
(t− s)α−1f(s) ds, s < α.

Definition 2.2. [65] The Riemann integral on the half axis subjected to variable

limit can be defined as

(Iα0+f) (t) =
1

Γ(α)

∫ ∞

a

(t− s)α−1f(s) ds, 0 < t < ∞.

Definition 2.3. [65] The Reimann-Liouville fractional derivative of order α,

0 < α < 1 in the interval [a, b] of

a) left-sided for a function f(t) defined as

(Dα
a+f) (t) =

1

Γ(1− α)

d

dt

∫ t

a

(t− s)−αf(s) ds.

b) right-sided for a function f(t) defined as

(Dα
b−f) (t) =

1

Γ(1− α)

d

dt

∫ b

t

(t− s)−αf(s) ds.

Definition 2.4. [15] The fractional derivative of f(t) in the Caputo, sense is

defined for n− 1 < α ≤ n, n ∈ N , t > 0 by

Dαf(t) =
1

Γ(n− α)

∫ t

0

(t− s)n−α−1f (n)(s) ds.
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Definition 2.5. [53] The generalization of the exponential function, the Mittag-

Leffler function, is defined for α ∈ C, Re(α) > 0, by

Eα(Z) =
∞∑
n=0

Zn

Γ(nα + 1)
.

2.2. Tarig Transform. The Tarig transforms of a time domain function, f(t)

[27] is defined as follows:

T [f(t)] =
1

ϑ

∫ ∞

0

e−
t
ϑ2 f(t) dt, ϑ ̸= 0, (3)

where ϑ is the frequency domain variable. Let f(t) is a temporal function, then its

corresponding frequency space function representation through the Tarig Transform

is denoted by F (ϑ). If F (ϑ) is the Tarig transform of f(t) of order α, the Tarig

transform of the fractional integral of f(t) with order α [27] is:

T [(Iα0+f)(t)] = ϑ2αF (ϑ) = ϑ2αT [f(t)]. (4)

In a similar way, the Tarig transform of the fractional derivative of f(t) with

order α [8] is;

T [Dαf(t)] = Fα(ϑ) =
1

ϑ2α
F (ϑ)−

n∑
i=1

ϑ2(i−α)−1f (i−1)(0). (5)

2.3. Projected Differential Transform Method (PDTM) Definition,

Property and Theorem. If f(s1, s2, . . . , sn) is a multivariable function, its PDTM

can be defined [44] as follows:

f(s1, s2, . . . , sn−1, k) =
1

k!

[
∂kf(s1, s2, . . . , sn)

∂skn

]
sn

, (6)

where f denotes the n-dimensional base function in terms of s1, s2, . . . , sn. The

differential inverse transform of f(s1, s2, . . . , sn−1, k) can be defined [44] as follows:

f(s1, s2, . . . , sn) =
∞∑
k=0

f(s1, s2, . . . , sn−1, k) (s− s0)
k. (7)

Now, we present some fundamental theorems obtained by the PDTM that are

relevant to our work. Let u(s1, s2, . . . , sn) and v(s1, s2, . . . , sn) be any two multi vari-

able functions and u(s1, s2, . . . , sn−1, k) and v(s1, s2, . . . , sn−1, k) are the respective

transforms of the u and v respectively. Fix c be an arbitrary constant.

• Given z(s1, s2, . . . , sn) = u(s1, s2, . . . , sn)v(s1, s2, . . . , sn), it follows that

z(s1, s2, . . . , sn−1, k) = u(s1, s2, . . . , sn−1, k)v(s1, s2, . . . , sn−1, k).

• Given z(s1, s2, . . . , sn) = cu(s1, s2, . . . , sn), it follows that

z(s1, s2, . . . , sn−1, k) = cu(s1, s2, . . . , sn−1, k).
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• Given z(s1, s2, . . . , sn) =
dnu(s1,s2,. . . ,sn)

(dsnn)
, it follows that

z(s1, s2, . . . , sn−1, k) =
(k + n)

k!
u(s1, s2, . . . , sn−1, k + n).

• Given z(s1, s2, . . . , sn) = u(s1, s2, . . . , sn)v(s1, s2, . . . , sn), it follows that

z(s1, s2, . . . , sn−1, k) =
k∑

m=0

u(s1, s2, . . . , sn−1,m)v(s1, s2, . . . , sn−1,m).

• Given z(s1, s2, . . . , sn) = u1(s1, s2, . . . , sn)u2(s1, s2, . . . , sn)...un(s1, s2, . . . , sn),

it follows that

z(s1, s2, . . . , sn−1, k) =
k∑

kn−1=0

kn−1∑
kn−2=0

· · ·
k3∑

k2=0

k2∑
k1=0

u1(s1, s2, . . . , sn−1, k1)

u2(s1, s2, . . . , sn−1, k2 − k1)...un−1(s1, s2, . . . , sn−1,

kn−1 − kn−2)un(s1, s2, . . . , sn−1, k − kn−1).

2.4. TPDTM Methodology. Consider the nonlinear time-fractional differen-

tial equation

[Dα +R +N ]U(x, t) = g(x, t), (8)

subjected to the rudimentary:

U(x, 0) = f(x), (9)

In this context, Dα = ∂α

∂tα
is the fractional order derivative operator, where R

and N correspond to the linear and nonlinear differential operators, respectively,

and g(x, t) represents the source term.

By applying the Tarig transform (T ) on both sides of equation (8), we get [8]

T [DαU(x, t)] + T [RU(x, t)] + T [NU(x, t)] = T [g(x, t)]. (10)

Using the differential property of Tarig transform equation (5) on equation(8)

and equation(9), we get [8]

T [DαU(x, t)] = ϑf(x) + ϑ2α[T [g(x, t)]− T [RU(x, t)] + T [NU(x, t)]] (11)

Taking the inverse Tarig transform to the Eqn. (11), then we have [8]

U(x, t) = G(x, t)− T−1[ϑ2α[T [RU(x, t)] + T [NU(x, t)]]], (12)

where G(x, t) represent the term arise from the source term and the initial condition.

Using PDTM, the non-linear term can be decomposed as [8]:

U(x,m+ 1) = −T−1[ϑ2αT [RU(x, t)] + T [NU(x, t)]],m ≥ 0, U(x, 0) = f(x). (13)

The closed-form solution for equations (8)-(9) takes the form of a series:

U(x, t) =
∞∑

m=0

U(x,m) (14)
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with all component, U(x,m) being derived based on the spatial variable (x) and

time (t)

2.5. Errors, Convergence and Stability Criteria. A thorough convergence

analysis is necessary to establish the trustworthiness of the TPDTM-derived series

solution in Eq.(14). The approximate solution of the equation (8) with initial con-

dition equation (9) can be obtained [8] as:

Uapp(n)(x, t) =
n∑

m=0

U(x,m).

By discarding higher-order terms (m > n) in the summation in equation (14)

the exact solution of equation (8) and equation (9) is represented [8] as:

U(x, t) = Uapp(n)(x, t) + enU(x, t), (15)

where enU(x, t) is the error function. In general, the absolute error is defined by

enU(x, t) = |
∞∑

m=0

U(x,m)− Uapp(n)(x, t)|.

For the highly practical scenarios, a closed-form solution, U(x, t), is not possible.

So, define the approximate absolute error [8] as:

EnU(x, t) = |Uapp(n)(x, t)− Uapp(n+1)(x, t)|.

Demonstrating convergence for equation (14) requires proving that EnU(x, t)

forms an approaching sequence. As this sequence EnU(x, t) has a lower bound,

establishing its monotonic decreasing nature would suffice to guarantee convergence.

Hence, the convergence criteria [8] is
∣∣∣EhU(x,t)
EnU(x,t)

∣∣∣ < 1, for n < h. Using the following

algorithm, the convergence of the iterative solution Uapp(n)(x, t) to exact solution

U(x, t) can be shown as following 4 steps [8].

(1) Determine Uapp(n)(x, t), Uapp(n+1)(x, t).

(2) Determine Uapp(h)(x, t), Uapp(h+1)(x, t), n ≤ h

(3) Delineate

EnU(x, t) = |(Uapp(n) − Uapp(n+1))(x, t)|,
EhU(x, t) = |(Uapp(h) − Uapp(h+1))(x, t)|, for some x and t.

(4) IfEnU(x, t) ≥ EhU(x, t), then Uapp(n)(x, t) achieves the true solution U(x, t),

as n → ∞.

The proposed method is utilized to rigorously establish the convergence of the

series solution obtained through TPDTM. If the series converges, then it is stable.

Theorem 2.1 (Contractivity of the TPDTM Iteration). Let (X, ∥ · ∥) be a Ba-

nach space of functions associated with the TPDTM iterates happen Define the linear

operator

O := T−1
[
ϑ2αT (·)

]
,
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and consider the TPDTM iteration written in operator form

Um+1 = Φ(Um), Φ(U) := −O
(
RU +NU

)
, (16)

where R : X → X is linear and bounded and N : X → X is nonlinear. Assume:

(1) O : X → X is linear and bounded with ∥O∥ = b.

(2) R : X → X is linear and bounded with operator norm ∥R∥.
(3) N : X → X is Lipschitz on the relevant solution ball in X with Lipschitz

constant K, i.e.

∥N(U − V )∥ ≤ K∥U − V ∥, ∀ U, V in the ball.

(4) The constant

q := b
(
∥R∥+ L

)
satisfies 0 ≤ q < 1.

Then Φ is a contraction on the chosen ball in X, the sequence {Um} defined by

equation (16) is contractive in the sense

∥Um+1 − Um∥ ≤ q ∥Um − Um−1∥, m ≥ 1,

and hence

∥Um+1 − Um∥ ≤ qm∥U1 − U0∥.
Consequently {Um} converges (geometrically) to the unique fixed point U ∈ X of

Φ, and the tail estimate

∥U − Um∥ ≤ qm

1− q
∥U1 − U0∥

holds for all m ≥ 0.

Proof. To establish the contraction mapping Φ, consider arbitrary U, V in the

solution ball of X and apply fundamental properties of TPDTM and its inverse, we

can get
∥Φ(U)− Φ(V )∥ =

∥∥−O
(
RU +NU

)
+O

(
RV +NV

)∥∥
=

∥∥O(
R(V − U) +N(V − U)

)∥∥
≤ ∥O∥

(
∥R∥ ∥U − V ∥+ ∥N(U − V )∥

)
≤ b

(
∥R∥+K

)
∥U − V ∥ = q∥U − V ∥.

Thus Φ is a contraction with constant q ∈ [0, 1). Applying this bound to succes-

sive iterates Um and Um−1, we get

∥Um+1 − Um∥ = ∥Φ(Um)− Φ(Um−1)∥ ≤ q ∥Um − Um−1∥,

which is exactly the contractive inequality for the error differences. Continuing the

iteration yields

∥Um+1 − Um∥ ≤ qm∥U1 − U0∥.
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Since, 0 ≤ q < 1, the geometric decay implies {Um} is Cauchy sequence: for

n > m,

∥Un − Um∥ ≤
n−1∑
j=m

∥Uj+1 − Uj∥ ≤
n−1∑
j=m

qj∥U1 − U0∥ =
qm(1− q n−m)

1− q
∥U1 − U0∥.

Letting n → ∞ shows {Um} converges to some U ∈ X. Passing to the limit in

Um+1 = Φ(Um) and using continuity of Φ (since Φ is contractive sequence) we get

Φ(U) = U , implies U is a fixed point.

Uniqueness of fixed point follows immediately: if V is another fixed point then

∥U − V ∥ = ∥Φ(U)− Φ(V )∥ ≤ q∥U − V ∥,

hence ∥U − V ∥ = 0 and U = V . Finally, summing the geometric tail gives the error

bound

∥U − Um∥ ≤
∞∑

j=m

∥Uj+1 − Uj∥ ≤
∞∑

j=m

qj∥U1 − U0∥ =
qm

1− q
∥U1 − U0∥.

This completes the proof. □

Remark. If you prefer a pointwise statement; replace ∥ · ∥ by the pointwise ab-

solute value | · | then the same derivation gives

|U(x,m+ 1)− U(x,m)| ≤ q |U(x,m)− U(x,m− 1)|

and thus the approximate error measure used in the manuscript,

EmU(x, t) =
∣∣Uapp(m+1) − Uapp(m)

∣∣ = |U(x,m+ 1)|,

satisfies Em+1U(x, t) ≤ q EmU(x, t). If the bound q < 1 cannot be shown globally,

state it locally in time (choose t small enough) or on a solution ball where the

Lipschitz constant K and the operator norm a are controlled.

Corollary 2.2 (Error-sequence contractivity). Under the hypotheses of Theorem

1, define the approximate error sequence (in norm)

EmU := ∥Uapp(m+1) − Uapp(m)∥ = ∥U(m+ 1)∥

Then the error sequence is contractive:

∥Uapp(m+2) − Uapp(m+1)∥ ≤ q ∥Uapp(m+1) − Uapp(m)∥ for all m ≥ 0,

hence

∥Uapp(m+1) − Uapp(m)∥ ≤ qm∥Uapp(1) − Uapp(0)∥,
implies

∥U − Uapp(m)∥ ≤ qm

1− q
∥Uapp(1) − Uapp(0)∥,

and for any indices h > n,
EhU

EnU
≤ q h−n < 1.
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Proof. Subtract two successive recurrences:

U(m+ 1)− U(m) = −O
(
RU(m) +NU(m)

)
+O

(
RU(m− 1) +NU(m− 1)

)
= −O

(
RU(m)−RU(m− 1)

)
+
(
NU(m)−NU(m− 1)

)
.

Taking norms and using linearity,boundedness of O and R, and the Lipschitz

property of N , we obtain

Em+1U = ∥U(m+ 1)− U(m)∥

≤ ∥O∥
(
∥R∥ ∥U(m)− U(m− 1)∥+ ∥NU(m)−NU(m− 1)∥

)
≤ b

(
∥R∥+K

)
∥U(m)− U(m− 1)∥

= q EmU.

Iterating gives EmU ≤ qmE0U and the geometric tail bound follows by summa-

tion:

∥U − Uapp(m)∥ ≤
∞∑

j=m

EUj ≤
∞∑

j=m

qjEU0 =
qm

1− q
EU0.

Finally for any h > n,

EhU

EnU
≤ q hEU0

q nEU0

= q h−n < 1,

This completes the proof. □

3. Numerical Test Examples

Test Example 1. The F-P equation,

DαU − (Uxx + Ux) = 0, α ∈ (0, 1],

is derived from the F-P equation (2) by putting A = −1 and B = 1. Our work

focuses on the linear time-fractional Fokker-Planck equation given by:

DαU = Uxx + Ux, α ∈ (0, 1], (17)

subject to the initial condition U(x) = x at t = 0. By taking the Tarig transform of

equation (17), together with the initial condition, we obtain:

T [U(x, t)] = ϑx− ϑ2α[T [Uxx + Ux]] (18)

Applying inverse Tarig transform on both sides of equation (18), since T−1(ϑ) =

1, we get

U(x, t) + T−1[ϑ2α[T [Uxx + Ux]]]− x = 0, (19)

equation (19) is transformed using the PDTM, yielding

U(x,m+ 1) + T−1ϑ2α[T [Uxx + Ux]]] = 0, (20)



88 DUNNA AND KINAKKAL

FDM Implementation Steps [17]

Step 1: Begin with the given PDE and define both temporal and spatial domains. Discretize

these domains using appropriate grid spacing.

Step 2: Replace all derivatives in the PDE with their finite difference approximations,

converting the differential equation into a system of algebraic equations.

Step 3: Incorporate boundary conditions into the discretized system, then solve the resulting

equations using an iterative computational approach.

Step 4: Save the final numerical solution in the form U(x, t) for further analysis and visual-

ization.

LADM Implementation [76]

Step 1: Start with the given PDE and its initial conditions. Apply the Laplace transform

to convert the PDE into an algebraic form in the Laplace domain.

Step 2: Express any nonlinear terms in the equation using Adomian polynomials, which

systematically break down nonlinearities into a computable series.

Step 3: Solve the transformed equation iteratively, constructing successive approximations

until the desired level of accuracy is achieved.

Step 4: Finally, apply the inverse Laplace transform to revert the solution back to the

original domain, yielding the approximate solution U(x, t).

HPM Implementation [75]

Step 1: Start with the given PDE and its initial conditions and construct the homotopy by

introducing an embedding parameter p.

Step 2: Expand the solution as a power series in p, substitute into the homotopy equation,

and collect like powers of p.

Step 3: The resulting system is solved through successive iteration.

Step 4: Obtain the approximate solution U(x, t) by setting p = 1.

Based on the equation (20), we obtain:

U(x, 1) =
tα

Γ(α + 1)
, U(x, 2) = U(x, 3) = U(x, 4) = ..., U(x, n) = 0.

Following the same recursive procedure, we generate the complete sequence of

approximation. The resulting series solution of system of equation (17) via TPDTM

takes the form:

U(x, t)− x =
tα

Γ(α + 1)
.

Test Example 2. The F-P equation,

DαU = xUxx − xUx, α ∈ (0, 1],

is derived from the F-P equation (2) by putting A = x and B = x. Our work focuses

on the linear time-fractional Fokker-Planck equation given by:

DαU = xUxx − xUx, α ∈ (0, 1], (21)
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under the initial circumstances U(x) = x at t = 0. Apply the Tarig transform to

the left and right sides of the equation (21), then obtain:

T [U(x, t)] = [ϑx+ ϑ2α[T [xUxx − xUx]] (22)

Taking the inverse Tarig transform to the equation (22), and since T−1(ϑ) = 1,

then obtain

U(x, t) = x+ T−1[ϑ2α[T [xUxx − xUx]]], (23)

Using PDTM, equation (23) becomes

U(x,m+ 1) = T−1ϑ2α[T [xUxx − xUx]]. (24)

Based on the equation (24), the following expression is obtained:

U(x, 1) = −x
tα

Γ(α + 1)
, U(x, 2) = x

t2α

Γ(2α + 1)
, U(x, 3) = −x

t3α

Γ(3α + 1)
,

U(x, 4) = x
t4α

Γ(4α + 1)
, ..., U(x, n) = (−1)nx

tnα

Γ(nα + 1)
.

Following the same recursive procedure, we generate the complete sequence of

approximation. The resulting series solution of system of equation (20) via TPDTM

takes the form:

U(x, t) = x+
∞∑
k=1

(−1)k
xtα

Γ(kα+ 1)
.

Test Example 3. The F-P equation,

DαU = xUxx − xUx, α ∈ (0, 1],

is derived from the F-P equation (2) by putting A = x and B = x.

Our work focuses on the linear time-fractional Fokker-Planck equation given by:

DαU = xUxx − xUx, α ∈ (0, 1], (25)

with the initial condition U(x) = x2 at t = 0. The Tarig transform is applied to

equation (25), and the required result is:

T [U(x, t)] = ϑx2 + ϑ2α[T [xUxx − xUx]]. (26)

Inverting the Tarig transform to the equation (26) and using T−1(ϑ) = 1, we get

U(x, t) = x2 + T−1[ϑ2α[T [xUxx − xUx]]], (27)

Using PDTM, equation (27) becomes to

U(x,m+ 1)− T−1[ ϑ2α[T [xUxx − xUx]]]. = 0 (28)

Based on the equation (28), yielding:

U(x, 1) = (2x− 2x2)
tα

Γ(α + 1)
, U(x, 2) = (4x2 − 6x)

t2α

Γ(2α + 1)
,
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U(x, 3) = (14x− 8x2)
t3α

Γ(3α + 1)
, ...,

U(x, n) = ((2n2 − 2n+ 2)x+ (−1)n2nx2)
tnα

Γ(nα + 1)
.

Following the same recursive procedure, we generate the complete sequence of

approximation. The resulting series solution of system of equation (25) via TPDTM

takes the form:

U(x, t) = x2 +
∞∑
k=1

(−1)k+1((2k2 − 2k + 2)x+ (−1)k2kx2)
tkα

Γ(kα + 1)
.

Test Example 4. The F-P equation,

DαU = Uxx + Ux, α ∈ (0, 1]

is obtained from the F-P equation (2) by putting A = −1 and B = 1. Our work

focuses on the linear time-fractional Fokker-Planck equation given by:

DαU = Uxx + Ux, α ∈ (0, 1] (29)

with initial condition U(x) = x2 at t = 0. Apply the Tarig transform on both sides

of the equation (29), we get:

T [U(x, t)]− ϑx2 + ϑ2α[T [Uxx + Ux]] = 0 (30)

using the inverse property of Tarig transform on sides of equation (30), and

since T−1(ϑ) = 1, we get :

U(x, t)− x2 + T−1ϑ2α[T [Uxx + Ux]] = 0, (31)

Equation (31) transformed using the PDTM,

U(x,m+ 1) + T−1ϑ2α[T [Uxx + Ux]] = 0, (32)

Then then equation (32), implies:

U(x, 1) = (2x+ 2)
tα

Γ(α + 1)
, U(x, 2) = 2

t2α

Γ(2α + 1)
, U(x, 3) = 0,

U(x, 4) = 0, ..., U(x, n) = 0.

Following the same recursive procedure, we generate the complete sequence of

approximation. The resulting series solution of system of equation (29) via TPDTM

takes the form:

U(x, t) = x2 + (2x+ 2)
tα

Γ(α + 1)
+ 2

t2α

Γ(2α + 1)
.
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3.1. Von–Neumann stability for Examples 1 and 4 (constant-coefficient

spatial operator). Consider the linear TPDTM recurrence in the purely linear case

(N ≡ 0)

Um+1 = −O
(
RUm

)
,

where

O := T−1[ϑ2αT (·)]

is linear operator and acts as a bounded Fourier multiplier with operator norm

b = ∥O∥. We analyse mode wise stability under periodic boundary conditions.

In test example 1 and 4: R = ∂xx + ∂x.

For a Fourier mode eikx we have the symbol

r(k) = −k2 + ik.

Hence the TPDTM recurrence reduces, modewise, to

Ûm+1(k) = g(k) Ûm(k), g(k) = −Ô(k) r(k).

Using the bound |Ô(k)| ≤ b we obtain the conservative estimate

|g(k)| ≤ b |r(k)| = b
√
k4 + k2 = b |k|

√
k2 + 1.

Von–Neumann stability condition (practical form) [40, 60]. For every

representable wave number k on the computational grid (or for all k in the Fourier

continuum when the operator multiplier is sufficiently decaying) require

|g(k)| ≤ 1 ⇐⇒ b |k|
√
k2 + 1 ≤ 1.

On an unbounded continuous domain, supk |k|
√
k2 + 1 = ∞, so the condition cannot

hold globally; in practice the domain is either periodic/discrete (so k is bounded by

kmax) or one ensures b is sufficiently small (for example by restricting the time-

window or choosing transform parameters) so that

b kmax

√
k2
max + 1 < 1.

Connection to contractivity [40, 60]. If we denote the operator norm ∥R∥op :=

sup|k|≤kmax
|r(k)|, the von–Neumann condition is implied by

b ∥R∥op < 1,

which is exactly the linear part of the contractivity condition q = b(∥R∥ +K) < 1

(withK = 0 here). Under this inequality every Fourier mode decays (i.e. |g(k)| < 1),

hence the iteration is stable and successive differences decay geometrically.
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3.2. Energy (weighted) stability for Examples 2 and 3 (variable coef-

ficients). Consider the linear equation in test example 2 and 3:

DαU = xUxx − xUx

on a spatial interval Ω = [x0, x1] with 0 < x0 < x1 < ∞. Assume homogeneous

boundary conditions (Dirichlet or boundary terms that make the integrations by

parts vanish) and sufficiently smooth U . Define the weighted inner product and

norm

(U, V )w :=

∫ x1

x0

w(x)U(x)V (x) dx, ∥u∥2w = (U, V )w,

with weight w(x) = x (positive on Ω).

Multiply the PDE by w(x)U(x, t) and integrate over Ω:(
wU,DαU

)
=

∫ x1

x0

xU DαU dx =

∫ x1

x0

xU (xUxx − xUx) dx.

Focus on the right-hand side and integrate by parts (boundary terms vanish under

the stated BCs). One obtains after routine algebra∫ x1

x0

xU (xUxx − xUx) dx = −
∫ x1

x0

x2(Ux)
2 dx + B[U ],

where B[U ] comprises boundary terms which are zero under the assumed BCs (or

are negative under certain dissipative BCs). Hence(
wU,DαU

)
= −∥xUx∥2L2(Ω) ≤ 0.

For the classical time derivative α = 1 we have

1

2

d

dt
∥U(·, t)∥2w = (wU, ∂tU) = −∥xUx∥2L2 ≤ 0,

so the weighted energy is nonincreasing and the continuous problem is energy-stable

in the ∥ · ∥w-norm.

For the fractional-in-time derivativeDα (Caputo) one uses the positive-definiteness

of the fractional derivative in the Tarig domain. The key point is that the right-hand

side is nonpositive, hence no source of energy growth is introduced by the spatial

operator. Therefore the TPDTM iteration, when linearized, inherits boundedness

provided the transform operator multiplier O is bounded (i.e. has finite norm b): in

operator-norm form one obtains the contractivity requirement in the linear setting

b∥R∥w,op < 1,

where ∥R∥w,op is the operator norm induced by the weighted L2
w-norm. When this

holds, successive iterates decay and the iteration is stable.
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Figure 1. The TPDTM-generated approximate solutions for test

example 1 across varying fractional order of α

Practical remarks.

• The assumption x ≥ x0 > 0 is natural for many Fokker–Planck-type prob-

lems; if the domain includes x = 0 one must handle the singularity at 0

(use a different weight or restrict to x ∈ [x0, x1]).

• Boundary terms arising in integration by parts must be handled consistently

with the BCs used in the numerical experiments; for vanishing Dirichlet BCs

the boundary terms drop out.

• The derivation shows the spatial operator is dissipative in the weighted

energy sense (right-hand side≤ 0), which is the main ingredient for stability.

4. Results and Discussion

We solve the time-fractional partial differential equation, namely the F-P equa-

tion, using the unique hybrid approach TPDTM. We calculate the approximate

solution for four cases of the F-P equation by changing the drift coefficient A(x)

and the diffusion coefficient B(x) from the nonlinear F-P equation (2). All cal-

culations for this research were performed using MATLAB software. To evaluate

the efficiency of TPDTM, we conduct a comparative analysis between TPDTM and
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a b

c d

Figure 2. Plots of U(x, t) Using (a) TPDTM, (b) FDM, (c) LADM,

and (d) HPM of test example 1.

well-established numerical methods, including FDM, LADM, and HPM is made,

and 2D/3D graphs and tables illustrate the results. Tables 1, 3, 5, and 7 represent

the approximate numerical solution of the four cases of F-P equations for differ-

ent values of fractional order α, and the graphical representation of Tables 1, 3,

5, and 7 are depicted in Figures 1, 3(a), 4, 6(a), 7, 9(a), and Figures 10, 12(a),

respectively. Figures (2, 5, 8, and 11) denote the approximate numerical solution

of the fractional differential equation of the four cases of F-P equations obtained

by TPDTM, FDM, LADM, and HPM, respectively. Figures (2, 5, 8, and 11), it is

obvious that a clear uniformity is observed in all numerical solutions generated by

the TPDTM approach (2(a), 5(a), 8(a) and 11(a)) and LADM (2(c), 5(c), 8(c) and

11(c)). There is a similarity between solution obtained by FDM (5(b), and 8(b))

and HPM (5(d), and 8(d)). From Figures 3(b), 6(b), 9(b), and 12(b), it is clear
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a b

c

Figure 3. (a) Comparison between exact and TPDTM approximate

solutions for test example 1, showing U(x, t) versus x at t = 1 for

fractional orders α = 0.25, 0.5, 0.75, and 1 . (b) Detailed comparison

of exact and approximate solutions at α = 1. (c) Absoluteerror =

|Exact− Approximate|, between the solutions

that the exact and approximate solutions of the fractional F-P equations of all four

cases using TPDTM are in complete agreement. The maximum errors for each of

the four different cases of the F-P equation for different values x provided in tables

2, 4, 6, and 8 offer deeper insight into the stability and convergence properties of

the numerical method TPDTM. Using the concepts in subsection 2.5, from Tables

2, 4, 6, and 8, it is clear that an increase in n causes in a reduction in the value

of error. This means the sequence EnU(x, t) is monotonically decreasing, and it

is clear from Tables 2, 4, 6, and 8 that EkU(x, t) is bounded below, the sequence
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Figure 4. The TPDTM-generated approximate solutions for test

example 2 across varying fractional order of α

Table 1. U(x, t) corresponding to various values of α and x , at t = 1

of 1st test example

x -value
U(x, t) corresponding to various values of α

α = 0.25 α = 0.5 α = 0.75 α = 1

1 2.1033 2.1284 2.0881 2

2 3.1033 3.1284 3.0881 3

3 4.1033 4.1284 4.0881 4

4 5.1033 5.1284 5.0881 5

5 6.1033 6.1284 6.0881 6

6 7.1033 7.1284 7.0881 7

7 8.1033 8.1284 8.0881 8

8 9.1033 9.1284 9.0881 9

9 10.1033 10.1284 10.0881 10

10 11.1033 11.1284 11.0881 11

EnU(x, t) is a convergent sequence, demonstrates the approximate numerical solu-

tion using the TPDTM approach to the exact solution, and indicates the method of

TPDTM converging well. Also, our work’s remarkable achievement is that the er-

ror remains bounded without significant growth, demonstrating numerical stability.
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a b

c d

Figure 5. Plots of U(x, t) Using (a) TPDTM, (b) FDM, (c) LADM,

and (d) HPM of test example 2.

Figures 3(c), 6(c), 9(c), and 12(c) give the absolute error of the ninth term of the

four different case series. Higher iteration counts yield progressively more accurate

solutions, demonstrating the method’s convergence properties.

5. Conclusions

The numerical solutions obtained through TPDTM show excellent agreement

with the exact solution. The results clearly demonstrate that while TPDTM main-

tains simplicity in its approach, it delivers highly effective and accurate outcomes.The

sequence of approximate solutions of time-fractional F-P equations (four different

cases) converges to their exact solutions rapidly, indicating that the TPDTM is a

strong and reliable algorithm. Compared with the existing well-known methods in
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a b

c

Figure 6. (a) Comparison between exact and TPDTM approximate

solutions for test example 2, showing U(x, t) versus x at t = 1 for

fractional orders α = 0.25, 0.5, 0.75, and 1 . (b) Detailed comparison

of exact and approximate solutions at α = 1. (c) Absolute error =

|Exact-Approximate| between the solutions

the literature, the TPDTM does not require linearization, perturbation, discretiza-

tion of variables, or other limiting assumptions. The computational time of this

method is comparatively less. As a result, TPDTM emerges as an attractive alter-

native to conventional techniques, combining implementation simplicity with robust

computational performance and reliability. This study highlights the potential of

TPDTM as a robust and adaptable tool, providing a valuable contribution to frac-

tional calculus and its applications in science, engineering, and technology.

TPDTM can be employed to model complex physical phenomena where memory

effects, anomalous diffusion, and anomalous transport are significant, such as in
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Figure 7. The TPDTM-generated approximate solutions for test

example 3 across varying fractional order of α

Table 2. Absolute error analysis of U(x, t) for test example 1, eval-

uated at t = 1 across various x and n values.

n
EnU(x, t) corresponding to different values of x

x = 0 x = 2 x = 4 x = 6 x = 8 x = 10

1 1 1 1 1 1 1

2 0 0 0 0 0 0

3 0 0 0 0 0 0

4 0 0 0 0 0 0

5 0 0 0 0 0 0

6 0 0 0 0 0 0

7 0 0 0 0 0 0

8 0 0 0 0 0 0

9 0 0 0 0 0 0

plasma dynamics, astrophysical flows, experimental fluid dynamics (particularly in

wind tunnel experiments of shock tube studies), biomedical experiments, and non-

equilibrium thermodynamics.
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a b

c d

Figure 8. Plots of U(x, t) Using (a) TPDTM, (b) FDM, (c) LADM,

and (d) HPM of test example 3.

The TPDTM method is a potential tool for advancing simulations with real-

time monitoring and control experiments in aerospace propulsion, combustion sys-

tems, microfluidics, and high-speed gas flows, where accurate and efficient numer-

ical solutions of fractional-order models can improve system design and optimiza-

tion under dynamic flow conditions. Additionally, TPDTM can be extended to

multi-dimensional, nonlinear, coupled systems, enhancing its relevance in modelling

real-world gas dynamics involving interactions with thermal, electromagnetic, or

chemical processes.

TPDTM algorithms can be incorporated into numerical toolboxes for researchers

and engineers dealing with fractional differential equations, providing a numerically

stable and fast-converging alternative to traditional solvers, benefiting applications

in environmental modeling, biomedical simulations (e.g., modeling airflow in lungs
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a b

c

Figure 9. (a) Comparison between exact and TPDTM approximate

solutions for test example 3, showing U(x, t) versus x at t = 1 for

fractional orders α = 0.25, 0.5, 0.75, and 1 . (b) Detailed comparison

of exact and approximate solutions at α = 1. (c) Absolute error =

|Exact-Approximate| between the solutions

or gas exchange systems with memory effects.), and intelligent control systems for

fluid transport. Furthermore, hybrid models combining TPDTM with data-driven

methods (e.g., neural networks or physics-informed machine learning) can enhance

predictive accuracy in complex, real-time technological systems.
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Figure 10. The TPDTM-generated approximate solutions for Test

Example 4 across varying fractional order of α

Table 3. U(x, t) corresponding to various values of α and x, at t = 1

of 2nd test example 2.

x -value
U(x, t) corresponding to various values of α

α = 0.25 α = 0.5 α = 0.75 α = 1

1 0.46385 0.42758 0.39311 0.36788

2 0.92771 0.85517 0.78622 0.73576

3 1.3916 1.2828 1.1793 1.1036

4 1.8554 1.7103 1.5724 1.4715

5 2.7831 2.1379 1.9655 1.8394

6 2.7831 2.5655 2.3586 2.5752

7 3.247 2.9931 2.7518 2.5752

8 3.7108 3.4207 93.1449 2.943

9 4.1747 3.8483 3.538 3.3109

10 4.6385 4.2758 3.9311 3.6788
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a b

c d

Figure 11. Plots of U(x, t) Using (a) TPDTM, (b) FDM, (c) LADM,

and (d) HPM of test example 4 .

Table 4. Absolute error analysis of U(x, t) for test example 2, eval-

uated at t = 1 across various x and n values.

n
EnU(x, t) corresponding to different values of x

x = 0 x = 2 x = 4 x = 6 x = 8 x = 10

1 0 1 2 3 4 5

2 0 0.33333 0.66667 1 1.3333 1.6667

3 0 0.083333 0.16667 0.25 0.33333 0.41667

4 0 0.016667 0.033333 0.05 0.066667 0.083333

5 0 0.0027778 0.0055556 0.0083333 0.011111 0.013889

6 0 0.00039683 0.00079365 0.0011905 0.0015873 0.0019841

7 0 4.9603e-05 9.9206e-05 0.00014881 0.00019841 0.00024802

8 0 5.5115e-06 1.1023e-05 1.6534e-05 2.2046e-05 2.7557e-05

9 0 5.5115e-07 1.1023e-06 1.6534e-06 2.2046e-06 2.7557e-06
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a b

c

Figure 12. (a) Comparison between exact and TPDTM approxi-

mate solutions for test example 4, showing U(x, t) versus x at t = 1

for fractional orders α = 0.25, 0.5, 0.75, and 1 . (b) Detailed compari-

son of exact and approximate solutions at α = 1. (c) Absolute error

= |Exact-Approximate| between the solutions
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Table 5. U(x, t) corresponding to various values of α and x, at t = 1

of 3rd test example

x
U(x, t) corresponding to various values of α
α = 0.25 α = 0.5 α = 0.75 α = 1

1 38483 0.78274 0.71515 0.66382
2 1.5393e+05 2.0763 1.8345 1.5983
3 3.4635e+05 3.8806 3.3579 2.8035
4 6.1573e+05 6.1957 5.2855 5.2855
5 9.6207e+05 9.0216 7.6173 6.0258
6 1.3854e+06 12.358 10.353 8.043
7 1.8857e+06 16.206 13.493 10.331
8 2.4629e+06 20.564 17.038 12.889
9 3.1171e+06 25.433 20.986 15.718
10 3.8483e+06 30.813 25.339 18.818

Table 6. Absolute error analysis of U(x, t) for test example 3, eval-

uated at t = 1 across various x and n values.

n
EnU(x, t) corresponding to different values of x

x = 0 x = 2 x = 4 x = 6 x = 8 x = 10

1 0 14 44 90 152 230

2 0 0.66667 12 34 66.667 110

3 0 4.8333 15 30.5 51.333 77.5

4 0 0.36667 2.8667 7.5 14.267 23.167

5 0 0.52778 1.7667 3.7167 6.3778 9.75

6 0 0.06746 0.3381 0.8119 1.4889 2.369

7 0 0.031052 0.1129 0.24554 0.42897 0.66319

8 0 0.0048391 0.020966 0.04838 0.087081 0.13707

9 0 0.0012291 0.0047156 0.01046 0.018461 0.02872

Table 7. U(x, t) corresponding to various values of αand x, at t = 1

of 4th test example.

x
U(x, t) corresponding to various values of α

α = 0.25 α = 0.5 α = 0.75 α = 1

0 8.9266 8.5135 7.3613 6

1 14.34 14.027 12.714 11

2 21.753 21.541 20.066 18

3 31.166 31.054 29.418 27

4 42.579 42.568 40.77 38

5 55.992 56.081 54.123 51

6 71.405 71.595 69.475 66

7 88.818 89.108 86.827 83

8 108.23 108.62 106.18 102

9 129.64 130.14 127.53 123

10 153.06 153.65 150.88 146



106 DUNNA AND KINAKKAL

Table 8. Absolute error analysis of U(x, t) for test example 4, eval-

uated at t = 1 across various x and n values

n
EnU(x, t) corresponding to different values of x

x = 0 x = 2 x = 4 x = 6 x = 8 x = 10

1 0 4 16 36 64 100

2 2 6 10 14 18 22

3 1 1 1 1 1 1

4 0 0 0 0 0 0

5 0 0 0 0 0 0

6 0 0 0 0 0 0

7 0 0 0 0 0 0

8 0 0 0 0 0 0

9 0 0 0 0 0 0

Table 9. Comparative analysis from the existing literature

Reference

paper

FDM (Chen et

al. (2009))[17]

LADM (Zhang et

al. (2024))[76]

HPM (Yildirim and

Ahmet (2010)) [75]

Present Study

Result In this study,

they described

and illustrated

three finite dif-

ference implicit

approxima-

tions for the

fractional F-P

equation in a

bounded do-

main. They

have demon-

strated the

unconditional

stability and

convergence

of these finite

difference ap-

proximations.

They concluded

that other frac-

tional partial

differential

equations can

be resolved

using these

methods.

This research used

the LADM to

obtain an approx-

imate solution to

the FFPE and

TFCBBEs. The

errors between the

results and the

exact solutions are

compared using a

variety of numeri-

cal examples and

graphs. The find-

ings demonstrate

that LADM is a

straightforward

and efficient math-

ematical method

for creating ap-

proximations of

nonlinear time-

space fractional

equation solutions

in this work.

The F-P equation

was successfully

solved in this work

using the HPM.

This approach uses

only the initial con-

dition to discover

exact solutions to

equations. They

concluded that,

compared to con-

ventional methods,

the method re-

quires much less

computational

work. It is demon-

strated that HPM

is a highly accu-

rate, cost-effective,

and quickly con-

vergent method for

resolving nonlinear

differential equa-

tions.

The numerical solu-

tions obtained through

TPDTM show excel-

lent agreement with

the exact solution.

These results demon-

strate that TPDTM

offers a straight-

forward yet highly

effective approach,

delivering precise

and accurate out-

comes. Consequently,

TPDTM emerges as

a practical, compu-

tationally efficient,

and reliable method

that is remarkably

easy to implement.

Its advantages make

it an attractive al-

ternative to existing

well-established meth-

ods in the research

community.
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Appendix

Tarig transform of the derivative of Caputo derivative. The Tarig trans-

form of the derivative of Caputo derivative is defined as

T [Dαf(t)] = Fα(ϑ) =
1

ϑ2α
F (ϑ)−

n∑
i=1

ϑ2(i−α)−1f (i−1)(0).

Proof. We have

T [f(t)] =
1

ϑ

∫ ∞

0

e−t/ϑ2

f(t) dt, ϑ ̸= 0,

and

Dαf(t) =
1

Γ(m− α)

∫ t

a

f (m)(τ)

(t− τ)α−m+1
dτ,

then

T [Dαf(t)] =
1

ϑ

∫ ∞

0

e−t/ϑ2(
Dαf(t)

)
dt

=
1

ϑ

∫ ∞

0

e−t/ϑ2

[
1

Γ(m− α)

∫ t

a

f (m)(τ)

(t− τ)α−m+1
dτ

]
dt, ϑ ̸= 0.

Using the Gamma function property and rearranging, we obtain

T [Dαf(t)] =
ϑ2(m−α)

ϑ

∫ ∞

0

e−t/ϑ2

[
1

ϑ

∫ ∞

0

e−t/ϑ2

f (m)(t) dt

]
dt. (33)

From equation (33), let

I =

∫ ∞

0

e−t/ϑ2

f (m)(t) dt.

Integrating by parts, we get

I = −f (m−1)(0) +
1

ϑ2

∫ ∞

0

e−t/ϑ2

f (m−1)(t) dt. (34)

From equation (34), set

I1 =

∫ ∞

0

e−t/ϑ2

f (m−1)(t) dt.
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Integrating, we find

I1 = −f (m−2)(0) +
1

ϑ2

∫ ∞

0

e−t/ϑ2

f (m−2)(t) dt.

Continuing in this way and combining all Ii terms, at the (m− 1)th step,

we obtain

I =− f (m−1)(0)− 1

ϑ2
f (m−2)(0)− 1

ϑ2 · 2
f (m−3)(0)− · · · − 1

ϑ2(m−2)
f (1)(0)

− 1

ϑ2(m−1)

[
ϑ2
(
e−t/ϑ2 − 1

)][
f (0)(0) + f(t)

]
.

Substituting I into equation (1), we have

T [Dαf(t)] =
ϑ2(m−α)

ϑ

∫ ∞

0

e−t/ϑ2 1

ϑ

[
− f (m−1)(0)− 1

ϑ2
f (m−2)(0)− · · ·

− 1

ϑ2(m−2)
f (1)(0)− 1

ϑ2(m−1)
ϑ2
[
f (0)(0)− f(t)

]]
dt. (35)

This rearranges to

T [Dαf(t)] =
ϑ2(m−α)−1 ϑ

ϑ2(m−1)

∫ ∞

0

e−t/ϑ2

f(t) dt−
n∑

i=1

ϑ 2(i−α)−1f (i−1)(0).

Thus,

T [Dαf(t)] = ϑ−2αF (ϑ)−
n∑

i=1

ϑ 2(i−α)−1f (i−1)(0),

that is,

T [Dαf(t)] =
1

ϑ2α
F (ϑ)−

n∑
i=1

ϑ 2(i−α)−1f (i−1)(0).

□

Exact Solution for Test Example 1. Exact solution corresponds to the clas-

sical analytical solution for α = 1. When α = 1, the equation (17) reduces to

Ut = Uxx + Ux, U(x, 0) = x.

We try a trial solution linear in x:

U(x, t) = A(t)x+B(t).

Then

Ux = A(t), Uxx = 0, Ut = A′(t)x+B′(t).

Substituting into the PDE gives

A′(t)x+B′(t) = A(t).

Equating coefficients of x and constants, we obtain

A′(t) = 0 ⇒ A(t) = 1 (from A(0) = 1),
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B′(t) = A(t) = 1 ⇒ B(t) = t (from B(0) = 0).

Hence, the exact solution for α = 1 is

U(x, t) = x+ t.

if we put α = 1 in the obtained solution of test example 1 using TPDTM

U(x, t) = x+
tα

Γ(α + 1)
.

we will get the

U(x, t) = x+ t.

Similarly, we can obtain the rest of test example’s exact solutions.
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