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Abstract. It is well-known that C∗-algebras have been applied in understanding

the physics of several phenomena in quantum theory, statistical mechanics and

more than a handful of other domains. In continuation of these roles of C∗-

algebra, its notion has recently been incorporated in metric fixed point theory,

and several results have been obtained thereof. However, in accordance with

the existing literature, it is revealed that a collective and comparative analysis

of the announced concepts of C∗-algebra-valued metric spaces and the associated

invariant point theorems has not been considered. One of the uses of such analysis

is that it gives researchers handy information to know what has been done and the

available gaps in the corresponding notions. With this background orientation,

the objective of this paper is twofold: first, important developments of the idea of

C∗-algebra-valued metric spaces are surveyed. Thereafter, a comparative analysis

of possible combinations and deductions based on the already obtained results

is conducted. To achieve the latter objective, a few new results are formulated

and non-trivial examples constructed, where necessary, to validate some of our

observations.
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1. Introduction

The theory of fixed points is an important area for various branches of mathe-

matics and physics due to its broad applications. It plays a vital role in numerical

analysis and approximation theory. The earliest fixed point result known as the Ba-

nach Contraction Principle was proved by Banach [5]. Thereafter, Many researchers

studied the fixed point theory in different directions, for example, see [1, 9, 15, 58, 59]

and the references therein.

A C∗-algebra (see [51]) is used to explain physical systems in quantum theory

and statistical mechanics. Subsequently, it appeared as a significant area of research.

In 2015, Ma et al. [25] introduced the concept of C∗-algebra-valued metric space and

proved fixed point theorems for contractive and expansive mappings on a complete

C∗-algebra-valued metric space. Since then, several authors (e.g. [3, 4, 6, 24, 43])

have extended and generalized the work of Ma et al. [25] in different directions with

interesting theorems and applications.

It is interesting to know that the introduction of C∗-algebra-valued metric spaces

and the corresponding fixed point theorems has widened the scope of fixed point the-

ory and applications. However, the presentation of the available results in this space

has divergent and sometimes overlapping techniques. Therefore, it is worthwhile to

have comprehensive information in the form of a monograph regarding major devel-

opments in fixed point theory of C∗-algebra-valued metric spaces. Hence, this paper

will concentrate on highlighting the distinct and important fixed point extensions in

C∗-algebra-valued metric spaces to provide researchers in the area of fixed point the-

ory with an insight into the advancements in fixed point theory in C∗-algebra-valued

metric spaces.

2. Preliminaries

Throughout this article, A represents a unital C∗-algebra with a unit I. Take

Ah = {a ∈ A : a = a∗}. We call a ∈ A a positive element, denoted by a ⪰ θ, if

a ∈ Ah and σ(a) ⊂ R+ = [0,∞), where σ(a) is the spectrum of a. Using positive

elements, we can define a partial ordering ⪯ on Ah as follows: a ⪯ b if and only if

b − a ⪰ θ, where θ means the zero element in A. Henceforth, A+ denotes the set

{a ∈ A : a ⪰ θ} and |a| = (aa∗)
1
2 .

Definition 2.1. [25] Let X be a nonempty set. Suppose the mapping d : X ×
X −→ A satisfies:

1) θ ⪯ d(x, y) and d(x, y) = θ ⇔ x = y for all x, y ∈ X;

2) d(x, y) = d(y, x) for all x, y ∈ X;

3) d(x, y) ⪯ d(x, z) + d(z, y) for all x, y, z ∈ X.

Then d is called a C∗-algebra-valued metric on X and (X,A, d) is called a C∗-

algebra-valued metric space.
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The concept of C∗-algebra-valued metric space generalizes the concept of metric

space by replacing the set of real numbers by A+.

Definition 2.2. [25] Let (X,A, d) be a C∗-algebra-valued metric space. Suppose

that {xn}n∈N ⊂ X and x ∈ X. If for any ε > 0, there is N such that for all n > N ,

∥d(xn, x)∥ ≤ ε, then {xn} is said to be convergent with respect to A and {xn}
converges to x and x is the limit of {xn}. {xn} is said to be a Cauchy sequence with

respect to A If for any ε > 0, there is N such that for all n,m > N , ∥d(xn, xm)∥ ≤ ε.

(X,A, d) is a complete C∗-algebra-valued metric space if every Cauchy sequence with

respect to A is convergent.

Example 2.3. [25] Let X = L∞(E) and H = L2(E), where E is a Lebesgue

measurable set. By B(H), we denote the set of bounded linear operators on Hilbert

space H. Define d : X × X −→ B(H) by d(f, g) = π|f−g| (∀f, g ∈ X). Then,

(X,B(H), d) is a Complete C∗-algebra-valued metric space.

Definition 2.4. [25] Suppose that (X,A, d) is a C∗-algebra-valued metric space.

We call a mapping T : X −→ X a C∗-algebra-valued contractive mapping on X, if

there exists an A ∈ A with ∥A∥ < 1 such that

d(Tx, Ty) ⪯ A∗d(x, y)A, ∀x, y ∈ X. (1)

Definition 2.5. [25] Let X be a nonempty set. We call a mapping T a C∗-

algebra-valued expansive mapping on X if T : X −→ X satisfies:

i) T (X) = X;

ii) d(Tx, Ty) ⪰ A∗d(x, y)A, ∀x, y ∈ X,

where A ∈ A is an invertible element and ∥A−1∥ < 1.

The first result on fixed point theory in C∗-algebra-valued metric space was

established in 2014 by Ma et al. [25]. They showed that a self map, T on a complete

C∗-algebra-valued metric space (X,A, d) satisfying certain contractive conditions

has a unique fixed point.

Theorem 2.1. [25] If (X,A, d) is a complete C∗-algebra-valued metric space

and T is a contractive mapping, there exists a unique fixed point in X.

Remark 2.6. Every contractive condition in the sense of [25] forces the mapping

T to be continuous. We show this for completeness as follows:

let ϵ > 0 be given. Then, for all x, y ∈ X with ∥d(x, y)∥ < δ, for some δ(ϵ) > 0,

∥d(Tx, Ty)∥ ≤ ∥A∗d(x, y)A∥
< ∥A∗Aδ∥
= ∥A∥2δ = δ = ϵ.

Theorem 2.2. [25] If (X,A, d) is a complete C∗-algebra-valued metric space,

then for the expansive mapping T , there exists a unique fixed point in X.
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Lemma 2.3. [11] Suppose that A is a unital C∗-algebra with a unit I

i) if a ∈ A+ with ∥a∥ < 1
2
, then I − a is invertible and ∥a(I − a)−1∥ < 1.

ii) Suppose that a, b ∈ A with a, b ⪰ θ and ab = ba, then ab ⪰ θ.

iii) by A′ we denote the set {a ∈ A : ab = ba,∀b ∈ A}. Let a ∈ A, if b, c ∈ A
with b ⪰ c ⪰ θ and I − a ∈ A′

+ is invertible operator, then (I − a)−1b ⪰
(I − a)−1c.

Using Lemma 2.3 above, Ma et al. [25] gave the following result.

Theorem 2.4. [25] Let (X,A, d) be a complete C∗-algebra-valued metric space.

Suppose the mapping T : X −→ X satisfies ∀x, y ∈ X,

d(Tx, Ty) ⪯ A (d(Tx, y) + d(Ty, x))

where A ∈ A′
+ and ∥A∥ < 1

2
. Then there exists a unique fixed point in X.

In 1974, Ciric [9] introduced quasi contraction in metric space. We extend this

notion to C∗-algebra-valued metric space.

Definition 2.7. Let (X, d) be a metric space. A mapping T : X −→ X is called

a quasi contraction there exists A ∈ A′
+ with ∥A∥ ≤ 1

2
such that for all x, y ∈ X,

d(Tx, Ty) ⪯ Amax{d(x, y), d(x, Tx), d(y, Ty), d(y, Tx), d(x, Ty)}.

We improve Theorems 2.1 and 2.4, using the following quasi contractive inequal-

ities. Let (X,A, d) be a C∗-algebra-valued metric space and T : X −→ X be a

mapping satisfying

(Q1) d(Tx, Ty) ⪯ Amax{d(x, y), d(x, Tx), d(y, Ty), d(y, Tx), d(x, Ty)} ∀ x, y ∈
X, A ∈ A′

+.

(Q2) d(Tx, Ty) ⪯ A∗max
{
d(x, y), d(x, Tx), d(y, Ty), d(y,Tx)+d(x,Ty)

2

}
A ∀ x, y ∈

X, A ∈ A.

Theorem 2.5. Let (X,A, d) be a complete C∗-algebra-valued metric space. T :

X −→ X be a mapping satisfying Q1 above with ∥A∥ ≤ 1
2
, then T has a unique fixed

point in X.

Proof. For A = θ, T maps X into a single point and the result is obvious.

Assume A ̸= θ. Choose x0 ∈ X and define a sequence {xn}n∈N by x1 = Tx0,

x2 = Tx1 = TTx0, . . . , xn = Txn−1, n = 1, 2, 3, . . .. Then,

d(xn, xn+1) = d(Txn−1, Txn)

⪯ Amax{d(xn−1, xn), d(xn−1, Txn−1), d(xn, Txn), d(xn, Txn−1), d(xn−1, Txn)}
= Amax{d(xn−1, xn), d(xn−1, xn), d(xn, xn+1), d(xn, xn), d(xn−1, xn+1)}
⪯ Amax{d(xn−1, xn), d(xn−1, xn), d(xn, xn+1), d(xn−1, xn) + d(xn, xn+1)}
= A (d(xn−1, xn) + d(xn, xn+1) .

= Ad(xn−1, xn) + Ad(xn, xn+1).
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Thus, (I − A)d(xn, xn+1) ⪯ Ad(xn−1, xn). Since A ∈ A′
+ with ∥A∥ ≤ 1

2
, then

(I − A)−1 ∈ A′
+ and A(I − A)−1 ∈ A′

+ by Lemma 2.3. Therefore,

d(xn, xn+1) ⪯ A(I − A)−1d(xn−1, xn) = ξd(xn−1, xn)

⪯ ξ2d(xn−2, xn−1) ⪯ ... ⪯ ξnd(x0, x1),

where ξ = A(I−A)−1, byD, we denote the element d(x0, x1) in A. Now, for n, p > 1,

we have

d(xn, xn+p) ⪯ d(xn, xn+1) + d(xn+1, xn+2) + ...+ d(xn+p−1, xn+p)

⪯
(
ξn + ξn−1 + ξn−2 + ...+ ξn+p−1

)
D

=

n+p−1∑
k=n

ξkD =

n+p−1∑
k=n

ξ
k
2 ξ

k
2D

1
2D

1
2

=

n+p−1∑
k=n

(
ξ

k
2D

1
2

)∗ (
ξ

k
2D

1
2

)
=

n+p−1∑
k=n

∣∣∣ξ k
2D

1
2

∣∣∣2 ⪯ ∥∥∥∥∥
n+p−1∑
k=n

∣∣∣ξ k
2D

1
2

∣∣∣2∥∥∥∥∥
⪯

∥∥∥D 1
2

∥∥∥2 n+p−1∑
k=n

∥∥∥ξ k
2

∥∥∥2 I
⪯

∥∥∥D 1
2

∥∥∥2 ∥ξ∥n

1− ∥ξ∥
I −→ θ as n −→ ∞.

This implies that {xn}n∈N is a Cauchy sequence in (X,A, d) and by the com-

pleteness of this space, there exists x ∈ X such that lim
n→∞

xn = lim
n→∞

Txn−1 = x.

Assume by contradiction x ̸= Tx, ∀x ∈ X, i.e ∥d(Tx, x)∥ > 0 and by continuity of

d, we have

d(Tx, x) = d(Tx, lim
n→∞

Txn−1) = lim
n→∞

d(Tx, Txn−1)

⪯ lim
n→∞

Amax {d(x, xn−1), d(x, Tx), d(xn−1, Txn−1), d(x, Txn−1), d(xn−1, Tx)}

= lim
n→∞

Amax {d(x, xn−1), d(x, Tx), d(xn−1, xn), d(x, xn), d(xn−1, Tx)}

= Amax {θ, d(x, Tx), θ, θ, d(x, Tx)} = Ad(Tx, x).

Then,

∥d(Tx, x)∥ ≤ ∥Ad(Tx, x)∥ ≤ 1

2
∥d(Tx, x)∥.
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A contradiction. Hence, ∥d(Tx, x)∥ = 0, which implies x = Tx i.e, x is a fixed

point of T . For uniqueness, if y(̸= x) is another fixed point, then

θ ⪯ d(x, y) = d(Tx, Ty)

⪯ Amax{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}
= Amax{d(x, y), d(x, x), d(y, y), d(x, y), d(y, x)}
= Ad(x, y).

Since ∥A∥ ≤ 1
2
,

0 ≤ ∥d(x, y)∥ = ∥d(Tx, Ty)∥

≤ ∥Ad(Tx, Ty)∥ ≤ 1

2
∥d(x, y)∥.

This implies d(x, y) = θ ⇔ x = y. □

Theorem 2.6. Let (X,A, d) be a complete C∗-algebra-valued metric space. T :

X −→ X be a mapping satisfying Q2 above with ∥A∥ ≤ 1, then T has a unique fixed

point in X.

Proof. For A = θ, T maps X into a single point and the result is obvious.

Assume A ̸= θ. Choose x0 ∈ X and define a sequence {xn}n∈N by x1 = Tx0,

x2 = Tx1 = TTx0, . . ., xn = Txn−1, n = 1, 2, 3, . . .. Then

d(xn, xn+1) = d(Txn−1, Txn)

⪯A∗max

{
d(xn−1, xn), d(xn−1, Txn−1), d(xn, Txn),

d(xn, Txn−1) + d(xn−1, Txn)

2

}
A

=A∗max

{
d(xn−1, xn), d(xn−1, xn), d(xn, xn+1),

d(xn, xn) + d(xn−1, xn+1)

2

}
A

⪯A∗max

{
d(xn−1, xn), d(xn−1, xn), d(xn, xn+1),

d(xn−1, xn) + d(xn, xn+1)

2

}
A.

Assume that max
{
d(xn−1, xn), d(xn, xn+1),

d(xn−1,xn)+d(xn,xn+1)
2

}
= d(xn, xn+1),

then

d(xn, xn+1) ⪯ A∗d(xn, xn+1)A

= A∗ (d(xn, xn+1))
1
2 (d(xn, xn+1))

1
2 A

=
(
(d(xn, xn+1)A)

1
2

)∗ (
(d(xn, xn+1)A)

1
2

)
=

∥∥∥(d(xn, xn+1)A)
1
2

∥∥∥2 I
= ∥A∥∥(d(xn, xn+1)A)∥I.
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From the hypotheses ∥A∥ < 1, which is a contraction. Hence,

max

{
d(xn−1, xn), d(xn, xn+1),

d(xn−1, xn) + d(xn, xn+1)

2

}
= d(xn−1, xn).

Thus,

d(xn, xn+1) ⪯ A∗d(xn−1, xn)A

⪯ (A∗)2d(xn−2, xn−1)A
2 ⪯ · · ·

⪯ (A∗)nd(x0, x1)A
n.

For n, p > 1,

d(xn, xn+p) ⪯ d(xn, xn+1) + d(xn+1, xn+2) + ...+ d(xn+p−1, xn+p)

⪯ (A∗)nd(x0, x1)A
n + (A∗)n+1d(x0, x1)A

n+1

+ · · ·+ (A∗)n+p−1d(x0, x1)A
n+p−1

=

n+p−1∑
k=n

(A∗)kd(x0, x1)A
k

=

n+p−1∑
k=n

(A∗)k (d(x0, x1))
1
2 (d(x0, x1))

1
2 Ak

=

n+p−1∑
k=n

(
d(x0, x1)

1
2Ak

)∗ (
d(x0, x1)

1
2Ak

)

⪯
n+p−1∑
k=n

∣∣∣d(x0, x1) 1
2Ak

∣∣∣2 ⪯ ∥∥∥∥∥
n+p−1∑
k=n

d(x0, x1)
1
2Ak

∥∥∥∥∥
2

I

⪯
∥∥∥d(x0, x1) 1

2

∥∥∥2 n+p−1∑
k=n

∥A∥2kI

⪯
∥∥∥d(x0, x1) 1

2

∥∥∥2 ∥A∥2n

1− ∥A∥
I −→ θ as n −→ ∞.

This implies that {xn}n∈N is a Cauchy sequence in (X,A, d) and by the complete-

ness of this space, there exists x ∈ X such that lim
n→∞

xn = lim
n→∞

Txn−1 = x. Assume

by contradiction x ̸= Tx, for all x ∈ X, i.e ∥d(Tx, x)∥ > 0 and by continuity of d,
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we have

d(Tx, x) = d(Tx, lim
n→∞

Txn−1) = lim
n→∞

d(Tx, Txn−1)

⪯ lim
n→∞

A∗max

{
d(x, xn−1), d(x, Tx), d(xn−1, Txn−1),

d(x, Txn−1) + d(xn−1, Tx)

2

}
A

= lim
n→∞

A∗max

{
θ, d(x, Tx), θ,

θ + d(x, Tx)

2

}
A

=A∗d(x, Tx)A.

Then,

∥d(Tx, x)∥ ≤ ∥A∗d(Tx, x)A∥
= ∥A∗Ad(Tx, x)∥
≤ ∥A∥2∥d(Tx, x)∥.

This implies that ∥d(Tx, x)∥ < 0. A contradiction hence ∥d(Tx, x)∥ = 0, which

implies x = Tx i.e, x is a fixed point of T . For uniqueness, if y( ̸= x) is another fixed

point, then

θ ⪯ d(x, y) = d(Tx, Ty)

⪯ A∗max

{
d(x, y), d(x, Tx), d(y, Ty),

d(x, Ty) + d(y, Tx)

2

}
A

= A∗max

{
d(x, y), d(x, x), d(y, y),

d(x, y) + d(y, x)

2

}
A

= A∗d(x, y)A.

Since ∥A∥ < 1,

0 ≤ ∥d(x, y)∥ = ∥d(Tx, Ty)∥
≤ ∥A∗d(x, y)A∥ = ∥A∗Ad(x, y)∥
≤ ∥A∥2∥d(x, y)∥.

This implies d(x, y) = θ ⇔ x = y. □

3. Sequent of Ma’s Result

In this section, we give some important extensions of the work of Ma et al. [25].

One of the earliest extensions of Ma’s result was given by Batul and Kamran [6].

Other results in related directions were given by [14, 21, 25, 43, 46, 57].

3.1. Batul and Kamran (2015). Batul and Kamran [6] established the new

notion of C∗-algebra-valued contraction type mappings by weakening the contractive

condition and proved the fixed point results for such mappings.
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Definition 3.1. [16] Given a mapping T : X −→ X and x ∈ X, the sequence

of points OT (x) = {x, Tx, T 2x, ...} is called the orbit of x with respect to T .

Definition 3.2. [6] Let (X,A, d) be a C∗-algebra-valued metric. A mapping

T : X −→ X is said to be a C∗-algebra-valued contractive type mapping if there

exists x ∈ X and A ∈ A such that

d(Ty, T 2y) ⪯ A∗d(y, Ty)A with ∥A∥ < 1 ∀y ∈ OT (x).

Remark 3.3. [6] A C∗-algebra-valued contraction mapping is a C∗-algebra-

valued contractive type mapping, but the converse is not true as shown in the

following example.

Example 3.4. [6] LetX = [−1, 1] and A = M2(R) with ∥A∥ = max{|a1|, |a2|, |a3|, |a4|}.
Then (X,A, d) is a C∗-algebra-valued metric space, where

d(x, y) =

[
|x− y| 0

0 |x− y|

]
.

Define a mapping T : X −→ X by

Tx =

{
x
2

if x ≥ 0

1 if x < 0.

Then, for y ∈ OT (x), x ≥ 0, we see that T is a C∗-algebra-valued contractive

type mapping. Since T is not continuous with respect to the C∗-algebra A, then T
is not a C∗-algebra-valued contraction mapping.

Lemma 3.1. [6] Let A be a C∗-algebra with identity 1A and x be an element of

A. If A ∈ A is such that ∥A∥ < 1, then for m < n we have

lim
n→∞

n∑
k=m

(A∗)kxAk = 1A∥(x)
1
2∥2
(

∥A∥m

1− ∥A∥

)
and

n∑
k=m

(A∗)kxAk → θA as m→ ∞.

The main result of Batul and Kamran [6] is the following.

Theorem 3.2. [6] Let (X,A, d) be a complete C∗-algebra-valued metric space

and T : X −→ X be a C∗-algebra-valued contractive type mapping. Then:

A1) there exist x0 ∈ X such that the sequence T n(x) converges to x0;

A2) d(T n(x), x0) ≤
∥a∥2n

1− ∥a∥
∥d(x, Tx) 1

2∥21A;

A3) x0 is a fixed point of T iff G(x) = d(x, Tx) is T -orbitally lower semiconti-

nous at x0 with respect to A.
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3.2. Shehwar and Kamran (2015). Shehwar and Kamran [57] proved the

fixed point theorem for self-mapping on C∗-algebra-valued metric space satisfying

the contractive condition for pair of elements from the metric space which form

edges of a graph in the metric space.

Property P1 [57] For any {fnx} in X such that fnx→ y ∈ X with (fn+1x, fnx) ∈
E(G) there exists a subsequence {fnkx} of {fnx} and n0 ∈ N such that (y, fnkx) ∈
E(G) for all k ≥ n0.

Definition 3.5. [57] Suppose (X,A, d) is a C∗-algebra-valued metric space en-

dowed with the graph G = (V (G), E(G)). A mapping T : X −→ X is called a

C∗-algebra-valued G-contraction on X, if there exists an A ∈ A with ∥A∥ < 1 such

that

d(Tx, Ty) ≤ A∗d(x, y)A, ∀(x, y) ∈ E(G). (2)

Note that, a C∗-algebra-valued contractive mapping (1) satisfies C∗-algebra-

valued G-contractive mapping (2) but the converse is not true.

Example 3.6. [57] Let X = R, A = M2×2(R). Defining the norm on A by

∥A∥ =
(∑2

i,j=1 |aij|2
) 1

2
and ∗ : A = M2×2(R) −→ A = M2×2(R) given by A∗ = A.

Then A is a C∗-algebra. Now, define d : R× R −→ A by

d(x, y) =

(
|x− y| 0

0 |x− y|

)
.

Then (R,M2×2(R), d) is a C∗-algebra-valued metric space. Defining a mapping

T : R −→ R by Tx = x
2
and consider the graph G = (V (G), E(G)) where V (G) = R

and E(G) =
{(

1
2n
, 1
22n+1

)
: n = 1, 2, 3, ...

}
∪ {(x, x) : x ∈ R}. For each n ∈ N,(

T 1
2n
, T 1

22n+1

)
=
(

1
22n+1 ,

1
24n+3

)
∈ E(G). Also, for each x ∈ R, (Tx, Tx) = (x

2
, x
2
),

which is also an edge in the graph G. By taking

A =

(
1√
2

0

0 1√
2

)
,

we have ∥A∥ < 1. It is easy to see that the contractive condition (2) holds for all

edges that belong to the graph G but the contractive condition (1) is not satisfied.

Hence T is C∗-algebra-valued G-contraction but not a C∗-algebra-valued contrac-

tion.

Lemma 3.3. [57] Let A be a C∗-algebra and a ∈ A such that ∥a∥ < 1, then

lim
m→∞

n∑
k=m

∥a∥k = 0.

The main result of Shehwar and Kamran [57] is the following.
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Theorem 3.4. [57] Let (X,A, d) be a C∗-algebra-valued metric space endowed

with the graph G = (V (G), E(G)). Suppose T : X −→ X is a C∗-algebra-valued

G-contraction in X satisfying (P1) and the following conditions:

i) if (x, y) ∈ E(G) then (Tx, Ty) ∈ E(G);

ii) there exists an x0 ∈ X such that (x0, Tx0) ∈ E(G),

then T has a fixed point. Moreover, if y, z are two fixed point of T and (y, z) ∈ E(G)

then y = z.

3.3. Xin, Jiang and Ma (2015). Xin et al. [46] obtained the coincidence

fixed point and common fixed point theory for two mappings in a complete C∗-

algebra-valued metric space which satisfy a new contractive condition.

Definition 3.7. [46] Two mappings T and S on a C∗-algebra-valued metric

space (X,A, d) is said to be compatible, if for arbitrary sequence {xn}∞n=1 ⊆ X, such

that lim
n→∞

Txn = lim
n→∞

Sxn = t ∈ X, then d(TSxn, STxn) → θ(n→ ∞).

Definition 3.8. [46] Let T and S be two mappings of the set X.

1) If x = Tx = Sx for some x ∈ X, then x is called a common fixed point of

T and S.

2) If z = Tx = Sx for some z ∈ X, then x is called a coincidence point of T

and S, and z is called a point of coincidence of T and S.

3) If T and S commute at all of their coincidence points, that is, TSx = STx

for all x ∈ {x ∈ X : Tx = Sx}, then T and S are called weakly compatible.

Note that for all x ∈ X, the mapping T and S commuting implies that they are

weakly commuting, but the converse is not true.

Example 3.9. LetX = R, A = M2(R). Define d(x, y) = diag (|x− y| , α |x− y|),
where x, y ∈ R and α ≥ 0 is a constant. (X,M2(R), d) is a complete C∗-algebra-

valued metric space by the completeness of R. Defining two mapping T, S : X −→ X

by

Tx =
x

2
, Sx =

x

x+ 2
∀x, y ∈ X.

Then, we have

d(TSx, STx) = diag

(∣∣∣∣ x

4 + x
− x

4 + 2x

∣∣∣∣ , α ∣∣∣∣ x

4 + x
− x

4 + 2x

∣∣∣∣)
= diag

(∣∣∣∣ x2

(4 + x)(4 + 2x)

∣∣∣∣ , α ∣∣∣∣ x2

(4 + x)(4 + 2x)

∣∣∣∣)
≤ diag

(∣∣∣∣ x2

(4 + 2x)

∣∣∣∣ , α ∣∣∣∣ x2

(4 + 2x)

∣∣∣∣) = diag

(∣∣∣∣x2 − x

x+ 2

∣∣∣∣ , α ∣∣∣∣x2 − x

x+ 2

∣∣∣∣)
= d(STx, TSx)
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for all x ∈ X. So T and S are weakly commuting, but they are not commuting since

for all x ∈ X, TSx ̸= STx.

Remark 3.10.

(i) The weak commutativity does not imply the existence of a sequence of

points satisfying the condition of compatibility.

(ii) If S and T are compatible mappings, then d(STx, TSx) = θ, whenever

d(Sx, Tx) = θ for some x ∈ X.

The following example illustrates the above observation.

Example 3.11. Let X = [0, 1] and A = R2. Define d : X × X −→ A by

d(x, y) = (|x− y|, 0). Then (X,A, d) is a C∗-algebra-valued metric space with norm

∥(x, y)∥ = (x2 + y2)
1
2 .

Define two mappings T, S : X −→ X by Tx = x2, Sx = 2 − x for all x ∈ X

respectively. Suppose {xn} ⊆ X, then,

d(Txn, Sxn) = (|x2n + xn − 2|, 0) = (|xn + 2||xn − 1|, 0) → θ ⇐⇒ xn → 1.

Therefore,

lim
n→∞

d(TSxn, STxn) = lim
n→∞

d
(
(2− xn)

2, (2− x2n)
)
= lim

n→∞
(2|xn − 1|2, 0) = θ

as xn → 1. Hence T and S are compatible, but they are not weakly commuting

since, if x = 0 in X,

d(TSx, STx) = (2, 0) > (−2, 0) = d(Tx, Sx).

Lemma 3.5. [46] If the mapping T and S on the C∗-algbera-valued metric space

(X,A, d) are compatible, then they are weakly compatible.

Their main result is the following.

Theorem 3.6. [46] Let (X,A, d) be a complete C∗-algbera-valued metric space.

Suppose the mappings T, S : X −→ X satifies:

d(Tx, Sy) ⪯ A∗d(x, y)A, for any x, y ∈ X,

where A ∈ A with ∥A∥ < 1, then T and S have a unique fixed point in X.

Theorem 3.7. [46] Let (X,A, d) be a complete C∗-algebra-valued metric space.

Suppose that two mappings T, S : X −→ X satisfies:

d(Tx, Ty) ⪯ A∗d(Sx, Sy)A, for any x, y ∈ X,

where A ∈ A with ∥A∥ < 1. If R(T ) is contained in R(S) and R(S) is complete in

X, then T and S have a unique point of coincidence in X. Furthermore, if T and

S are weakly compatible, T and S have a unique common fixed point in X.

Xin et al. [46] obtained the Kannan and Chatterjea common fixed point in

C∗-algebra-valued metric space as follows:
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Theorem 3.8. [46] Let (X,A, d) be a complete C∗-algebra-valued metric space.

Suppose that two mappings T, S : X −→ X satisfies:

d(Tx, Ty) ⪯ Ad(Tx, Sx) + Ad(Ty, Sy), for any x, y ∈ X,

where A ∈ A′
+ with ∥A∥ < 1

2
. If R(T ) is contained in R(S) and R(S) is complete in

X, then T and S have a unique point of coincidence in X. Furthermore, if T and

S are weakly compatible, T and S have a unique common fixed point in X.

Theorem 3.9. [46] Let (X,A, d) be a complete C∗-algebra-valued metric space.

Suppose that two mappings T, S : X −→ X satisfies:

d(Tx, Ty) ⪯ Ad(Tx, Sy) + Ad(Sx, Ty), for any x, y ∈ X,

where A ∈ A′
+ with ∥A∥ < 1

2
. If R(T ) is contained in R(S) and R(S) is complete in

X, then T and S have a unique point of coincidence in X. Furthermore, if T and

S are weakly compatible, T and S have a unique common fixed point in X.

Remark 3.12. If S = IX , IX is the identity mapping in X, then

i) Theorem 3.7 of Xin et al. [46] becomes Theorem 2.1 of Ma et al. [25].

ii) Theorem 3.9 of Xin et al. [46] becomes Theorem 2.4 of Ma et al. [25].

3.4. Gholamin and Khanehgir (2015). They established the structure of

C∗-algebra-valued 2-metric space and gave some fixed point theorems for self-maps

with contractive or expansive condition in such spaces

Definition 3.13. [14] Let X be a nonempty set, A be a C∗-algebra and d :

X ×X ×X −→ A be a map satisfying the following conditions:

M1) for every pair of distinct element x, y ∈ X, there exists z ∈ X such

d(x, y, z) ̸= θ;

M2) if atleast two of three elements x, y, z are the same, then d(x, y, z) = θ;

M3) d(x, y, z) = d(x, z, y) = d(y, x, z) = d(y, z, x) = d(z, x, y) = d(z, y, x) for all

x, y, z ∈ X;

M4) d(x, y, z) ⪯ d(t, x, y) + d(t, y, z) + d(t, x, z) for all x, y, z, t ∈ X.

Then d is called a C∗-algebra-valued 2-metric on X and (X,A, d) is called a

C∗-algebra-valued 2-metric space.

Definition 3.14. [14] Let (X,A, d) be a C∗-algebra-valued 2-metric space. A

mapping T : X −→ X is said to be

1. A C∗-algebra-valued 2-Contractive mapping on X, if there exists an A ∈ A
with ∥A∥ < 1 such that d(Tx, Ty, w) ≤ A∗d(x, y, w)A for all x, y, w ∈ X.

2. A C∗-algebra-valued 2-expansive mapping on X if it satisfies the following:

E1) T (X) = X,

E2) d(Tx, Ty, w) ≥ A∗d(x, y, w)A for each x, y, w ∈ X,

where A is an invertible element in A such that ∥A−1∥ < 1.
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Their main result is the following.

Theorem 3.10. [14] Let (X,A, d) be a complete C∗-algebra-valued 2-metric

space and T : X −→ X is a C∗-algebra-valued 2-contractive mapping, then T has a

unique fixed point in X.

Theorem 3.11. [14] Let (X,A, d) be a complete C∗-algebra-valued 2-metric

space and T : X −→ X is a C∗-algebra-valued 2-expansive mapping, then T has

a unique fixed point in X.

Theorem 3.12. [14] Let (X,A, d) be a complete C∗-algebra-valued 2-metric

space. Suppose the mapping T : X −→ X satisfies the following conditions ∀
x, y, w ∈ X

d(Tx, Ty, w) ≤ A[d(Tx, x, w) + d(Ty, y, w)]

d(Tx, Ty, w) ≤ A[d(Tx, y, w) + d(Ty, x, w)],

then T has a unique fixed point in X.

3.5. Ma and Jiang (2015). Ma and Jiang (2015) introduced the concept of

C∗-algebra-valued b-metric space and gave some basic fixed point theorems for self-

map with contractive conditions.

Definition 3.15. [25] Let X be a nonempty set, and b ∈ A′ such that b ≥ 1.

Suppose the mapping d : X ×X −→ A satisfies

b1) θ ⪯ d(x, y) for all x, y ∈ X;

b2) d(x, y) = d(y, x) for all x, y ∈ X;

b3) d(x, y) ⪯ b[d(x, z) + d(z, y)] for all x, y, z ∈ X;

Then d is called a C∗-algebra-valued b-metric on X and (X,A, d) is a C∗-algebra-

valued b-metric space.

Remark 3.16. [25] If b = I, then condition (b3) becomes (3) of definition 2.1.

Thus a C∗-algebra-valued b-metric space is an ordinary C∗-algebra-valued metric

space. In particular, if A = C and A = I, the C∗-algebra-valued b-metric spaces are

just the ordinary metric spaces.

Example 3.17. [25] Let X = R and A = Mn(R). Define d(x, y) = diag(c1|x−
y|p, c2|x − y|p, ..., cn|x − y|p) and x, y ∈ R, ci > 0 (i = 1, 2, ..., n) are constants

and p > 1. It is easy to verify that (X,Mn(R), d) is a complete C∗-algebra-valued

b-metric space but not a C∗-algebra-valued metric space

The main result of Ma and Jiang [25] is the following.

Theorem 3.13. [25] If (X,A, d) is a complete C∗-algebra-valued b-metric space

and T : X −→ X is a contractive mapping, there exists a unique fixed point in X.

Also, they proved the Chatterjea and Kannan type fixed point theorem in C∗-

algebra-valued b-metric space.
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3.6. Ozer and Omran (2016). Ozer and Omran [43] established the existence

and uniqueness of common fixed point theorem for self-maps in C∗-algebra-valued

b-metric space. Their main result is the following.

Theorem 3.14. [43] Let (X,A, d) be a complete C∗-algebra-valued b-metric

space. Suppose the two mappings T : X −→ X and S : X −→ X satisfy d(Tx, Sy) ≤
A∗d(x, y)A for all x, y ∈ X and A ∈ A with ∥A∥ ≤ 1. Then T and S have a unique

common fixed point in X.

Remark 3.18. If b = I(the identity mapping) in C∗-algebra-valued b-metric

space, theorem 3.20 of [43] becomes theorem 3.8 of [46].

3.7. Kamran et al. (2016). Kamran et al. [21] defined the concept of C∗-

algebra-valued b-metric space using the concept of b-metric space introduced by

Czerwick [10] and generalized the Banach contraction principle in this setting. Their

main result is the following.

Theorem 3.15. [21] Consider a complete C∗-algebra-valued b-metric space (X,A, d)
with coefficient b. Let T : X −→ X be a contraction with contraction constant A

such that ∥b∥∥A∥2 < 1. Then T has a unique fixed point in X.

Remark 3.19. [21] If A = R then the notion of C∗-algebra-valued b-metric

space becomes b-metric space [10]. If b = I in Definition 3.8, then d becomes the

usual C∗-algebra-valued metric as defined in [25].

3.8. Bai (2016). Bai [4] established some couple fixed point theorems for map-

ping satisfying different contractive conditions on C∗-algebra-valued b-metric space.

Definition 3.20. [4] Let (X,A, d) be a C∗-algebra-valued b-metric space. An

element (x, y) ∈ X × X is said to be a coupled fixed point of the mapping T :

X ×X −→ X if T (x, y) = x and T (y, x) = x.

Theorem 3.16. [4] Let (X,A, d) be a complete C∗-algebra-valued b-metric space.

Assume that the mapping T : X ×X −→ X satisfies the following condition:

d(T (x, y), T (u, v)) ≤ A∗d(x, u)A+ A∗d(y, v)A, ∀x, y, u, v ∈ X,

where A ∈ A with 2∥A∥2∥b∥ ≤ 1. Then T has a unique coupled fixed point in X.

Moreover, T has a unique fixed point in X.

Theorem 3.17. [4] Let (X,A, d) be a complete C∗-algebra-valued b-metric space.

Assume that the mapping T : X ×X −→ X satisfies the following condition:

d(T (x, y), T (u, v)) ≤ A1d(T (x, y), u) + A2d(T (u, v), x), ∀x, y, u, v ∈ X,

where A1, A2 ∈ A′
+ with ∥A1 + A2∥∥b∥2 < 1. Then T has a unique coupled fixed

point in X. Moreover, T has a unique fixed point in X.
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Theorem 3.18. [4] Let (X,A, d) be a complete C∗-algebra-valued b-metric space.

Assume that the mapping T : X ×X −→ X satisfies the following condition:

d(T (x, y), T (u, v)) ≤ A1d(T (x, y), x) + A2d(T (u, v), u), ∀x, y, u, v ∈ X,

where A1, A2 ∈ A′
+ with ∥A1 + A2∥∥b∥2 < 1. Then T has a unique coupled fixed

point in X. Moreover, T has a unique fixed point in X.

3.9. Zada, Saifullahi and Ma (2016). Zada et al. [60] proved the common

fixed point theorems for two mappings in complete C∗-algebra-valued metric space

endowed with the graph G = (V,E) which satisfies G-contractive condition.

Their main result is the following.

Theorem 3.19. [60] Let (X,A, d) be a C∗-algebra-valued metric space endowed

with the graph G = (V,E). Suppose the mappings T, S : X −→ X are C∗-algebra-

valued G-contractive mappings on X satisfying:

i) for any {T nx} ∈ X such that T nx converges to x ∈ X with (T n+1x, T nx) ∈
E, there exists a subsequence {T nkx} and n0 ∈ N such that (x, T nkx) ∈ E

for all k ≥ n0,

ii) if (x, y) ∈ E then (Tx, Sy) ∈ E,

iii) there exists z0 ∈ X such that (z0, T z0),(z0, Sz0) ∈ E.

Then T and S have a unique common fixed point in X.

Theorem 3.20. [60] Suppose that (X,A, d) is a C∗-algebra-valued metric space

endowed with the graph G, and suppose that the mappings T, S : X −→ X are G-

contractive, satisfying ∥d(Tx, Sy)∥ ≤ ∥A∥∥d(x, y)∥, for all (x, y) ∈ E, where A ∈ A
with ∥A∥ < 1. Then T and S have a unique common fixed point in X.

Remark 3.21. [60] If S = T , Theorem 3.19 becomes [56, Theorem 3.5].

3.10. Shehwar et al. (2016). Shehwar et al. [56] extended the Caristi’s fixed

point theory to C∗-algebra-valued metric space using the concept of minimal element

in C∗-algebra-valued metric space by introducing the notion of partial order on X.

Definition 3.22. [56] Let (X,A, d) be a C∗-algebra metric space. A mapping

Φ : X −→ A is said to be lower semi continuous at x0 with respect to A if ∥Φ(x0)∥ ≤
lim inf
x→x0

∥Φ(x)∥.

Lemma 3.21. Let (X,A, d) be a C∗-algebra metric space and let Φ : X −→ A+

be a map. Define the order ≼Φ on X by x ≼Φ y ⇔ d(x, y) ≤ Φ(y) − Φ(x) for any

x, y ∈ X. Then ≼Φ is a partial order on X.

The main result of Shehwar et al. [56] is the following.

Theorem 3.22. [56] Let (X,A, d) be a C∗-algebra metric space and Φ : X −→
A+ be a lower semi-continuous map. Then (X,≼Φ) has a minimal element.



NOTES ON FIXED POINT RESULTS 29

Theorem 3.23. [56] Let (X,A, d) be a C∗-algebra metric space and Φ : X −→
A+ be a lower semi-continuous map. Let T : X −→ X be such that for all x ∈ X

d(x, Tx) ≼ Φ(x)− Φ(Tx),

then T has atleast one fixed point.

Remark 3.23. [56] Let X = [0, 1] and A = R2 be a C∗-algebra. Define d :

X × X −→ A by d(x, y) = (|x − y|, 0). Let Φ : X −→ A+, Φ(x) = (x, 0) be

continuous map, and T : X −→ X be define by T (x) = x2. Then it is easy to

see that all the conditions of Theorem 3.33 are satisfied and T has a fixed point.

Note that contractive theorem stated in [25] is not applicable here, since contractive

condition (1) does not hold.

3.11. Klin-eam and Kaskasem (2016). Klin-eam and Kaskasem [23] stud-

ied the fundamental properties of C∗-algebra-valued b-metric space which was intro-

duced by Ma and Jiang [25] and gave some fixed point theorems for cyclic mapping

with contractive and expansive condition on such space.

Theorem 3.24. [23] Let P and Q be two nonempty closed subsets of a complete

C∗-algebra-valued b-metric space (X,A, d). Assume that T : P ∪ Q −→ P ∪ Q is

cyclic mapping satisfying

d(Tx, Ty) ⪯ A∗d(x, y)A, ∀x ∈ P, y ∈ Q,

where A ∈ A with ∥A∥ < 1

∥b∥
. Then T has a unique fixed point in P ∩Q.

Klin-eam and Kaskasem [23] proved the cyclic Kannan-type and the cyclic Chatterjea-

type fixed point results as follows.

Theorem 3.25. [23] Let P and Q be nonempty closed subset of a complete C∗-

algebra-valued b-metric space (X,A, d). Assume that T : P ∪Q −→ P ∪Q is cyclic

mapping that satisfies

d(Tx, Ty) ⪯ A[d(x, Tx) + d(y, Ty)], ∀x ∈ P, ∀y ∈ Q,

where A ∈ A′
+ with ∥A∥ < 1

2∥b∥
. Then, T has a unique fixed point in P ∩Q.

Theorem 3.26. [23] Let P and Q be nonempty closed subsets of a complete

C∗-algebra-valued b-metric space (X,A, d). Assume that T : P ∪ Q −→ P ∪ Q is

cyclic mapping that satisfies

d(Tx, Ty) ⪯ A[d(y, Tx) + d(x, Ty)], ∀x ∈ P, ∀y ∈ Q,

where A ∈ A′
+ with ∥A∥ < 1

2∥b∥2
. Then, T has a unique fixed point in P ∩Q.

Note that Banach’s contraction, Kannan’s contraction and Chatterjea’s contrac-

tion are independent (see [48]).
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3.12. Kadelburg and Radenovic (2016). They showed that all the result in

C∗-algebra-valued b-metric space can be directly obtained as consequences of their

standard metric or b-metric counterparts.

Lemma 3.27. [37] Let A denotes a unital C∗-algebra and Ah denotes the set of

all self-adjoint elements of A. Then,

1) A+ = {a∗a : a ∈ A};
2) if a, b ∈ Ah, a ⪯ b, and c ∈ A, then c∗ac ⪯ c∗bc;

3) for all a, b ∈ Ah, if θ ⪯ a ⪯ b then ∥a∥ ≤ ∥b∥.

The main result of Kadelburg and Radenovic [18] is the following.

Theorem 3.28. [18] Theorem 2.1 of [25] is equivalent to the Banach Contraction

principle (BCP).

Theorem 3.29. [18] Let (X,A, d) be a C∗-algebra-valued metric space and T :

X −→ X be a mapping. Suppose that there exists A ∈ A with ∥A∥ < 1 and that

for all x, y ∈ X there exists u(x, y) ∈ {d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}
such that d(Tx, Ty) ≤ A∗u(x, y)A. Then T has a unique fixed point in X.

Theorem 3.30. [12] Let (X, d, s) be a complete b-metric space and let T : X −→
X be a map such that, for some λ ∈ [0, 1) and for all x, y ∈ X,

d(Tx, Ty) ≤ λd(x, y). (3)

Then T has a unique fixed point in X.

Theorem 3.31. [18] Theorem 3.30 above and Theorem 3.13 of [25] are equiva-

lent.

Remark 3.24. [18] We note some other results from [24, 22] that can be reduced

in the same way to well-known results in b-metric spaces:

i) the Chatterjea-type fixed point result [25], with the contractive condition in

the form d(Tx, Ty) ⪯ A∗(d(x, Ty) + d(y, Tx))A, with A ∈ A, ∥A∥ < 1
∥b∥

√
2
;

ii) the Kannan-type fixed point result [25], with the contractive condition in

the form d(Tx, Ty) ⪯ A∗(d(x, Tx)+ d(y, Ty))A, with A ∈ A, ∥A∥ < 1√
2∥b∥

;

iii) the Banach-type cyclic fixed point result [23], with the improved condition

∥λ∥ < 1 instead of ∥λ∥ < 1
∥b∥ ;

iv) the Banach-type fixed point result for expansive mappings [23], with the

improved condition ∥λ∥ < 1 instead of ∥λ∥ < 1
∥b∥ ;

v) the cyclic Kannan-type, resp. cyclic Chatterjea-type fixed point results [23],

with contractive conditions as in (ii), resp. (i).
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3.13. Kadelburg et al. (2016). Kadelburg et al. [17] improved and general-

ized the result of Klin-eam and Kaskasem [23] about contractive and cyclic mappings

established in the framework of C∗-algebra-valued b-metric spaces.

Theorem 3.32. [17] Let (X,A, d) be a complete C∗-algebra-valued b-metric

space, and let T : X −→ X be a given mapping. Assume that there exists A ∈ A
with ∥A∥ < 1 such that

d(Tx, Ty) ⪯ A∗d(x, y)A,

for all x, y ∈ X. Then T has a unique fixed point in X.

Theorem 3.33. [17] Let (X,A, d, b) be a complete C∗-algebra-valued b-metric

space, and let T : X −→ X be a given mapping. Assume that there exists A ∈ A
with ∥A∥ < 1√

3∥b∥
such that

d(Tx, Ty) ⪯ A∗[d(x, y) + d(x, Ty) + d(x, Ty)]A, ∀x, y ∈ X.

Then T has a unique fixed point in X.

Theorem 3.34. [17] Let (X,A, d, b) be a complete C∗-algebra-valued b-metric

space, let P and Q be two nonempty closed subsets of X, and let T : P ∪Q −→ P ∪Q
be a cyclic mapping. Assume that there exists A ∈ A with ∥A∥ < 1 such that

d(Tx, Ty) ⪯ A∗d(x, y)A, ∀x ∈ P, y ∈ Q.

Then T has a unique fixed point in P ∩Q.

Theorem 3.35. [17]Let (X,A, d, b) be a complete C∗-algebra-valued b-metric

space, let P and Q be two nonempty closed subsets of X, and let T : P ∪Q −→ P ∪Q
be a cyclic mapping. Assume that there exists A,L ∈ A+ with ∥A∥ < 1

2∥b∥ and

AB = BA for all B ∈ A+ such that

d(Tx, Ty) ⪯ A(d(x, Tx) + d(y, Ty)), for any x ∈ P , y ∈ Q.

Then T has a unique fixed point in P ∩Q.

Theorem 3.36. [17] Let (X,A, d, b) be a complete C∗-algebra-valued b-metric

space, let P and Q be two nonempty closed subsets of X, and let T : P ∪Q −→ P ∪Q
be a cyclic mapping. Assume that there exists A,L ∈ A+ with ∥A∥ < 1

∥b∥(1 + ∥b∥)
and AB = BA, LB = BL for all B ∈ A+ such that

d(Tx, Ty) ⪯ Ad(x, Ty) + Ld(y, Tx), for any x ∈ P , y ∈ Q.

Then T has a unique fixed point in P ∩Q.

Theorem 3.37. [17] Let (X,A, d, b) be a complete C∗-algebra-valued b-metric

space, let P and Q be two nonempty closed subsets of X, and let T : P ∪Q −→ P ∪Q
be a cyclic mapping. Assume that there exists A ∈ A with ∥A∥ < 1√

3∥b∥
such that

d(Tx, Ty) ⪯ A∗[d(x, y) + d(x, Tx) + d(y, Ty)]A, ∀x ∈ P, y ∈ Q.
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Then T has a unique fixed point in P ∩Q.

Remark 3.25. [17] Putting P = Q = X in Theorems 3.45, 3.46, 3.47 and 3.48,

we obtain the non-cyclic version. This shows that each true cyclic type extension is

in fact a generalization of usual non-cyclic type.

3.14. Gholamin et al. (2017). Gholamin et al. [15] introduced the notion of

C∗-algebra-valued b2-metric space and gave some fixed point theorems for self-maps

with contractive or expansive condition on such space.

Definition 3.26. [15] Let X be a nonempty set, s ≥ 1 be a real number, A be a

C∗-algebra and d : X ×X ×X −→ A be a map satisfying the following conditions:

1) for every pair of distinct elements x, y ∈ X, ∃ z ∈ X such that d(x, y, z) ̸= θ;

2) if atleast two of the three elements x, y, z are the same, then d(x, y, z) = θ;

3) d(x, y, z) = d(x, z, y) = d(y, z, x) = d(z, x, y) = d(z, y, x) for all x, y, z ∈ X;

4) d(x, y, z) ≤ b[d(t, x, y) + d(t, y, z) + d(t, x, z)] ∀x, y, z, t ∈ X.

Then d is called a C∗-algebra-valued b2-metric on X and (X,A, d) is called a

C∗-algebra-valued b2-metric space with parameter b.

Definition 3.27. [15] Let (X,A, d) be a C∗-algebra-valued b2-metric space, T :

X −→ X be a given mapping and α : X ×X ×X −→ R+ be a mapping. We say

that

1. T is α-admissible if for all x, y, z ∈ X

α(x, y, z) ≥ 1 ⇒ α(Tx, Ty, z) ≥ 1.

2. T is triangular α-admissible if it is α-admissible and for all x, y, z, a ∈ X

α(x, y, a) ≥ 1, α(y, z, a) ≥ 1 ⇒ α(x, z, a) ≥ 1.

3. T is α-contractive onX if T is triangular α-admissible and for all x, y, a ∈ X

there exists A ∈ A with ∥A∥ < 1 such that the following condition holds:

bα(x, y, a)d(Tx, Ty, a) ≤ A∗d(x, y, a)A.

The main result of Gholamin et al. [15] is the following.

Theorem 3.38. [15] Let (X,A, d) be a C∗-algebra-valued b2-metric space, α :

X × X × X −→ R+ be a mapping and T : X −→ X be an α-contractive mapping

satisfying the following conditions

i) there exists x0 ∈ X such that α(Tx0, x0, a) ≥ 1 and α(x0, Tx0, a) ≥ 1;

ii) if {xn} is a sequence in X such that xn → x, α(xn+1, xn, a) ≥ 1 and

α(xn, xn+1, a) ≥ 1 as n→ ∞ then α(xn, x, a) ≥ 1.

Then T has a fixed point in X.
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Theorem 3.39. [15] Let (X,A, d) be a complete C∗-algebra-valued b2-metric

space. Suppose α : X × X × X −→ R+ and T : X −→ X are two mappings

satisfying the following conditions

i) T is triangular α-admissible mapping and there exists x0 ∈ X such that

α(Tx0, x0, a) ≥ 1 and α(x0, Tx0, a) ≥ 1;

ii) if {xn} is a sequence in X such that xn → x, α(xn+1, xn, a) ≥ 1 and

α(xn, xn+1, a) ≥ 1 as n→ ∞ then α(xn, x, a) ≥ 1;

iii) for all x, y, a ∈ X, the following inequality holds:

b2α(x, y, a)d(Tx, Ty, a) ≤ A[d(Tx, y, a) + d(Ty, x, a)],

where A ∈ A′
+ and ∥A∥ ≤ 1

2
.

Then T has a fixed point in X.

Theorem 3.40. [15] Let (X,A, d) be a complete C∗-algebra-valued b2-metric

space. Suppose α : X × X × X −→ R+ and T : X −→ X are two mappings

satisfying the following conditions

i) T is triangular α-admissible mapping and there exists x0 ∈ X such that

α(Tx0, x0, a) ≥ 1 and α(x0, Tx0, a) ≥ 1;

ii) if {xn} is a sequence in X such that xn → x, α(xn+1, xn, a) ≥ 1 and

α(xn, xn+1, a) ≥ 1 as n→ ∞ then α(xn, x, a) ≥ 1;

iii) for all x, y, a ∈ X, the following inequality holds:

bα(x, y, a)d(Tx, Ty, a) ≤ A[d(Tx, x, a) + d(Ty, y, a)],

where A ∈ A′
+ and ∥A∥ ≤ 1

2
.

Then T has a fixed point in X.

Theorem 3.41. [15] Let (X,A, d) be a complete C∗-algebra-valued b2-metric

space. T : X −→ X be an expansive mapping X. Then T has a fixed point in X.

3.15. Ozer and Omran (2017). Ozer and Omran [42] studied the generalized

C∗-algebra-valued metric space and proved certain fixed point theorem for a single

valued mapping in such space. They assumed the mapping satisfies certain D-metric

conditions with generalized fixed point theorem.

Definition 3.28. [42] Let X be a nonempty set and A+ be set of all positive

elements on the C∗-algebra A. Then X together with the function DA : X × X ×
X −→ A+ is called a DA-metric if it satisfies the following conditions:

i) DA(x, y, z) = θ ⇔ x = y = z;

ii) DA(x, y, z) = DA(P (x, y, z)), where P denotes the permutation function (a

function that rearranges the order of terms in a sequence.);

iii) DA(x, y, z) ⪯ DA(x, y, a) +DA(x, a, z) +DA(a, y, z) for x, y, z, a ∈ X.

Then (X,A, DA) is called the generalized C∗-algebra-valued metric space.
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Definition 3.29. [42] Let (X,A, DA) be a generalized C∗-algebra-valued metric

space. The mapping T : X −→ X is known as a generalized C∗-algebra-valued

contraction on X if there exists an element A ∈ A with ∥A∥ < 1 such that

d(Tx, Ty, Tz) ≤ A∗d(x, y, z)A for x, y, z ∈ X.

The main result of Ozer and Omran [42] is the following.

Theorem 3.42. [42] If (X,A, DA) is a complete generalized C∗-algebra-valued

metric space and the mapping T is a contractive mapping then there exists a fixed

point in X.

3.16. Moeini and Hojat (2017). Moeini and Hojat [31] established the fixed

point theorem in C∗-algebra-valued metric space endowed with a graph G = (V,E).

Let PC(f, g), denotes the set of all points of coincidence of the pair {f, g}. Some

of the properties of the graph are given as follows:

Property 1 If (gxn) is a sequence in X such that gxn → x and (gxn, gxn+1) ∈ E(G)

for all n ≥ 1, then there exists a subsequence (gxni
) of (gxn) such that (gxni

, x) ∈
E(G) for all i ≥ 1.

Property 2 If x, y ∈ PC(f, g) then (x, y) ∈ E(G).

Their main result is the following.

Theorem 3.43. [31] Let (X,A, d) be a C∗-algebra-valued b-metric space endowed

with a graph G = (V,E) and the mapping f, g : X −→ X satisfy d(fx, fy) ⪯
A∗d(gx, gy)A, for all x, y ∈ X with (gx, gy) ∈ E(G), A ∈ A and ∥b∥∥A∥2 < 1.

Suppose f(X) ⊆ g(X) and g(X) is a complete subspace of X with property 1. Then

the set PC(f, g) ̸= ∅ if Cgf ̸= ∅. Moreover PC(f, g) is singleton if the graph G has

the property 2. Furthermore, if f and g are weakly compatible, then f and g have a

unique fixed point in X.

Theorem 3.44. [31] Let (X,A, d) be a C∗-algebra-valued b-metric space endowed

with a graph G = (V,E) and the mapping f, g : X −→ X satisfy d(fx, fy) ⪯
A(d(fx, gy) + d(fy, gy)), for all x, y ∈ X with (gx, gy) ∈ E(G), A ∈ A′

+ and

∥Ab∥ < 1
2
. Suppose f(X) ⊆ g(X) and g(X) is a complete subspace of X with

property 1. Then the set PC(f, g) ̸= ∅ if Cgf ̸= ∅. Moreover PC(f, g) is singleton

if the graph G has the property 2. Furthermore, if f and g are weakly compatible,

then f and g have a unique fixed point in X.

3.17. Shateri (2017). Shateri [55] introduced the concept of C∗-algebra-valued

modular space and presented some fixed point theorem for self map with contractive

or expansive condition on such space.

Definition 3.30. [55] Let χ be an arbitrary vector space over F = (R or C).
Suppose ρ : χ −→ A is a function such that for all x, y ∈ χ,

(i) ρ(x) ⪰ θ and ρ(x) = θ if and only if x = 0,
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(ii) ρ(αx) = ρ(x) for every α ∈ F with |α| = 1,

(iii) ρ(αx+ βy) ⪯ ρ(x) + ρ(y) if α, β ≥ 0 and α + β = 1.

Then ρ is called a C∗-algebra-valued modular on χ.

Definition 3.31. [55] Let χρ be a C
∗-algebra-valued modular space. A mapping

T : χρ −→ χρ is said to be a C∗-algebra-valued contractive mapping on χρ, if there

exists an A ∈ A with ∥A∥ < 1 and α, β ∈ R+ with α > β such that for all x, y ∈ χ

ρ(α(Tx− Ty)) ⪯ A∗ρ(β(x− y))A.

Definition 3.32. [55] Let χρ be a C
∗-algebra-valued modular space. A mapping

T : χρ −→ χρ is said to be a C∗-algebra-valued expansive mapping on χρ , if

1) T (χρ) = χρ

2) there exists an invertible element A ∈ A with ∥A−1∥ < 1 and α, β ∈ R+

with α > β such that for all x, y ∈ χ ρ(β(Tx− Ty)) ⪰ A∗ρ(α(x− y))A.

The main result of Shateri [55] is the following.

Theorem 3.45. [55] Let χρ be a ρ-complete modular space and let T be a C∗-

algebra-valued contractive mapping on χρ. Then T has a unique fixed point in χρ.

Theorem 3.46. [55] Let χρ be a ρ-complete modular space and let T be a C∗-

algebra-valued expansive mapping on χρ. Then T has a unique fixed point in χρ.

Theorem 3.47. [55] Let χρ be a ρ-complete C∗-algebra-valued modular space.

Suppose the mapping T : χρ −→ χρ satisfies

ρ(α(Tx− Ty)) ⪯ A(ρ(β(Tx− y) + ρ(β(Ty − x)))

for all x, y ∈ χρ, where A ∈ A′
+ = {A ∈ A+ : Ab = bA,∀b ∈ A+} and ∥A∥ < 1

2
.

Then T has a unique fixed point in χρ.

3.18. Mondal, Chanda and Karmakar (2017). They proved the existence

and uniqueness of common fixed points for self-maps with contractive or expansive

conditions on C∗-algebra-valued metric spaces. They also defined C∗-algebra-valued

proximal contraction and showed the existence and uniqueness of the best proximity

points for these proximal contraction mappings on such space.

Their main result is the following.

Theorem 3.48. [36] Let T and S be two self-maps defined on a complete

C∗-algebra-valued metric space (X,A, d), which satisfy the condition d(Tx, Sy) ⪯
A∗M(x, y)A for any x, y ∈ X, where A ∈ A with ∥A∥ < 1√

2
and M(x, y) takes

either d(x, y) or d(Tx, x) + d(Sy, y) or d(Tx, y) + d(Sy, x). Then T and S have a

unique common fixed point in X.
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Theorem 3.49. [36] Let S and T be two expansion mappings on a complete

C∗-algebra-valued metric space (X,A, d) such that for all x, y ∈ X

d(Sx, Ty) ⪰ A∗d(x, y)A,

where A ∈ A, is an invertible element and ∥A−1∥ < 1. Then S and T have a unique

common fixed point.

Theorem 3.50. [36] Let (X,A, d) be a complete C∗-algebra-valued metric space.

Suppose the self-mappings S, T on X satisfy

d(Sx, Ty) ⪯ A(d(Sx, y) + d(Ty, x)),

for all x, y ∈ X, where A ∈ A′
+ and ∥A∥ < 1

2
. Then S and T have a unique common

fixed point.

Theorem 3.51. [36] Let (P,Q) be a pair of non-empty closed subsets of a com-

plete C∗-algebra-valued metric space (X,A, d) and P0 be non-empty. We assume

that T : P −→ Q satisfies the following conditions:

(a) T is a C∗-algebra-valued proximal contraction;

(b) T (P0) ⊆ Q0.

Then there exists a unique x ∈ P0 such that d(x, Tx) = d(P,Q).

3.19. Ege and Alaca (2018). The main contribution of the work of Ege and

Alaca [13] is introducing the notion of C∗-algebra-valued S-metric space, defining

new notions such as L-condition and k-contraction, proving Banach contraction

principle and common fixed point theorem in C∗-algebra-valued S-metric spaces .

Definition 3.33. [13] Let X be a nonempty set. Suppose the mapping S :

X ×X ×X −→ A satisfies the following conditions for each x, y, z, a ∈ X:

(i) S(x, y, z) ⪰ θ;

(ii) S(x, y, z) = θ if and only if x = y = z;

(iii) S(x, y, z) ⪯ S(x, x, a) + S(y, y, a) + S(z, z, a).

Then S is called a C∗-algebra-valued S-metric and (X,A, S) is called a C∗-

algebra-valued S-metric space.

Example 3.34. [13] LetX = [0, 1] and A = M2(R) with ∥A∥ = max{a1, a2, a3, a4},
where ai’s are the entries of A. Define S : X ×X ×X −→ A by

S(x, y, z) =

[
|x− z|+ |y − z| 0

0 |x− z|+ |y − z|

]
.

Then (X,A, S) is a C∗-algebra-valued S-metric space.

Definition 3.35. [1] Let X be a nonempty set. We say the mappings f :

X ×X −→ X and g : X −→ X satisfy the L-condition if gf(x, y) = f(gx, gy) for

all x, y ∈ X.
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Lemma 3.52. [13] In a C∗-algebra-valued S-metric space, S(x, x, y) = S(y, y, x).

Definition 3.36. [13] Let (X,A, S) be a C∗-algebra-valued S-metric space. A

map T : X −→ X is said to be C∗-algebra-valued contractive mapping on X, if

there exists A ∈ A with ∥A∥ < 1 such that S(Tx, Tx, Ty) ⪯ A∗S(x, x, y)A for all

x, y ∈ X.

Definition 3.37. [13] Let (X,A, S) be a C∗-algebra-valued S-metric space. The

mappings f : X ×X −→ X and g : X −→ X satisfy the k-contraction if

S(f(x, y), f(x, y), f(z, w)) ⪯ kA∗[S(gx, gx, gz) + S(gy, gy, gw)]A

with respect to A for all x, y, z, w, u, v ∈ X.

The main result of Ege and Alaca [13] is the following.

Theorem 3.53. [13] Let (X,A, S) be a C∗-algebra-valued S-metric space. Sup-

pose that f : X ×X −→ X and g : X −→ X are mappings satisfying k-contraction

for k ∈ (0, 1
2
) and L-condition. If g(X) is continuous with closed range such that

f(X ×X) ⊂ g(X), then there is a unique x in X such that gx = f(x, x) = x.

Corollary 3.54. [13] Let (X,A, S) be a C∗-algebra-valued S-metric space, if the

mapping that f : X ×X −→ X satisfies the following condition

S(f(x, y), f(u, v), f(z, w)) ⪯ kA∗[S(x, u, z) + S(y, v, w)]A

with respect to A for all x, y, z, u, v, w ∈ X and k ∈ (0, 1
2
), then there exists a unique

element x ∈ X such that f(x, x) = x.

3.20. Omran and Salama (2018). They introduced a common coupled fixed

point theorem in the C∗-algebra-valued metric spaces with certain contraction con-

dition.

The main result of Omran and Salama [41] is as follows.

Theorem 3.55. [41] Let (X,A, d) be a complete C∗-algebra-valued metric space,

and let T, S : X −→ X be mappings such that d(T (x, y), S(u, v)) ≤ Aw(x, y, u, v)A∗

for all x, y, u, v ∈ X, where w(x, y, u, v) is one of the following

{d(x, u), d(y, v), 1
2
d(T (x, y), x) + d(S(u, v), u)),

1

2
(d(T (x, y), u) + d(S(u, v), x))},

then T, S have a unique common coupled fixed point.

3.21. Moeine, Kumar and Aydi (2018). They discussed some unique fixed

point theorems for cyclic mappings of Zamfirescu contraction type in the context of

C∗-algebra-valued metric spaces.

In 1972, Zamfirescu [61] obtained an interesting fixed point result in metric space

by combining the contracttive condition of Banach, contractive condition of Kannan

and contractive condition of Chatterjea.

The main result of Moeini et al. [34] is the following.
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Theorem 3.56. [34] Let (X,A, d) be a complete C∗-algebra-valued metric space

and let A,B,C ∈ A such that ∥A∥ < 1 and ∥B∥, ∥C∥ < 1√
2
. Consider T : X −→ X

such that at least one of the following conditions holds

d(Tx, Ty) ⪯ A∗d(x, y)A;

d(Tx, Ty) ⪯ B∗(d(x, Tx) + d(y, Ty))B;

d(Tx, Ty) ⪯ C∗(d(x, Ty) + d(y, Tx))C,

for all x, y ∈ X with x ̸= y. Then T has a unique fixed point in X.

Theorem 3.57. [34] Let (X,A, d) be a complete C∗-algebra-valued metric space

and let T : X −→ X be a continuous function such that atleast one of the following

conditions is satisfied:

d(Tx, Ty) ⪯ d(x, y);

d(Tx, Ty) ⪯ 1

2
(d(x, Tx) + d(y, Ty));

d(Tx, Ty) ⪯ 1

2
(d(x, Ty) + d(y, Tx)),

for all x, y ∈ X with x ̸= y. If for some x0, the sequence (T nx0) has a limit point

z ∈ X, then z is the unique fixed point of T .

3.22. Kalaivani and Kalpana(2018). Kalaivani and Kalpana [19] established

the fixed point theorems for self-map with contractive conditions in a C∗-algebra-

valued S-metric space.

Their main result is the following.

Theorem 3.58. [19] Let (X,A, S) be a complete C∗-algebra-valued S-metric

space. Suppose that the mapping T : X −→ X satisfies S(Tx, Tx, Ty) ⪯ A∗S(x, x, y)A,

where A ∈ A′
+ with ∥A∥ < 1, for all x, y ∈ X. Then there exists a unique fixed point

in X.

Theorem 3.59. [19] Let (X,A, S) be a complete C∗-algebra-valued S-metric

space. Suppose that the mapping T : X −→ X satisfies

S(Tx, Tx, Ty) ⪯ A(S(Tx, Tx, y) + S(Ty, Ty, x))

where A ∈ A′
+ with ∥A∥ < 1

2
, for all x, y ∈ X. Then there exists a unique fixed point

in X.

3.23. Roy and Saha(2018). Roy and Saha [50] established the fixed points of

generalized contractive mappings and n-times reasonable expansive mappings over

a C∗-algebra-valued metric space.

Definition 3.38. [50] Let (X,A, d) be a C∗-algebra-valued metric space and T

be a self map on X. Then T is said to be orbitally continuous at u ∈ X if for any

x ∈ X ∥d(T nix, u)∥ → 0 as i→ ∞ implies ∥d(T ni+1x, Tu)∥ → 0 as i→ ∞.
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Lemma 3.60. [50] Every lower semi-continuous function ϕ from a complete

C∗-algebra-valued metric space X into A+ has a d-point p in X, that is we get

ϕ(p)− ϕ(x) ⪯ d(p, x) and ϕ(p)− ϕ(x) ̸= d(p, x)

for each point x( ̸= p) ∈ X.

Definition 3.39. [50] A mapping T : X → X is called C∗-algebra-valued n-

times reasonable expansive mapping of metric-2 type if there exists a fixed ele-

ment(constant) h ⪰ I, h ̸= I such that

d2(T n−1x, T n−1y) ⪰ h inf{d2(x, y), d(x, y).d(x, Tx), d(x, Tx).d(T n−2y, T n−1y),

d2(x, Tx), d(T n−2y, T n−1y).d(x, T n−1y), d(T n−2y, T n−1y).d(T n−2y, T n−1x)}

for all x, y ∈ X(n ≥ 2, n ∈ N).

The main result of Roy and Saha [50] is the following.

Theorem 3.61. [50] Let (X,A, d) be a complete C∗-algebra-valued metric space

and T : X −→ X be a C∗-algebra-valued Hardy-Rogers type mapping that is for any

x, y ∈ X

d(Tx, Ty) ⪯ a[d(x, Tx) + d(y, Ty)] + b[d(x, Ty) + d(y, Tx)] + cd(x, y)

where a, b, c ∈ A′
+ and 2∥a∥+2∥b∥+∥c∥ < 1. If X = O(x0) for some x0 ∈ X, where

O(x0) = {x0, T (x0), T 2(x0), ...} and ϕ : X → A+ is defined by ϕ(x) = [I− (2a+2b+

c)]−1[I − (a + b)]d(x, Tx), ∀x ∈ X then by defining the relation ≪ ϕ ∈ X we get T

has a fixed point in X which is also unique.

Corollary 3.62.

(a) If in Theorem 3.61, a = b = θ then T will reduce to a Banach contraction

mapping and for this case ϕ is given by ϕ(x) = (I − c)−1d(x, Tx), for all

x ∈ X consequently T will have a unique fixed point in X

(b) If in Theorem 3.61 we put b = c = θ then T will reduce to a Kannan type

mapping and for this case ϕ is given by ϕ(x) = (I − 2a)−1(I − a)d(x, Tx),

for all x ∈ X and hence T has a unique fixed point in X.

(c) If in Theorem 3.61 we put a = c = θ then T will reduce to a Chatterjea type

mapping and for this case ϕ is given by ϕ(x) = (I − 2b)−1(I − b)d(x, Tx),

for all x ∈ X. So T must have a unique fixed point in X.

Theorem 3.63. [50] Let (X,A, d) be a complete commutative C∗-algebra-valued

metric space. If T : X → X is a continuous and surjective C∗-algebra-valued n-times

reasonable expansive mapping which satisfies

d(T nx, T ny) ⪰ h inf{d(x, y), d(y, T ny)} ∀x, y ∈ X(n ≥ 2, n ∈ N)

and the fixed element (constant) h ⪰ I, h ̸= I with (h− I) is invertible, then T has

a fixed point in X.
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3.24. Senapati and Dey (2018). Senapati and Dey [52] studied the work of

Xin et al. [46] and noticed that the common fixed point results of this article do not

produce any new result in literature. In fact the main results of this article coincide

with some consequences of previous published results.

Theorem 3.64. [52] Let (X,A, d) be a C∗-algebra-valued metric space. Suppose

that two mappings T, S : X −→ X satisfy d(Tx, S) ⪯ A∗d(x, y)A for any x, y ∈ X

and A ∈ A with ∥A∥ < 1. Then Tx = Sx for all x ∈ X.

Remark 3.40. [52] From the above theorem, Senapati and Dey [52] observed

that Theorem 3.6 of [46] does not give anything new and it coincides with Theorem

2.1 of the work of Ma et al. [25]. Also Kadelburg and Radenovic [18] proved that

fixed point results in this space are the direct consequences of metric fixed point

results.

3.25. Kalpana and Tasneem (2019). They Introduced the concept of C∗-

algebra-valued rectangular b-metric spaces as a generalization of C∗-algebra-valued

b-metric spaces. They proved the analogue of Banach contraction principle and

Kannan’s fixed point theorem in such space.

Definition 3.41. [20] Let X be a nonempty set and A ∈ A′ such that b ⪰ I.

Suppose the mapping d : X ×X −→ A satisfies:

(1) θ ⪯ d(x, y) for all x, y ∈ X and d(x, y) = θ iff x = y;

(2) d(x, y) = d(y, x) for all x, y ∈ X;

(3) d(x, y) ⪯ b[d(x, u)+d(u, v)+d(v, y)] for all x, y, u, v ∈ X and for all distinct

points u, v ∈ X − {x, y}.
Then d is called a C∗-algebra-valued rectangular b-metric on X and (X,A, d) is

called a C∗-algebra-valued rectangular b-metric space.

The main result of Kalpana and Tasneem [20] is the following.

Theorem 3.65. [20] If (X,A, d) is a complete C∗-algebra-valued rectangular b-

metric spaces and T : X → X is a contractive mapping, then there exists a unique

fixed point in X.

Theorem 3.66. [20] Let (X,A, d) is a complete C∗-algebra-valued rectangular

b-metric space. Suppose the mapping T : X → X satisfies

d(Tx, Ty) ⪯ A(d(Tx, x) + d(Ty, y))(∀x, y ∈ X)

where A ∈ A′
+ and ∥A∥ < 1

2
. Then there exists a unique fixed point in X.

3.26. Chandok, Kumar and Park (2019). Chandok et al. [8] initiated the

notion of C∗-algebra-valued partial metric space which is more general than partial

metric space. Some fixed point results using C-class functions on such spaces were

obtained.
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Definition 3.42. [32] Suppose that A is a unital C∗-algebra, then a continuous

function F : A+ × A+ −→ A is called a C∗-class function if for any A,B ∈ A+, the

following conditions hold

(1) F (A,B) ⪯ A,

(2) F (A,B) = A implies that either A = θ or B = θ.

The letter C∗ denotes the class of all C∗-class functions.

Let Ψ be the set of all continuous functions Ψ : A+ −→ A+ satisfying the

following conditions:

(i) Ψ is continuous and nondecreasing,

(ii) Ψ(A) = θ ⇔ A = θ.

Definition 3.43. [8] Let X be a nonempty set. A function p : X × X −→ A
is called a C∗-algebra-valued partial metric on X if the following conditions are

satisfied:

(p1) θ ⪯ p(x, y) for all x, y ∈ X and p(x, x) = p(y, y) = p(x, y) if and only if

x = y;

(p2) p(x, x) ⪯ p(x, y) for all x, y ∈ X;

(p3) p(x, y) = p(y, x) for all x, y ∈ X;

(p4) p(x, y) ⪯ p(x, z) + p(z, y) + p(z, z) for all x, y ∈ X.

Then the pair (X,A, p) is called a C∗-algebra-valued partial metric space.

Example 3.44. [8] Let X = [0, 1] and x ∈ A be a nonzero element. Define

p(s, t) = max{1 + s, 1 + t}xx∗. Then p : X × X −→ A is a C∗-algebra-valued

partial metric. But p : X × X −→ A is not a C∗-algebra-valued metric, since

p(s, s) = (1 + s)xx∗ ̸= θ

The main result of Chandok et al. [8] is the following.

Theorem 3.67. [8] Let (X,A, p) be a C∗-algebra-valued partial metric space and

T : X → X be a self mapping satisfying

ψ(p(Tx, Ty)) ⪯ F∗(ψ(p(x, y)), ϕ(p(x, y))) ∀ x, y ∈ X,

where ψ, ϕ ∈ Ψ and F∗ ∈ C∗. Then T has a unique fixed point.

Corollary 3.68. [8] Let (X,A, p) be a C∗-algebra-valued partial metric space

and T : X → X be a self mapping satisfying

ψ(p(Tx, Ty)) ⪯ ψ(p(x, y))− ϕ(p(x, y)) for all x, y ∈ X,

where ψ, ϕ ∈ Ψ and F∗ ∈ C∗. Then T has a unique fixed point.
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3.27. Ozer and Omran (2019). Ozer and Omran [44] established a new cou-

pled fixed point theorem for C∗-algebra-valued b-metric spaces. Their main result

is as follows.

Theorem 3.69. [44] Let (X,A, d) is a complete C∗-algebra-valued b-metric

spaces. Suppose the mapping T : X ×X → X satisfies

d(T (x, y), T (u, v)) ≤ b[Ad(x, u)A∗ +Bd(y, v)B∗],

for x, y, u, v ∈ X and A,B ∈ A, such that ∥A∥ ≤ 1
2
and ∥B∥ ≤ 1

2
. Then T has a

unique coupled fixed point.

Corollary 3.70. [44] Let (X,A, d) is a complete C∗-algebra-valued b-metric

spaces. Suppose the mapping T : X ×X → X satisfies

d(T (x, y), T (u, v)) ≤ A[d(x, u) + d(y, v)]A∗,

for x, y, u, v ∈ X and A ∈ A where ∥A∥ ≤ 1
2
. Then T has a unique coupled fixed

point.

3.28. Moeini et al. (2019). Moeini et al. [32] initiated the concept of C∗-

algebra-valuedM -metric spaces generalizing theM -metric spaces. Some fixed point

theorems are also established via C∗-class functions in such spaces.

Definition 3.45. [32] Let X be a non empty set. A function m : X ×X −→ A
is called a C∗-algebra-valued M -metric if the following conditions are satisfied:

(cm1) θ ⪯ m(x, y) for all x, y ∈ X and m(x, x) = m(y, y) = m(x, y) ⇔ x = y,

(cm2) m(x, x) and m(y, y) be comparable for all x, y ∈ X,

(cm3) mxy ⪯ m(x, y) for all x, y ∈ X, where mxy = min{m(x, x),m(y, y)},
(cm4) m(x, y) = m(y, x) for all x, y ∈ X,

(cm5) (m(x, y)−mxy) ⪯ (m(x, z)−mxz) + (m(z, y)−mzy) for all x, y, z ∈ X.

Then the pair (X,A,m) is called a C∗-algebra-valued M -metric space.

Remark 3.46. [32] Let (X,A,m) is called a C∗-algebra-valuedM -metric space.

Define Mxy by Mxy = max{m(x, x),m(y, y)}, for every x, y, z ∈ X, we have

(i) θ ⪯Mxy +mxy = m(x, x) +m(y, y);

(ii) θ ⪯Mxy −mxy = (m(x, x)−m(y, y)) ∨ (m(y, y)−m(x, x));

(iii) Mxy −mxy ⪯ (Mxz −mxz) + (Mzy −mzy).

Remark 3.47. According to the definition of a C∗-algebra-valued partial metric

and C∗-algebra-valued M -metric,

(i) if p(x, x) = min{p(x, x), p(y, y)} then, (p2) is replaced by min{p(x, x), p(y, y)} ≤
p(x, y), that is, condition (cm3).

(ii) If p(x, x) = min{p(x, x), p(y, y)} and p(z, z) = min{p(z, z), p(y, y)}, we

improve condition (p4) by subtracting p(x, x) on both sides to the form of

(cm5).
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Thus, every C∗-algebra-valued partial metric is C∗-algebra-valuedm-metric, but the

converse is not true as in the following examples.

Example 3.48. Let X = [0,∞) and A = M2(R). Define

m(x, y) =

[
x+y
2

0

0 x+y
2

]
,

it is easy to see that m(x, y) is a C∗-algebra-valued m-metric, but not C∗-algebra-

valued partial metric since, m(3, 3) > m(1, 3); that is, condition (p2) fails.

From Example 3.7, Remark 3.80 and Example 3.8, we obtain the following rela-

tion:

C∗-algebra-valued metric =⇒ C∗-algebra-valued partial metric =⇒
C∗-algebra-valued m-metric

The main result of Moeini et al. [32] is the following.

Theorem 3.71. [32] Let (X,A,m) be a C∗-algebra-valued M-metric space and

T : X −→ X be a self-mapping satisfying

ψ(m(Tx, Ty)) ⪯ F∗(ψ(m(x, y)), ϕ(m(x, y))) for all x, y ∈ X,

where ψ, ϕ ∈ Ψ and F∗ ∈ C∗. Then T has a unique fixed point.

Corollary 3.72. [32] Let (X,A,m) be a complete C∗-algebra-valued M-metric

space and T : X −→ X be a self-mapping satisfying

ψ(m(Tx, Ty)) ⪯ ψ(m(x, y))− ϕ(m(x, y)) for all x, y ∈ X,

where ψ, ϕ ∈ Ψ. Then T has a unique fixed point.

3.29. Prasad et al. (2019). Prasad et al. [45] established some results on

coincidence point and common fixed point theorems for a hybrid pair of single valued

and multivalued mappings in complete C∗-algebra-valued fuzzy soft metric spaces.

Definition 3.49. [45] Let C ⊆ E and E be the absolute fuzzy soft set that is

FE(e) = 1 for all e ∈ E. Let A denote the C∗-algebra. The C∗-algebra-valued fuzzy

soft metric using fuzzy soft points is defined as a mapping d : E×E −→ A satisfying

the following conditions.

(M0) θ ⪯ d(Fe1 , Fe2) for all Fe1 , Fe2 ∈ E.

(M1) d(Fe1 , Fe2) = θ ⇔ Fe1 = Fe2

(M2) d(Fe1 , Fe2) = d(Fe2 , Fe1)

(M3) d(Fe1 , Fe3) ⪯ d(Fe1 , Fe2) + (Fe2 , Fe3) ∀Fe1 , Fe2 , Fe3 ∈ E.

The fuzzy soft set E with the C∗-algebra-valued fuzzy soft metric d is called the

C∗-algebra-valued fuzzy soft metric space. It is denoted by (E,A, d).
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Definition 3.50. [45] Let (E,A, d) be a C∗-algebra-valued fuzzy soft met-

ric space. Suppose CB(E) be a class of all nonempty closed and bounded sub-

sets of E. For a points Fe1 , Fe2 ∈ E and X,Y ∈ CB(E), define DA(Fe1 , Y ) =

infGe1∈Y
d(Fe1 , Ge1). Let HA be the Hausdorff C∗-algebra-valued fuzzy soft metric

induced by the C∗-algebra-valued fuzzy soft metric d on E that is

HA(X,Y ) = max
{
supDA(Fe1 , Y ), supDA(X,Ge1)

}
, for all X,Y ∈ CB(E)

Theorem 3.73. [45] Let (E,A, d) be a complete C∗-algebra-valued fuzzy soft

metric space, and TE −→ CB(E) be a multivalued map satisfying

HA(TFe1 , TFe2) ⪯ a∗d(Fe1 , Fe2)a

for all Fe1 , Fe2 ∈ E, where a ∈ A with ∥a∥ < 1. Then T has a unique fixed point in

E.

Prasad et al. [45] also proved the couple fixed point result as follows.

Theorem 3.74. [45] Let (E,A, d) be a C∗-algebra-valued fuzzy soft metric space.

Suppose S, T : E × E −→ E and f, g : E −→ E be mappings satisfying:

(1) S(E × E) ⊆ g(E) and T (E × E) ⊆ f(E);

(2) {S, f} and {T, g} are ω-compatible pairs;

(3) one of f(E) or g(E) is complete C∗-algebra-valued fuzzy soft metric of E;

(4) d(S(Fe1 , Ge1), T (Fe2 , Ge2) ⪯ a∗d(fFe1 , gFe2)a + a∗d(fGe1 , gGe2)a, for all

Fe1, Fe2, Ge1, Ge2 ∈ E,

where a ∈ A with ∥
√
2a∥ < 1. Then S, T, f and g have a unique common coupled

fixed point in E × E.

3.30. Omran and Ozer (2020). Omran and Ozer [40] proved the coupled

fixed point theorem in C∗-algebra-valued metric spaces which get values in non-

comutative operators. They showed the existence and uniqueness of coupled fixed

point in such space.

Their main result are as follows.

Theorem 3.75. [40] Let (X,A, d) be a complete C∗-algebra-valued metric space.

The mapping T : X ×X −→ X satisfies

d(T (x, y), T (u, v)) ≤ Ad(x, u)A∗ +Bd(y, v)B∗

for x, y, u, v ∈ X and A,B ∈ A′
+, such that ∥A∥ ≤ 1

2
and ∥B∥ ≤ 1

2
. Then T has a

unique coupled fixed point.

Corollary 3.76. [40] Let (X,A, d) be a complete C∗-algebra-valued metric space.

Suppose that the mapping T : X ×X −→ X satisfies

d(T (x, y), T (u, v)) ≤ C[d(x, u) + d(y, v)]C∗

for x, y, u, v ∈ X and C ∈ A′
+, such that ∥C∥ ≤ 1

2
. Then T has a unique coupled

fixed point.
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3.31. Moeini, Isik and Aydi (2020). They initiated the concept of C∗-

algebra-valued Gb-metric spaces and proved the fixed point theorems for Banach

and Kannan types via C∗-class functions.

Definition 3.51. [33] Let A be a unital C∗-algebra and X be a nonempty set.

Let b ∈ A be such that ∥b∥ ≥ 1. A mapping G : X ×X ×X −→ A+ is said to be a

C∗-algebra-valued Gb-metric on X if

Gb1) G(x, y, z) = θ if x = y = z;

Gb2) θ ≺ G(x, x, y) for all x, y ∈ X with x ̸= y;

Gb3) G(x, x, y) ⪯ G(x, y, z) for all x, y, z ∈ X with y ̸= z;

Gb4) G(x, y, z) = G(p{x, y, z}), where p is a permutation of x, y, z;

Gb5) G(x, y, z) ⪯ b(G(x, a, a) +G(a, y, z)) for all x, y, z, a ∈ X.

The triplet (X,A, G) is called a C∗-algebra-valued Gb-metric space.

The main result of Moeini et al. [33] is the following.

Theorem 3.77. [33] Let (X,A, G) be a complete C∗-algebra-valued Gb-metric

space with b = (c.1A) > 1A and T : X −→ X be such that

σ((cε.1A)G(Tx, Ty, Tz)) ⪯ F∗ (σ(G(x, y, z)), ϑ(G(x, y, z))))

for all x, y, z ∈ X, where F∗ ∈ C∗, σ, ϑ ∈ Σ and ε ∈ (1,∞). Then T possesses a

unique fixed point.

Theorem 3.78. [33] Let (X,A, G) be a complete C∗-algebra-valued Gb-metric

space. Let T : X −→ X verifies for all x, y ∈ X,

σ(G(Tx, Ty, Ty)) ⪯ F∗(σ(m(x, y)), ϑ(m(x, y))),

where F∗ ∈ C∗, x, ϑ ∈ Σ, and

m(x, y) = c (G(x, Tx, Tx) +G(y, Ty, Ty)) ,

where c ∈ A′
+ and ∥c∥ < 1

2
. Then T possesses a unique fixed point.

3.32. Mlaiki, Asim and Imdad(2020). Mlaiki et al. [30] proved the fixed

point results by enlarging the class of C∗-algebra-valued partial metric spaces as

well as the class of C∗-algebra-valued b-metric spaces by introducing the class of

C∗-algebra-valued partial b-metric space.

Definition 3.52. [30] Let X ̸= ∅ and b ∈ A such that b < I. A mapping

d : X ×X −→ A is called a C∗-algebra-valued partial b-metric on X, if it satisfies

the following for all x, y, z ∈ X:

(i) d(x, y) ⪰ θ and x = y ⇔ d(x, x) = d(y, y) = d(x, y);

(ii) d(x, x) ⪯ d(y, x);

(iii) d(x, y) = d(y, x);

(iv) d(x, y) ⪯ b[d(x, z) + d(z, y)]− d(z, z).
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The triplet (X,A, d) is called a C∗-algebra-valued Partial b-metric space.

Note that, every C∗-algebra-valued b-metric space is a C∗-algebra-valued partial

b-metric space with zero self distance and every C∗-algebra-valued partial metric

space is a C∗-algebra-valued partial b-metric space with b = I, but the converse is

not true.

Example 3.53. [30] Let X = [0, 1) and A = M2(C), the class of bounded and

linear operators on a Hilbert space C2. Define d : X ×X −→ A by

d(x, y) =

[
|x− y|p 0

0 α|x− y|p
]
+

[
max{x, y}p 0

0 αmax{x, y}p
]

for all x, y ∈ X, α ≥ 0 and p ≥ 1. Then (X,A, d) is a C∗-algebra-valued partial

b-metric space with coefficient b = 2p−1I. However, it is easy to see that (X,A, d)
is neither a C∗-algebra-valued b-metric space nor a C∗-algebra-valued partial metric

space.

Definition 3.54. [30] Let (X,A, d) be a C∗-algebra-valued partial b-metric

space. A mapping T : X −→ X is said to be C∗
b -contraction if there exists A ∈ A

with ∥bA∥ < 1 such that

d(Tx, Ty) ⪯ A∗d(x, y)A, ∀ x, y ∈ X.

The main result of Mlaiki et al. [30] is the following.

Theorem 3.79. [30] Let (X,A, d) be a complete C∗-algebra-valued partial b-

metric space and T : X −→ X be a C∗
b -contraction. Then T has a unique fixed

point x ∈ X such that d(x, x) = θ.

Corollary 3.80. [30] Let (X,A, d) be a complete C∗-algebra-valued partial b-

metric space and T : X −→ X be a C∗
b -contraction. Afterwards, T has a unique

fixed point x ∈ X.

Corollary 3.81. [30] Let (X,A, d) be a complete C∗-algebra-valued partial b-

metric space and T : X −→ X be a C∗
b -contraction. Afterwards, T has a unique

fixed point x ∈ X, such that d(x, x) = θ.

3.33. Asim and Imdad(2020). Asim and Imdad [2] introduced the notion

of C∗-algebra-valued extended b-metric spaces and used it to prove an analogue of

Banach Contraction Principle.

Definition 3.55. [2] Let X ̸= ∅ and E : X × X −→ A′. The mapping dE :

X × X −→ A is called a C∗-algebra-valued extended b-metric on X, if it satisfies

the following (for all x, y, z ∈ X):

(1) dE(x, y) ⪰ θ and dE(x, y) = θ iff x = y;

(2) dE(x, y) = dE(x, y);
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(3) dE(x, y) ⪯ E(x, y)[dE(x, z) + dE(z, y)].

The triplet (X,A, dE) is called a C∗-algebra-valued extended b-metric space.

Remark 3.56. [2] Observe that, if E(x, y) = b ≥ I, then (X,A, dE) reduces to
a C∗-algebra-valued b-metric space.

C∗-algebra-valued metric space =⇒ C∗-algebra-valued b-metric space =⇒
C∗-algebra-valued extended b-metric space

Their main result is as follows.

Theorem 3.82. [2] Let (X,A, dE) be a complete C∗-algebra-valued extended b-

metric space and T : X −→ X satisfies the following:

dE(Tx, Ty) ⪯ A∗dE(x, y)A, ∀x, y ∈ X

where A ∈ A with ∥A∥ < 1 and lim
n,m→∞

E(xn, xm)∥A∥ ≺ I. Then T has a unique

fixed point x ∈ X.

Corollary 3.83. [2] Theorem 3.13 of Ma et al. [25] is immediate from theorem

3.98

3.34. Asim and Imdad (2020) II. Asim and Imdad II [3] introduced the

class of C∗-algebra-valued symmetric spaces and proved some fixed point results in

such space.

Definition 3.57. [3] SupposeX is a non-empty set. The mapping d : X×X −→
A is called a C∗-algebra-valued symmetric on X, if it satisfies the following for all

x, y ∈ X:

(i) d(x, y) ⪰ θ and d(x, y) = θ iff x = y;

(ii) d(x, y) = d(y, x).

The triplet (X,A, d) is called a C∗-algebra-valued symmetric space.

Definition 3.58. [3] Let (X,A, d) be a C∗-algebra-valued symmetric space. A

mapping T : X −→ X is said to be Kannan-Ciri’c type C∗-contraction if there exists

A ∈ A with ∥A∥ < 1 such that (for all x, y ∈ X)

d(Tx, Ty) ⪯ A∗max{d(x, Tx), d(y, Ty)}A

The main result of Asim and Imdad II [3] is the following.

Theorem 3.84. [3] Let (X,A, d) be a complete C∗-algebra-valued symmetric

space and T : X −→ X. Suppose that T is a Kannan-Ciri’c type C∗-contraction

and T is continuous. Then T has a unique fixed point x ∈ X.
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3.35. Kari, Rossafi and Massit (2021). They discussed the existence and

uniqueness of fixed points for a self-mapping defined on a C∗-algebra-valued rectan-

gular quasi-metric space.

Definition 3.59. [22] Let X be a non empty set. Suppose the mapping d :

X ×X −→ A+ satisfies:

(i) d(x, y) = θ if and only if x = y ; and θ ⪯ d(x, y) for all x, y ∈ X;

(ii) d(x, y) ⪯ d(x, u) + d(u, v) + d(v, y) for all x, u, v, y ∈ X and for all distinct

points u, v ∈ X ×X.

Then (X,A+, d) is called a C∗-algebra-valued rectangular quasi-metric space.

Remark 3.60. [22] The C∗-algebra-valued rectangular quasi-metric space gen-

eralise the C∗-algebra-valued metric space and C∗-algebra-valued rectangular metric

space.

The main result of Kari et al. [22] is the following.

Theorem 3.85. [22] Let (X,A, d) be a complete C∗-algebra-valued rectangular

quasi-metric space and let T : X −→ X is a C∗-algebra-valued contractive mapping

on X, then there exists a unique fixed point in X.

Theorem 3.86. [22] Let (XA, d) be a complete C∗-algebra-valued rectangular

quasi-metric space and let T : X −→ X be a C∗-algebra-valued Kannan-type map-

ping on X. Then there exists a unique fixed point in X.

3.36. Massit and Rossafi (2021). Massit and Rossafi [29] extended the no-

tion of (ϕ, F )-contraction to C∗-algebra-valued metric spaces and established the

existence and uniqueness of fixed point.

Definition 3.61. [29] Suppose that P and Q are C∗-algebras. A mapping ϕ :

P −→ Q is said to be a ∗-homomorphism if:

(i) ϕ(αx+ βy) = αϕ(x) + βϕ(y) for all α, β ∈ C and x, y ∈ P ,

(ii) ϕ(xy) = ϕ(x)ϕ(y) for all x, y ∈ P ,

(iii) ϕ(x∗) = ϕ(x)∗ for all x ∈ P ,

(iv) ϕ maps the unit in P to the unit in Q.

Definition 3.62. [59] Let (X, d) be a complete metric space. A mapping T :

X −→ X is called an (ϕ, F )-contraction on (X, d) if there exists F ∈ F and ϕ ∈ Φ

such that

(d(Tx, Ty) > 0 ⇒ F (d(Tx, Ty) + ϕ(d(x, y)) ≤ F (d(x, y))

for all x, y ∈ X for which Tx ̸= Ty.

Definition 3.63. [29] Let F : A+ −→ A+ be a function satisfying:

(i) F is continuous and nondecreasing.
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(ii) F (t) = θ if and only if t = θ.

1. A mapping T : X −→ X is said to be a (ϕ, F ) C∗-algebra-valued contraction

of type(I) if there exists ϕ : A+ −→ A+ a ∗ -homomorphism such that

∀x, y ∈ X (d(Tx, Ty) ⪰ θ ⇒ F (d(Tx, Ty) + ϕ(d(x, y)) ⪯ F (d(x, y))

2. A mapping T : X −→ X is said to be a (ϕ, F ) C∗-algebra-valued contraction

of type(II) if there exists ϕ : A+ −→ A+ a ∗- homomorphism satisfying:

(a) ϕ(a) ≺ a for a ∈ A+

(b) Either ϕ(a) ⪯ d(x, y) or d(x, y) ⪯ ϕ(a), where a ∈ A+ and x, y ∈ X

(c) F (a) ≺ ϕ(a) such that

(d(Tx, Ty) ⪰ θ ⇒ F (d(Tx, Ty) + ϕ(d(x, y)) ⪯ F (M(x, y))

whereM(x, y) = a1d(x, y)+a2[d(Tx, y)+d(Ty, x)]+a3[d(Tx, x)+d(Ty, y)],

with a1, a2, a3 ≥ 0, a1 + 2a2 + 2a3 ≤ 1

3. T is said to be (ϕ, F )-Kannan-type C∗-algebra-valued contraction if there

exists ϕ satisfying (a),(b) and (c) such that d(Tx, Ty) ⪰ θ we have

F (d(Tx, Ty) + ϕ(d(x, y)) ⪯ F

(
d(x, Tx) + d(y, Ty)

2

)
.

4. T is said to be (ϕ, F )-Reich-type C∗-algebra-valued contraction if there

exists ϕ satisfy (a),(b) and (c) such that (d(Tx, Ty) ⪰ θ, we have

F (d(Tx, Ty) + ϕ(d(x, y)) ⪯ F

(
d(x, y) + d(x, Tx) + d(y, Ty)

3

)
.

Theorem 3.87. [29] Let (X,A, d) be a complete C∗-algebra-valued metric space

and let T : X −→ X be a (ϕ, F )-contraction mapping of type(I). Then T has a

unique fixed point x∗ ∈ X and for every x0 ∈ X a sequence {T nx0}n∈N is convergent

to x∗.

Theorem 3.88. [29] Let (X,A, d) be a complete C∗-algebra-valued metric space.

Let T : X −→ X be a (ϕ, F )-contraction mapping of type (II), Then, T has a fixed

point.

Theorem 3.89. [29] Let (X,A, d) be a complete C∗-algebra-valued metric space.

Let T : X −→ X be a (ϕ, F )-Kannan-type C∗-algebra-valued contraction. Then T

has a unique fixed point.

Theorem 3.90. [29] Let (X,A, d) be a complete C∗-algebra-valued metric space.

Let T : X −→ X be a (ϕ, F )- Reich-type C∗-algebra-valued contraction. Then T has

a unique fixed point.
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3.37. Kumar et al. (2021). Kumar et al. [24] proved some fixed point results

using C∗-class function within the context of C∗-algebra-valued metric space.

The main result of Kumar et al. [24] is the following.

Theorem 3.91. [24] Let (X,A, d) be a complete C∗-algebra-valued metric space

and T : X −→ X be a self mapping satisfying the following

φ(d(Tx, Ty)) ⪯ F∗(φ(d(x, y)), ϕ(d(x, y))), ∀x, y ∈ X,

where φ, ϕ ∈ Ψ and F∗ ∈ C∗. Then T has a unique fixed point.

Corollary 3.92. [24] Let (X,A, d) be a complete C∗-algebra-valued metric space

and T : X −→ X be a self mapping satisfying the following

φ(d(Tx, Ty)) ⪯ φ(d(x, y))− ϕ(d(x, y)), ∀x, y ∈ X,

where φ, ϕ ∈ Ψ and F∗ ∈ C∗. Then T has a unique fixed point.

3.38. Omran and Masmali (2021). Omran and Masmali [39] introduced a

version of α-admissible on C∗-algebra-valued b-metric space and proved some Banach

and common fixed point theorems using α-admissible.

Definition 3.64. [39] Let X be a non-empty set and αA : X × X −→ A′
+

be a function, we say that the self map T is αA-admissible if (x, y) ∈ X × X,

αA(x, y) ⪰ I ⇒ αA(Tx, Ty) ⪰ I, where I is the unity of A.

Definition 3.65. [39] let (T, S) : X −→ X be a continuous self mappings on X.

αA : X ×X −→ A+. (T, S) are said to be common αA-admissible if for any x0 ∈ X,

αA(x0, y) ⪰ I ⇒ αA(Tx0, Sy) ⪰ I ⇒ αA(T
2x0, S

2y) ⪰ I

The main result of Omran and Masmali [39] is the following.

Theorem 3.93. [39] Let (X,A, d) be a complete C∗-algebra- valued b-metric

space, with b ⪰ IA, b ∈ A′, ∥b∥∥A∥2 < 1. Suppose that T : X −→ X be a generalised

Lipschitz contraction satisfying the following conditions:

(i) T is αA-admissible;

(ii) There exists x0 ∈ X such that αA(x0, Tx0) ⪰ I;

(iii) T is continuous.

Then T has a fixed point.

Theorem 3.94. [39] Let (X,A, d) be complete C∗-algebra- valued b-metric space

and T, S : X −→ X such that

αA(x, y)d(Tx, Sy) ⪯ A∗d(x, y)A,

and ∥A∥ < 1, ∥b∥∥A∥2 < 1 and the following conditions are satisfies:

(i) (T, S) are common αA-admissible.

(ii) there exists x0 ∈ X such that αA(x0, y) ⪰ I ⇒ αA(Tx0, Sy) ⪰ I.

(iii) T and S are continuous and have a common fixed point in X.



NOTES ON FIXED POINT RESULTS 51

3.39. Mustafa, Omran and Nguyen (2021). Mustafa et al. [38] established

fixed point theorems using ψ-contractive mapping in C∗-algebra-valued b-metric

space.

Their main result is the following.

Theorem 3.95. [38] Let (X,A, d) be a complete C∗-algebra-valued b-metric

space. Let T : X −→ X satisfies the following condition:

d(Tx, Ty) ⪯ A∗d(x, y)A− ψ(d(x, y))

where ψ is ∗-homomorphism, lim
d→∞

ψ(d) = ∞ and ∥b∥∥A∥2 < 1. Then, T has a fixed

point.

Theorem 3.96. [38] Let (X,A, d) be a complete C∗-algebra-valued b-metric

space. Let T : X −→ X be a contractive mapping function:

ψ(d(Tx, Ty)) ⪯ ϕ(d(x, y)),

where ψ is ∗-homomorphism and ϕ : A+ −→ A+ is a continuous function with the

constraint ψ(d) < ϕ(d). Then, T has a fixed point.

Theorem 3.97. [38] Let (X,A, d) be a complete C∗-algebra-valued b-metric

space. Let T : X −→ X be a contractive mapping function and ψ(d(Tx, Ty)) ⪯
ψ(M(x, y))− ϕ(d(x, y)), and

M(x, y) = a1d(x, y) + a2[d(Tx, y) + d(Ty, x)] + a3[d(Tx, x) + d(Ty, y)]

where b ∈ A+, a1, a2, a3 ≥ 0, a1 + 2a2b + 2a3 ≤ 1, ψ and ϕ are ∗-homomorphisms

and with the constraint ψ(d) < ϕ(d). Then, T has a fixed point.

3.40. Tomar and Joshi (2021). With the help of examples, Tomar and Joshi

[58] pointed out that the C∗-algebra-valued metric space is more general and results

in this space are proper generalizations of the corresponding results in the literature

in standard metric spaces.

They pointed out that functions have different nature in different spaces and the

results in C∗-algebra-valued metric space can not be reduced to their metric coun-

terparts unless C∗-algebra A is the set of real number R.

3.41. Rossafi, Massit and Kabaj (2022). Rossafi et al. [29] extended the

notion of (ψ,MF )-contraction to the frame work of C∗-algebra-valued metric spaces

and established the existence and uniqueness of fixed point.

Definition 3.66. [29] Let F : A+ −→ A+ be a function satisfying:

(i) F is continuous and nondecreasing.

(ii) F (t) = θ if and only if t = θ.
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A mapping T : X −→ X is said to be a (ψ,MF ) C∗-algebra-valued contraction

if there exists ϕ : A+ −→ A an ∗-homomorphism such that

∀x, y ∈ X;M(Tx, Ty) ⪰ θ ⇒ F (M(Tx, Ty)) + ϕ(M(x, y)) ⪯ F (M(x, y)),

where M(x, y) = max{d(x, y), d(x, Tx), d(y, Ty), d(x,Ty)+d(y,Tx)
2

}.

Theorem 3.98. [29] Let (X,A, d) be a complete C∗-algebra-valued metric space

and let T : X −→ X be a (ψ,MF )-C∗-algebra-valued contraction mapping. Then T

has a unique fixed point.

Theorem 3.99. [29] Let (X,A, d) be a complete C∗-algebra-valued metric space

and let T : X −→ X be a (ψ,MF ) C∗-algebra-valued contraction of Hardy Rogers

type where M(x, y) = α1d(x, y)+α2d(x, Tx)+α3d(y, Ty)+α4d(x, Ty)+α5d(y, Tx)

and αi ≥ 0, i ∈ {1, 2, 3, 4, 5} and α1+α2+α3+2α4+2α5 < 1. Then T has a unique

fixed point in X.

As a corollary, Rossafi et al. [29] showed that theorem 3.98 can be proved

using (ψ,MF )-Chaterjea type, (ψ,MF )-Kannan-type and (ψ,MF )-Riech-type C∗-

algebra-valued contraction.

3.42. Rashwan, Omran and Fangary (2022). Rashwan et al. [47] obtained

the Kannan and Chatterjee type fixed point theorems and their extension for a self

mappings in a complete C∗-algebra-valued b-metric space by using positive functions

on C∗-algebras.

Their main result is the following.

Theorem 3.100. [47] Let (X,A, d) be a complete C∗-algebra-valued b-metric

space. Let T : X −→ X be a self mapping satisfy the following contraction condition

d(Tx, Ty) ⪯ ψ(d(Tx, x) + d(Ty, y)),

where ψ : A+ −→ A+ satisfy the condition ∥ψ∥ < 1
2
. Then T has a unique fixed

point.

Theorem 3.101. [47] Let (X,A, d) be a complete C∗-algebra-valued b-metric

space. Let T : X −→ X be a self mapping satisfy the following contraction condition

d(Tx, Ty) ⪯ ψ

(
d(x, y)

2
+
d(Tx, x) + d(Ty, y)

2

)
,

where ψ : A+ −→ A+ satisfy the condition ∥ψ∥ < 1
4
. Then T has a unique fixed

point.

Theorem 3.102. [47] Let (X,A, d) be a complete C∗-algebra-valued b-metric

space. Let T : X −→ X be a self mapping satisfy the following contraction condition

d(Tx, Ty) ⪯ ψ(d(x, y) + d(Tx, y) + d(Ty, x)),
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where ψ : A+ −→ A+ satisfy the conditions ψ(b) ∈ A′
+ for all b ∈ A′

+ and

∥bψ(b)ψ∥ < 1
2
. Then T has a unique fixed point.

3.43. Mohanta and Biswas(2022). Mohanta and Biswas [35] obtained some

coincidence point and common fixed point results in C∗-algebra-valued partial metric

space. Their main result is as follows.

Theorem 3.103. [35] Let (X,A, p) be a 0-complete C∗-algebra-valued partial

metric space and T : X −→ X be a mapping. If there exists an A ∈ A with ∥A∥ < 1

such that p(Tx, Ty) ⪯ A∗p(x, y)A for all x, y ∈ X, then T has a unique fixed point

x(say) in X and p(x, x) = θ.

Theorem 3.104. [35] Let (X,A, p) be a 0-complete C∗-algebra-valued partial

metric space and the mapping T : X −→ X be such that

p(Tx, Ty) ⪯ A[p(Tx, x) + p(Ty, y)]

for all x, y ∈ X, where A ∈ A′
+ with ∥A∥ < 1

2
. Then, T has a unique fixed point

x(say) in X and p(x, x) = θ.

Remark 3.67. [35] Theorem 3.116 is a generalization of Kannan’s fixed point

theorem in metric spaces to C∗-algebra-valued partial metric spaces.

Theorem 3.105. [35] Let (X,A, p) be a C∗-algebra-valued partial metric space

and the mappings T, S : X −→ X satisfy the following condition

p(Tx, Ty) ⪯ A∗p(Sx, Sy)A

for all x, y ∈ X, where A ∈ A with ∥A∥ < 1. If T (X) ⊆ S(X) and S(X) is a

0-complete subspace of X, then T and S have a unique point of coincidence x(say)

in S(X) with p(x, x) = θ. Moreover, if T and S are weakly compatible, then T and

S have a unique common fixed point in S(X).

Theorem 3.106. [35] Let (X,A, p) be a C∗-algebra-valued partial metric space

and the mappings T, S : X −→ X satisfy the following condition

p(Tx, Ty) ⪯ A[p(Tx, Sy) + p(Ty, Sx)]

for all x, y ∈ X, where A ∈ A′
+ and ∥A∥ < 1

2
. If T (X) ⊆ S(X) and S(X) is a

0-complete subspace of X, then T and S have a unique point of coincidence x(say)

in S(X) with p(x, x) = θ. Moreover, if T and S are weakly compatible, then T and

S have a unique common fixed point in S(X).

3.44. Rossafi, Kari and Massit (2022). Rossafi et al. [49] extended a version

of α−ψ-contraction to C∗-algebra-valued rectangular b-metric spaces and established

the existence and uniqueness of fixed point.



54 AHMAD, SHAGARI, AND TIJJANI

Definition 3.68. [49] Let (X,A, d) be a C∗-algebra-valued b- rectangular metric

space and T : X −→ X is mapping, we say that T is an α−ψ-contractive mapping

if there exist two functions α : X ×X −→ A+ and ψ ∈ Ψ such that

α(x, y)d(Tx, Ty) ⪯ ψ(d(x, y)), ∀x, y ∈ X

The main result of Rossafi et al. [49] is the following.

Theorem 3.107. [49] Let (X,A, d) be a complete C∗-algebra-valued b- rectan-

gular metric space and T : X −→ X be an α−ψ-contractive mapping satisfying the

following conditions:

(i) T is α-admissible,

(ii) There exists x0 ∈ X such that α(x0, Tx0) ⪰ I,

(iii) for all x, y ∈ X ,there exists z ∈ X such that α(x, z) ⪰ I and α(y, z) ⪰ I,

(iv) T is continuous.

Then, T has a unique fixed point in X.

Theorem 3.108. [49]Let (X,A, d) be a complete C∗-algebra-valued b-rectangular

metric space and T : X −→ X be an α−ψ-contractive mapping of Kannan type i.e,

α(x, y)d(Tx, Ty) ⪯ ψ(d(Tx, x) + d(Ty, y))

for all x, y ∈ X, where ψ ∈ Ψ and α : X ×X −→ A+ and the following conditions

hold:

(i) T is α-admissible,

(ii) There exists x0 ∈ X such that α(x0, Tx0) ⪰ I,

(iii) T is continuous.

Then, T has a unique fixed point in X.

3.45. Malhotra, Kumar and Park (2022). They introduced the notion of

C∗-algebra-valued R-metric space and C∗-algebra-valued R-contractive map along

with some fixed point results.

Definition 3.69. [27] For a non-empty set X together with a unital C∗-algebra

A and binary relation R, define d : X × X −→ A. Then (X,A, d,R) is called

C∗-algebra-valued R-metric space if following are satisfied:

(1) (X,A, d) is a C∗-algebra-valued metric space;

(2) R is a binary relation on X.

Definition 3.70. [27] For a C∗-algebra-valued R-metric space (X,A, d,R), a

self map T : X −→ X is said to be C∗-algebra-valued R-contractive map if for

all x, y ∈ X with (x, y) ∈ R, there exists an A ∈ A where ∥A∥ < 1 such that

d(Tx, Ty) ⪯ A∗d(x, y)A.

The main result of Malhotra et al. [27] is the following.
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Theorem 3.109. [27] Let (X,A, d,R) be a C∗-algebra-valued R-metric space

and let Y be a complete C∗-algebra-valued R-subspace of X. If T : X −→ X is a

self map on X such that:

i) T (X) ⊆ Y ;

ii) T is R-preserving;

iii) There exists some x0 ∈ X such that (x0, y) ∈ R for all y ∈ T (X);

iv) T is C∗-algebra-valued R-contractive map;

v) Either T is R-continuous or R is d-self closed on Y .

Then T possesses a unique fixed point.

Theorem 3.110. [27] Let (X,A, d,R) be a C∗-algebra-valued R-metric space

and let Y be a complete C∗-algebra-valued R-subspace of X. If T : X −→ X is a

self map on X such that:

i) T (X) ⊆ Y ;

ii) T is R-preserving;

iii) There exists some x0 ∈ X such that (x0, y) ∈ R for all y ∈ T (X);

iv For all x, y ∈ X with (x, y) ∈ R, there exists an A ∈ A′
+, where ∥A∥ < 1

2

such that

d(Tx, Ty) ⪯ A(d(Tx, x) + d(Ty, y));

v) Either T is R-continuous or R is d-self closed on Y .

Then T possesses a unique fixed point.

3.46. Mani et al. (2022). Mani et al. [28] initiated the concept of C∗-algebra-

valued bipolar metric space and proved coupled fixed point theorems in such space.

Definition 3.71. [28] Let A be a C∗-algebra, and X, Y be two non-void sets.

A mapping ρ : X × Y −→ A+ be a function such that

(a) ρ(x, y) = 0 iff x = y, for all (x, y) ∈ X × Y .

(b) ρ(x, y) = ρ(y, x), for all x, y ∈ X ∩ Y .

(c) ρ(x, y) ≤ ρ(x, z) + ρ(x1, z) + ρ(x1, y), for all x, x1 ∈ X and z, y ∈ Y .

The 4-tuple (X, Y,A, ρ) is called a C∗-algebra-valued bipolar metric space.

The main result of Mani et al. [28] is the following.

Theorem 3.111. [28] . Let (X, Y,A, ρ) be a complete C∗-algebra-valued bipolar

metric space. Suppose T : (X2, Y 2,A, ρ) ⇒ (X, Y,A, ρ) is a covariant mapping such

that

ρ(T (x, y), T (u, v)) ⪯ A∗ρ(x, u)A+ A∗ρ(y, v)A ∀x, y ∈ X, u, v ∈ Y,

where A ∈ A with 2∥A∥2 < 1. Then the function T : X2 ∪ Y 2 −→ X ∪ Y has a

unique coupled fixed point.
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Theorem 3.112. [28] Let (X, Y,A, ρ) be a complete C∗-algebra-valued bipolar

metric space. Suppose T : (X×Y, Y ×X,A, ρ) ⇒ (X, Y,A, ρ) is a covariant mapping

such that

ρ(T (x, u), T (v, y)) ⪯ A∗ρ(x, v)A+ A∗ρ(y, u)A ∀x, y ∈ X, u, v ∈ Y

where A ∈ A with 2∥A∥2 < 1. Then the function T : (X × Y )∪ (Y ×X) −→ X ∪ Y
has a unique coupled fixed point.

3.47. Bouftouh, Kabbaj, Abdeljawad and Mukheimer (2022). They ini-

tiated the notion of C∗-algebra-valued b-asymmetric metric spaces and established

several fixed point theorems.

Definition 3.72. [7] Let X be a nonempty set and b ∈ A+ where b ⪰ 1A.

Suppose the mapping d : X ×X −→ A satisfies:

(i) θ ⪯ d(x, y) for all x, y ∈ X and d(x, y) = θ ⇔ x = y;

(ii) d(x, y) ⪯ b[d(x, z) + d(z, y)] for all x, y, z ∈ X.

Then d is called a C∗-algebra-valued b-asymmetric metric on X and (X,A, d) is
called a C∗-algebra-valued b-asymmetric metric space.

Their main result is as follows.

Theorem 3.113. [7] If (X,A, d) is a b-complete C∗-algebra-valued b-asymmetric

metric space and T : X −→ X is a C∗-algebra-valued contractive mapping on X,

then T admit a unique fixed point in X.

3.48. Maheswari et al. (2022). Maheswari et al. [26] proved some common

coupled fixed point theorems on complete C∗-algebra-valued partial b-metric spaces.

Their main result is the following.

Theorem 3.114. [26] Let (X,A, ρ) be a complete C∗-algebra-valued partial b-

metric space with coefficient s. Suppose that the mappings T : X × X −→ X and

S : X −→ X satisfy the following condition:

ρ(T (x, y), T (u, v)) ⪯ A∗ρ(Sx, Su)A+ A∗ρ(Sy, Sv)A for any x, y, u, v ∈ X,

where A ∈ A with ∥A∥ < 1√
2
and ∥b∥∥

√
2A∥2 < 1. If T (X ×X) ⊆ S(X) and S(X)

is complete in X, then T and S have a coupled coincidence point and ρ(Sx, Sx) = θ

and ρ(Sy, Sy) = θ . Moreover, if T and S are ω-compatible, then they have a unique

common coupled fixed point in X.

Theorem 3.115. [26] Let (X,A, ρ) be a complete C∗-algebra-valued partial b-

metric space with coefficient s. Suppose that the mappings T : X × X −→ X and

S : X −→ X satisfy the following condition:

ρ(T (x, y), T (u, v)) ⪯ aρ(T (x, y), Su) + bρ(T (u, v), Sx)
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for any x, y, u, v ∈ X, where a, b ∈ A′
+ with ∥a∥ + ∥b∥ < 1 and ∥sa∥ + ∥sb∥ < 1.

If T (X × X) ⊆ S(X) and S(X) is complete in X, then T and S have a coupled

coincidence point and ρ(Sx, Sx) = θ and ρ(Sy, Sy) = θ . Moreover, if T and S are

ω-compatible, then they have a unique common coupled fixed point in X.

3.49. Shagari et al. (2022). Shagari et al. [53] introduced the concepts of

C∗-algebra-valued F -contractions and C∗-algebra-valued F -Suzuki contractions and

proved the existence of fixed points for such mappings.

Definition 3.73. [53] Let F : A+ −→ A be a mapping satisfying the following

assumptions:

(A1) F is ≤-increasing;

(A2) for every sequence {An}n∈N ∈ A+,

lim
n→∞

An = θ if and only if lim
n→∞

∥F (An)∥ = ∞;

(A3) there exists k ∈ (0, 1) such that lim
A→θ

AkF (A) = θ.

Denote the family of mappings obeying (A1)-(A3) by AF .

Definition 3.74. [53] Let (X,A, d) be a C∗-algebra-valued metric space. A

mapping T : X −→ X is named a C∗-algebra-valued F -contraction if there exists

an A ∈ A+ with ∥A∥ < 1 such that for all x, y ∈ X,

d(Tx, Ty) ≻ θ implies A+ F (d(Tx, Ty)) ⪯ F (A∗d(x, y)A), where F ∈ AF .

Definition 3.75. [53] Let (X,A, d) be a C∗-algebra-valued metric space. A

mapping T : X −→ X is named a C∗-algebra-valued F -Suzuki contraction, if there

exists A ∈ A+ with ∥A∥ < 1
2
such that for all x, y ∈ X, x ̸= y,

Ad(x, Tx) ⪯ d(x, y) implies A+ F (d(Tx, Ty)) ⪯ F (A∗d(x, y)A), where F ∈ AF .

The main result of Shagari et al. [53] is the following.

Theorem 3.116. [53] Let (X,A, d) be a complete C∗-algebra-valued metric space

and T : X −→ X a C∗-algebra-valued F -contraction. Then, T has a unique fixed

point in X.

Theorem 3.117. [53] Let (X,A, d) be a complete C∗-algebra-valued metric space

and T : X −→ X a C∗-algebra-valued F -Suzuki contraction. Then T has a unique

fixed point in X.

Remark 3.76. [53] In Theorems 3.134 and 3.135, the completeness of X is

necessary and if ∥A∥ = 1 (or ∥A∥ = 1
2
), the mapping T may not have a fixed point.

Definition 3.77. Let (X,A, d) be a C∗-algebra-valued metric space. A mapping

T : X −→ X is called a C∗-algebra-valued F -Contraction of Hardy Rogers type if
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there exists A ∈ A+ with ∥A∥ < 1 and α, β, γ ∈ A′
+ with ∥α∥ + 2∥β∥ + 2∥γ∥ ≤ 1

such that for all x ∈ X, d(Tx, Ty) ≻ θ ⇒

A+ F (d(Tx, Ty)) ⪯ F (αd(x, y) + β[d(x, Tx) + d(y, Ty)] + γ[d(x, Ty) + d(y, Tx)]) .

(4)

Remark 3.78.

(i) If β = γ = θ, Definition 3.77 reduces to Definition 3.74 of [53].

(ii) If α = γ = θ, Definition 3.77 reduces C∗-algebra-valued F -contraction of

Kannan type.

(iii) If α = β = θ, Definition 3.77 reduces C∗-algebra-valued F -contraction of

Chatterjea type.

(iv) If γ = θ, Definition 3.77 reduces C∗-algebra-valued F -contraction of Reich

type.

Theorem 3.118. Let (X,A, d) be a complete C∗-algebra-valued metric space.

Suppose that T : X −→ X is continuous and T is C∗-algebra-valued F -Contraction

of Hardy Rogers type. Then there exists x ∈ X such that Tx = x. Moreover, if

either

(i) ∥α∥+ 2∥γ∥ < 1, or

(ii) ∥β∥+ ∥γ∥ < 1 and F is continuous, then the fixed point is unique.

Proof. Choose x0 ∈ X and define a sequence {xn}n∈N by x1 = Tx0, x2 = Tx1 =

T 2x0, ...xn+1 = Txn = T n+1x0. If A = θ, then for all n ∈ N d(x, y) = θ and the

result is trivial. Let dn = d(xn, xn+1) ∀n ∈ N ∪ {0}.
Suppose A ̸= θ and that θ ≺ d(xn, Txn) = d(Txn−1, Txn), n ∈ N. Using the

contractive condition 4 with x = xn−1 and y = xn, we have

A+ F (d(Txn−1, Txn))

⪯ F (αd(xn−1, xn) + β[d(xn−1, Txn−1) + d(xn, Txn)] + γ[d(xn, Txn−1) + d(xn−1, Txn])

= F (αd(xn−1, xn) + β[d(xn−1, xn) + d(xn, xn+1)] + γ[d(xn−1, xn+1) + d(xn, xn)])

⪯ F (αd(xn−1, xn) + β[d(xn−1, xn) + d(xn, xn+1)] + γ[d(xn−1, xn) + d(xn, xn+1)])

= F ((α+ β + γ)d(xn−1, xn) + (β + γ)d(xn+1, xn)) .

By the monotonicity of F , we have

d(Txn−1, Txn) = d(xn, xn+1) ⪯ (α+ β + γ)d(xn−1, xn) + (β + γ)d(xn+1, xn)

(I − β − γ)d(xn, xn+1) ⪯ (α+ β + γ)d(xn−1, xn).

Since ∥α∥+ 2∥β∥+ 2∥γ∥ = 1, then ∥α∥+2∥β∥+2∥γ∥
∥I∥−∥β∥−∥γ∥ ≤ 1. So,

d(xn, xn+1) ⪯
α+ β + γ

I − β − γ
d(xn−1, xn) = d(xn−1, xn).
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Now, A+ F (dn) ⪯ F (dn−1), for all n ∈ N, which implies

F (dn) ⪯ F (dn−1)−A

⪯ F (dn−2)− 2A ⪯ ...

⪯ F (d0)− nA

F (dn) ⪯ F (d0)− nA, ∀n ∈ N (5)

Taking the norm on both sides, we obtain, ∥F (dn)∥ −→ ∞ as n −→ ∞. By A2,

lim
n→∞

dn = θ, (6)

and from A3

lim
n→∞

∥dknF (dn)∥ = 0 for k ∈ (0, 1). (7)

By (5), we have that for all n ∈ N,

dknF (dn)− dknF (d0) ⪯ dkn[F (d0)− nA]− dknF (d0)

= −ndknA ⪯ θ.

Taking the limit on both sides and using (6) and (7) in the above inequality, we obtain

lim
n→∞

∥dknF (dn)∥ = 0.

Hence, there exists an n0 ∈ N with θ ≺ ndknA ⪯ I, for all n ≥ n0. Then,

∥dn∥ ≤ 1

∥A∥n
1
k

, ∀n ≥ n0.

So, for n, p ∈ N with p > 1, we have

d(xn, xn+p) ⪯ d(xn, xn+1) + d(xn+1, xn+2) + ...+ d(xn+p−1, xn+p)

= dn + dn+1 + ...+ dn+p−1

=

n+p−1∑
i=n

di ⪯

∥∥∥∥∥
∞∑
i=n

di

∥∥∥∥∥ I
⪯

∞∑
i=n

∥di∥I =

∞∑
i=n

∥∥∥∥A−1

i
1
k

∥∥∥∥ I
⪯ ∥A∥−1

∞∑
i=n

∥∥∥∥ 1

i
1
k

∥∥∥∥ I
⪯

∞∑
i=n

∥∥∥∥ 1

i
1
k

∥∥∥∥ I. (8)

Clearly, the series in (8) is convergent, i.e. ∥dn∥ −→ 0 as n −→ ∞. This implies that

{xn}n∈N is a Cauchy sequence in (X,A, d) and by completeness of the space, there exists
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x ∈ X with lim
n→∞

xn = lim
n→∞

Txn−1 = x. Since T is continuous with respect to A, then

d(x, Tx) = ∥d(xn, lim
n→∞

Txn)∥

= ∥ lim
n→∞

d(xn, xn+1)∥

= lim
n→∞

∥d(xn, xn+1)∥

= ∥d(x, x)∥ = 0.

This implies d(x, Tx) = θ ⇔ Tx = x. To show uniqueness, we assume y(̸= x) is

another fixed point of T . Then from (4),

A+ F (d(x, y)) = A+ F (d(Tx, Ty))

⪯ F (αd(x, y) + β[d(x, Tx) + d(y, Ty)] + γ[d(x, Ty) + d(y, Tx)])

= F (αd(x, y) + β[d(x, x) + d(y, y)] + γ[d(x, y) + d(y, x)])

= F ((α+ 2γ)d(x, y)) .

Since ∥α∥+ 2∥γ∥ < 1 and by A1,

∥d(x, y)∥ ≤ ∥(α+ 2γ)d(x, y)∥
< ∥d(x, y)∥,

a contraction. Hence x = y. Similarly, suppose F is continuous and assume contrary that

the fixed point is not unique, then

A+ F (d(xn+1, x)) =A+ F (d(Txn, Tx))

⪯F (αd(xn, x) + β[d(xn, Txn) + d(x, Tx)] + γ[d(xn, Tx) + d(x, Txn)])

=F (αd(xn, x) + β[d(xn, xn+1) + d(x, Tx)] + γ[d(xn, Tx) + d(xn, xn+1)]).

Letting n −→ ∞ and given that ∥α∥+ ∥γ∥ < 1 , we obtain

A+ F (d(x, Tx) ⪯ F ((β + γ)d(x, Tx))

⪯ F (d(x, Tx),

a contradiction. Hence the fixed point is unique. □

3.50. Shagari et al. (2022). The main contribution of the work of Shagari

et al. [54] is introducing the concept of C∗-algebra-valued simulation functions and

associated new classes of contractive mappings. The fixed point results in such space

were obtained.

Definition 3.79. [54] Let A be a unital C∗-algebra and f : A2
+ −→ A be a

mapping. Then, f is called a C∗-algebra-valued simulation function if it satisfies the

following conditions:

(f1) f is increasing with respect to its second argument; that is, for every choice

of t ∈ A+ such that for all s, r ∈ A+ with s ⪯ r, we have f(t, s) ⪯ f(t, r);

(f2) f(t, s) ⪯ s− t, for all t, s ⪰ θ;

(f3) If {tn}n∈N and {sn}n∈N are sequences in A− such that
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lim
n→∞

tn = lim
n→∞

sn ≻ θ, then

lim sup
n→∞

f(tn, sn) ≺ θ,

where A− = {x ∈ A : x ≻ θ}. We denote the family of functions satisfying

(f1)− (f3) by ZA.

Definition 3.80. [54] Let (X,A, d) be a C∗-algebra-valued metric space. We

say that T : X −→ X is a C∗-algebra-valued Z-contractive mapping with respect to

f ∈ ZA, if there exists an A ∈ A with ∥A∥ < 1 such that for all x, y ∈ X,

f(d(Tx, Ty), A∗d(x, y)A) ⪰ θ. (9)

The main result of the work of Shagari et al. [54] is the following.

Theorem 3.119. [54] Let (X,A, d) be a complete C∗-algebra-valued metric space.

Suppose that the mapping T : X −→ X satisfies the following conditions:

f(d(Tx, Ty), A(d(Tx, y) + d(Ty, x))) ⪰ θ,

for all x, y ∈ X, where f ∈ ZA, A ∈ A+ and ∥A∥ < 1. Then T has a unique fixed

point in X.

Theorem 3.120. [54] Let (X,A, d) be a complete C∗-algebra-valued metric space

and T : X −→ X is a C∗-algebra-valued Z-contractive mapping on X with respect

to f ∈ ZA. Then T has a unique fixed point in X.

Remark 3.81. [54] As a consequence, Shagari et al. [54] proved that Theorem

2.1 of [25] can be obtained using Theorem 3.120.
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