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ABSTRACT. In this paper, using direct and fixed point methods, we prove the gen-
eralized Hyers-Ulam stability of the following mixed additive-quadratic functional
equation:
z+y T —y 1
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in random normed spaces.
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1. Introduction

A classical question in the theory of functional equations is the following: “When
is it true that a function which approximately satisfies a functional equation must
be close to an exact solution of the equation?”. If the problem accepts a solution,
we say that the equation is stable. The first stability problem concerning group
homomorphisms was raised by Ulam [32] in 1940. In the next year, Hyers [10] gave
a positive answer to the above question for additive groups under the assumption
that the groups are Banach spaces. In 1978, Rassias [19] proved a generalization
of Hyers’s theorem for additive mappings. The result of Rassias has provided a lot
of influence during the last three decades in the development of a generalization
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of the Hyers-Ulam stability concept. This new concept is known as generalized
Hyers-Ulam stability or Hyers-Ulam-Rassias stability of functional equations (see
[1]-]29]). Furthermore, in 1994, a generalization of Rassias’s theorem was obtained
by Gavruta [9] by replacing the bound €(||z||P + ||y||?) by a general control function
¢(z,y). In 2008, a special case of Gavruta’s theorem for the unbounded Cauchy
difference was obtained by K.Ravi et al., by considering both sum and product of p
norms. The functional equation

fl@+y)+ fle—y) =2f(x) +2f(y)

is called a quadratic functional equation. In particular, every solution of the qua-
dratic functional equation is said to be a quadratic mapping. In 1983, a generalized
Hyers-Ulam stability problem for the quadratic functional equation was proved by
Skof [31] for mappings f : X — Y, where X is a normed space and Y is a Banach
space. In 1984, Cholewa [3] noticed that the theorem of Skof is still true if the rel-
evant domain X is replaced by an Abelian group and, in 2002, Czerwik [4] proved
the generalized Hyers-Ulam stability of the quadratic functional equation.

In this paper, we prove the generalized Hyers-Ulam stability of the following
mixed additive-quadratic functional equation:

2f () v 2f () = {6 @ - S+ G+ H-0)) )

in random normed spaces.

2. Preliminaries

In the sequel, we adopt the usual terminology, notions and conventions of the
theory of random normed spaces as in [30].

Throughout this paper, let I't denote the set of all probability distribution func-
tions I : R U [—o0,+00] — [0, 1] such that F' is left-continuous and nondecreasing
on R and F(0) =0, F(4+o00) = 1. It is clear that the set

DY ={F €T :I"F(—o0) = 1},

where [~ f(z) = lim;_,,— f(t), is a subset of T'". The set I'" is partially ordered by
the usual point-wise ordering of functions, that is, ' < G if and only if F(t) < G(¢)
for all ¢ € R. For any a > 0, the element H,(t) of D is defined by

i <
Ha(t):{ 0, if t<a,

1, if t>a.
We can easily show that the maximal element in I'* is the distribution function
Hy(t).

Definition 2.1. A function 7' : [0,1]*> — [0,1] is a continuous triangular norm
(briefly, a t-norm) if T" satisfies the following conditions:
(a) T is commutative and associative;
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(b) T is continuous;
(¢) T(x,1) =z for all x € [0, 1];
(d) T(z,y) < T(z,w) whenever x < z and y < w for all x,y, z,w € [0, 1].

Three typical examples of continuous t-norms are as follows: T'(z,y) = xv,
T(x,y) = max{a +b— 1,0}, T(z,y) = min(a,b). Recall that, if T is a t-norm and
{z,} is a sequence in [0,1], then T",z; is defined recursively by T ,x; = z; and
TP 2 = T(T' 2y, 3,) for all n > 2. TX, 2, is defined by T2, 4.

Definition 2.2. A random normed space (briefly, RN-space) is a triple (X, u, T),
where X is a vector space, T is a continuous ¢t-norm and g : X — D7 is a mapping
such that the following conditions hold:

(a) pz(t) = Hy(t) for all x € X and t > 0 if and only if z = 0;

(b) pax(t) = po(ig) for all a € R with a # 0, 2 € X and t > 0;

(€) paiy(t +5) > T(ps(t), py(s)) for all z,y € X and ¢, s > 0.

If the t-norm 7' is such that supy.,., T'(a,a) = 1, then every RN-space (X, 1, T)
is a metrizable linear topological space with the topology 7 (called the p-topology
or the (e, d)-topology, where € > 0 and A € (0,1)) induced by the base {U(e, A)} of
neighborhoods of 8, where

Ule, \) ={z € X :u,(e) >1— A}

Definition 2.3. Let (X, u, T) be an RN-space.

(1) A sequence {z,,} in X is said to be convergent to a point z € X (write
Ty — x asn — 00) if lim, o g, (t) =1 for all ¢ > 0.

(2) A sequence {x,} in X is called a Cauchy sequencein X if lim,, oo fiz, o, (t) =
1 for all ¢t > 0.

(3) The RN-space (X, u,T) is said to be complete if every Cauchy sequence in
X is convergent.

Theorem 2.1. ([30]) If (X, p,T) is an RN-space and {x,} is a sequence such
that x, — x, then lim,, o fi, () = pz(t).

Definition 2.4. Let X be a set. A function d : X x X — [0,00] is called a
generalized metric on X if d satisfies the following conditions:

(a) d(z,y) = 0 if and only if z = y for all z,y € X;

(b) d(z,y) = d(y,z) for all x,y € X;

(¢) d(x,z) < d(z,y) +d(y, z) for all z,y,z € X.

Theorem 2.2. Let (X,d) be a complete generalized metric space and J : X — X

be a strictly contractive mapping with Lipschitz constant L < 1. Then, for allx € X,
either

d(J"z, J""z) = 0o (2)

for all nonnegative integers n or there exists a positive integer ng such that
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(a) d(J"z, J"a) < oo for all ng > ny;

(b) the sequence {J"x} converges to a fized point y* of J;

(c) y* is the unique fized point of J in the set Y = {y € X : d(J™x,y) < co};
(d) d(y,y*) < _Ld(y, Jy) forally €Y.

3. Random Stability of Functional Equation (1): Fixed Point Method

Let f: X — Y be an even mapping satisfying f(0) = 0 and (1). Then f is
a quadratic mapping, ie., 2f (22) + 2f (%) = f(z) + f(y) holds. Using the
fixed point method, we prove the generalized Hyers-Ulam stability of the additive-
quadratic functional equation (1) in random normed spaces.

Theorem 3.1. Let X be a linear space, (Y, u, Tyr) be a complete RN-space and
® be a mapping from X? to DT (®(x,y) is denoted by ®,,) such that there exists
I0<a< }l such that

Do.y (1) < By a) 3)

forallz,y € X andt > 0. Let f: X — Y be an even mapping satisfying f(0) =
and satisfying

Hop(ztuypap(ese)- 3@t (1) 2 $oy(t) (4)

forallz,y € X andt > 0. Then there exist a unique quadratic mapping @Q : X —'Y
such that

Hi@)-Q() (1) = Pao((1 — 4a)t) (5)
forallz € X andt > 0.

PROOF. Putting y = 0 in (4), we have

[ap(z)— () (1) = Puolt) (6)

for all x € X and ¢t > 0. Consider the set S := {g : X — Y;¢(0) = 0} and the
generalized metric d in S defined by

d(f,g) = inf{u € (0,400) : fig(z)—n(z)(ut) > P o(t), Vo € X, t > 0}, (7)

where inf () = +o00. It is easy to show that (S, d) is complete (see [18, Lemma 2.1]).
Now, we consider a linear mapping J : S — S such that

Jh(z) = 4h(5) (8)

for all z € X. First, we prove that J is a strictly contractive mapping with the
Lipschitz constant 4. In fact, let g,h € S be such that d(g,h) < A. Then we have
Hg(z)—h(z) (AL) > Py o(t) for all z € X and ¢ > 0 and so

,LLJg(x) Jh(z (40[)\” ( )—h( % (Oé/\t) > @%Vo(at) Z Cbmvo(t) (9)
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for all z € X and ¢ > 0. Thus d(g, h) < X implies that d(Jg, Jh) < 4a\. This means
that d(Jg, Jh) < 4ad(g,h) for all g,h € S. It follows from (6) that d(f, Jf) < 1.
By Theorem 2.2, there exists a mapping ) : X — Y satisfying the following:

(1) @ is a fixed point of J, that is,

Q(3) = 0w (10)

for all x € X. The mapping @ is a unique fixed point of J in the set = {h €

S :d(g,h) < co}. This implies that A is a unique mapping satisfying (10) such that

there exists u € (0, 00) satisfying ftf)—a@)(ut) > @, 0(t) for all z € X and ¢t > 0.
(2) d(J"f,Q) — 0 as n — oo. This implies the equality

lim 4”f(2£n) — Q)

n—o0

for all z € X.
(3) d(f,Q) < “ID with f € Q, which implies the inequality d(f,Q) < 1=
and so

t

for all z € X and ¢ > 0. This implies that the inequality (5) holds. On the other
hand

t
K . ey 3GE) PR fGE) FG (t)ch%’%(—)
an2f (G H2f (G ) - —F =5~ == 22m A\ 4n

for all z,y € X, ¢t >0 and n > 1 and so, from (3), it follows that

t t
boa (L) 20
mam \gn ) = Y (404)”

Since lim,,_o (I)x»y((4;)n> =1for all z,y € X and t > 0, we have

MQQ(ITW)+2Q(L?)_3Q2(:C)+Q(2_w> _Q(zy)_Q(z_y) (t) - 17

for all x,y € X and t > 0. Since, f is even, ) is even too. Thus, the mapping
Q@ : X — Y is quadratic. This completes the proof. O

Corollary 3.2. Let X be a real normed space, 61,05 > 0 and p be a real number
with p € (1,400). Let f: X — Y be an even mapping satisfying f(0) =0 and

t
Mo przty =y Y2y f(x)— (t> Z P P (11>
20T+ T+ (EFE)— (@)= F () t+91(”IHp+||y|‘p+92HIH§_||yH§)

forallz,y € X andt > 0. Then there exist a unique quadratic mapping @Q : X —'Y
such that
) > (4P — 4)t
R P N A

forallx € X and t > 0.




62 AZADI KENARY
PROOF. The proof follows from Theorem 3.1 if we take

B, (1) = t
= = G el + Tl + Gl BTyl )

for all z,y € X and t > 0. In fact, if we choose o« = 477, then we get the desired
result. O

Similarly, we can obtain the following and so we omit the proof.

Theorem 3.3. Let X be a linear space, (Y, ju, Tyr) be a complete RN-space and
® be a mapping from X? to Dt (®(z,y) is denoted by ®,,) such that for some
0<a<4

B 4(1) < B, (0)

forallz,y € X andt > 0. Let f: X — Y be an even mapping satisfying f(0) = 0
and (4). Then there exist a unique quadratic mapping Q : X — Y such that

(4—a)t
ir-ainf®) 2 o )
forallz € X andt > 0.

Corollary 3.4. Let X be a real normed space, 0 > 0 and p be a real number
with p € (0,1). Let f: X — Y be an even mapping satisfying f(0) = 0 and (11).
Then there exist a unique quadratic mapping Q : X — Y such that

(4 — 4Pyt
2)-Q(x)(t) =
forallz € X andt > 0.

PrOOF. The proof follows from Theorem 3.3 if we take

t
(I)%y(t) = » » 2 D
t+ 01 (llzllP + [yl + Ozl 1yl )
for all x,y € X and t > 0. In fact, if we choose o = 4P, then we get the desired
result. OJ

Let f : X — Y be an odd mapping satisfying (1). Then f is an additive mapping,
ie., 2f (52) +2f (%5%) = 2f (=) holds.

Theorem 3.5. Let X be a linear space, (Y, 1, Tyr) be a complete RN-space and
® be a mapping from X? to DT (®(z,y) is denoted by D,,) such that there exists
0<a< % such that

Doz o(t) < @yo(at)

forallxz,y € X andt > 0. Let f: X — Y be an odd mapping satisfying (/). Then
there exist a unique additive mapping A : X — 'Y such that

[f (@) -A@) (E) 2 Pop(2(1 — 2a)2)
forallx € X and t > 0.
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PROOF. Putting y = 0 in (4), we have

t
H2f($)-1(@) (5) > ©;0(t)

for all z € X and t > 0. The rest of the proof is similar to the proof of Theorem
3.1. 0

Corollary 3.6. Let 01,05 > 0 and p be a real number with p € (1,4+00). Let
X be a normed vector space with norm || - ||. Let f : X — Y be an odd mapping
satisfying (11). Then there exist a unique additive mapping A : X — Y such that
(2r+1 — 22)¢
-1 2 Gy T 2oy [

forallz € X andt > 0.

PRrROOF. The proof follows from Theorem 3.5 if we take

By (1) = :
= = g el + Tl + Gall 5T E)

for all x,y € X and t > 0. In fact, if we choose o = 27P, then we get the desired
result. 0

Similarly, we can obtain the following and so we omit the proof.

Theorem 3.7. Let X be a linear space, (Y, p, Thr) be a complete RN-space and
® be a mapping from X* to DT (®(x,y) is denoted by P,,) such that there exists
0 < a <2 such that

D5 4(t) < By ()

forallx,y € X andt > 0. Let f: X — Y be an odd mapping satisfying (/). Then
there exist a unique additive mapping A : X — 'Y such that

[f(z)—A) (t) = %,o(@t)
forallz € X andt > 0.
PROOF. Putting y = 0 in (4), we have
pag()-2/() (1) = Pao(t) (12)
for all z € X and ¢ > 0. Replacing = by 2z in (13), we obtain
iyt (5) = Baeo(t) > B (). (13)

So, d(f,Jf) < §. The rest of the proof is similar to the proof of Theorem

3.1. UJ
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Corollary 3.8. Let 01,05 > 0 and p be a real number with p € (0,1). Let X be
a normed vector space with norm || -||. Let f: X — Y be an odd mapping satisfying
(11). Then there exist a unique additive mapping A : X —'Y such that
2(2 — 2¥)t
Hre)-ae () 2(2 — 20)t + 206, |||

forallx € X andt > 0.

PRrooF. The proof follows from Theorem 3.7 if we take

By (1) = :
= = g el + Tl + Gl 5 T9E)

for all z,y € X and t > 0. In fact, if we choose a = 2P, then we get the desired
result. 0

Theorem 3.9. Let X be a linear space, (Y, i, Tyr) be a complete RN-space and
® be a mapping from X? to DT (®(x,y) is denoted by ®,,) such that there exists
Il<a< }l such that

Doy 2y (t) < Pypy(at)
forallz,y € X andt > 0. Let f : X — Y be a mapping satisfying f(0) = 0 and (4).

Then there exist a unique quadratic mapping @ : X — Y and an additive mapping
A: X =Y such that

Hpw)-2=fa@ (5) z Tu (Mf(w—cz(x) (§> P Hf ()= A() <§>>
1 —4a)t
> Tu (fbx,o(%),cbm(a — 2a)t)>

forallz € X andt > 0.

4. Random Stability of Functional Equation (1): Direct method

Using direct method, we prove the generalized Hyers-Ulam stability of the additive-
quadratic functional equation (2.3) in random normed spaces.

Theorem 4.1. Let X be a real linear space, (Z, ', min) be an RN-space and
¢ : X? — 7 be a function such that there exists 0 < a < }l such that

Hoz, 1) () = Hagay) () (14)
for all z € X and t > 0 and lim,,_, /vL;;(L i)(fn) =1, forallx,y € X andt > 0.
2n72n

Let (Y, u, min) be a complete RN-space. If f : X — Y be an even mapping satisfying
f(0) =0 and

Mgf(%)ﬂf(%)_er@_M_M(t) 2 :ui;&(:c,y)<t) (15>

2 2 2 2
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forallz,y € X andt > 0. Then there exist a unique quadratic mapping @ : X —'Y
such that

1 @)-Q) (1) = M0y (1 — da)t). (16)
forallz € X andt > 0.

PROOF. Putting y = 0 in (15), we see that

faf(z)— () (t) = Hogo)(t) (17)

T

for all #z € X. Replacing = by 5% in (27) and using (14), we obtain

Haf(

= -fa () = kg e )—anf(20) ()
Panti f( sz )—an p( ) (471)

> Ho(z0)(t)
, t
2 Ho(w0) (;)
and so
, t
Panst () —an 1 (20 (1) 2 Hoa0) ( 4nan)'
Therefore
n—1
k k kK
M4"f(2%)ff(:r)(z4 o t) = Hplap(gE ) —ab () (Z”‘ t)
k=0
2 T (M4k+1f< I SICK 75))
2 Tl? 01 <H’;§ acO) )
= N¢>(m,0) (t>
This implies that
t
-0 (0) 2 Moo (St ) (18)
2 h—o 4Fat
Replacing z by 5 in (18), we obtain
t
M4n+pf(27ﬁrp)74pf(2'%)<t> > IU’/¢>(96,0) (Zn—i-p—l 4kOék> <19>
k=p

Since limy, n—o0 ey, 0)(W) = 1, it follows that {4"f(5%)} is a Cauchy
b k=p (e}

sequence in a complete RN—siaace (Y, u, min) and so there exists a point Q(z) € YV
such that lim,, . 4" f(57) = Q(z) for all z € X. Fix € X and put p = 0 in (19).
Then we obtain

t
a0 ® 2 i ()
fan f( )~ f(2) (T) 2 Hep(a,0) ST gk
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and so, for any § > 0,

HQ@)—f@)(t +0) = T(MQ(xH"f(Q%)((S%M4nf(2%)—f<x>(t)) (20)

t
> ot @ i (et )
> T Q@ -17 1)), Moy ST g
Taking n — oo in (20), we get
HQ@)— () (t +0) = L0 (1 — 4a)t). (21)
Since 0 is arbitrary, by taking 6 — 0 in (21), we get

Q) f () (t) > g0y (1 — d)t).
Replacing = and y by 5= and 2 in (15), respectively, we get

'
/
(t) 2 Hoz ) (4n)

for all x,y € X and ¢t > 0. Since lim,_, “¢(% %)(f) = 1, we conclude that C
satisfies (1).

To prove the uniqueness of the quadratic mapping (), assume that there exists
another quadratic mapping R : X — Y which satisfies (16). Then we have

) F(h) f<;—;z‘>

-2 ]

\
=
o |
3&

L
an2f( 29:;”1 J+2f (57T~

Q@) -r@)(t) = M pung(z) —anr(z)(t)

. , t t
> lim mm{M”Q(Q%)—Mf(Q%) (5) s Hhan f (&) —2nR(&) (5) }

, (1 —4a)t
>l s (o)
., (1 —4a)t
> i o (S )
Since lim,,_, oo (;;ff,zt = 00, we get lim,,_,q u;(x,o)((;;fﬁt) = 1.Therefore, it fol-
lows that pc()—p()(t) = 1 for all t > 0 and so Q(x) = R(x). This completes the
proof. O

Corollary 4.2. Let X be a real normed linear space, (Z, 1/, min) be an RN-space
and (Y, i, min) be a complete RN-space. Letr € (1,400) and 2o € Z. If f: X =Y
be an even mapping satisfying f(0) =0 and

(22)

. . ) . fles () > N (/
Pap(atu)rop(25e)- 20 1 16 L@J%”( ) = “(||xw+||y||r+u:c||?.||y||?>ZO( )

forall z,y € X and t > 0. Then, the limit Q(x) = lim, o 4" f(55) ewists for all
x € X and defines a unique quadratic mapping Q) : X —'Y such that

4" — 4
Hf(@)-Q) (t) = M||x|vzo< T t)

forallx € X and t > 0.
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PROOF. Let @ = 47" and ¢ : X? — Z be a mapping defined by ¢(z,y) =
(|lz|I" + [[ylI" + llz||%-]l¥||2) 20. Then, from Theorem 4.1, the conclusion follows. [

Theorem 4.3. Let X be a real linear space, (Z, 1/, min) be an RN-space and
¢ : X? — 7 be a function such that there exists 0 < o < 4 such that

M:b@f:?y)(t) > /L:;wb(:c,y) (t) (23)

forallx € X and t > 0 and lim,,_, /L;ﬁ(gnwny)(él"t) =1, forallz,y € X andt > 0.
Let (Y, p, min) be a complete RN-space. If f : X — Y be an even mapping satisfying
f(0) =0 and (15). Then there exist a unique quadratic mapping @ : X — Y such
that

14—«
r@-e@ (1) 2 Koo (Tt) (24)
forallz € X andt > 0.
PROOF. Putting y = 0 in (15), we see that
Parz)-£@) (8) 2 fi0)(t) (25)

for all z € X. Replacing = by 2z in (25)
4
ey 1200 (8) = Higony (48) = Hiioy (~t). (26)
The rest of the proof is similar to the proof of Theorem 4.1. O

Corollary 4.4. Let X be a real normed linear space, (Z, 1/, min) be an RN-space
and (Y, g, min) be a complete RN-space. Let zy € Z and f : X — Y be an even
mapping satisfying f(0) =0 and

Mo (et yop(esuy 32 | SCo)_fG) S (t) > sz (t)

for all z,y € X and t > 0. Then, the limit Q(x) = lim, o 4" f(55) ewists for all
x € X and defines a unique quadratic mapping Q) : X —'Y such that

1 (@)-Q(a) (B) 2 Hozy (3t)
forallz € X andt > 0.

PROOF. Let a = 1 and ¢ : X? — Z be a mapping defined by ¢(z,y) = 2.
Then, from Theorem 4.3, the conclusion follows. O

Theorem 4.5. Let X be a real linear space, (Z, 1/, min) be an RN-space and
¢: X? — 7 be a function such that there exists 0 < o < 2 such that

N:;S(Qx72y) (t) Z :u:)z(b(m,y) <t>
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forallz € X and t > 0 and lim,,_,, Niﬁ(m,zny)@nt) =1 forallxz,y € X andt > 0.
Let (Y, pi, min) be a complete RN-space. If f: X — Y be an odd mapping satisfying
(15). Then there exist a unique additive mapping A : X — 'Y such that

2(2 —«) t>

(67

!/

1) A () 2 Hoa0) (

forallz € X andt > 0.
PROOF. Putting y = 0 in (15), we see that
oy 120 (8) = iy (22) (21)

for all € X. Replacing x by 2"z in (27) and using (14), we obtain
/ +2 / 2n+2t
Piemtls iene) (t) > Hognt10)(2"7) 2> Moo <W>
The rest of the proof is similar to the proof of Theorem 4.1. 0

Corollary 4.6. Let X be a real normed linear space, (Z, 1/, min) be an RN-space
and (Y, u, min) be a complete RN-space. Let r € (0,1) and zo € Z. If f : X = Y
be an odd mapping satisfying (22). Then there ezists a unique additive mapping
A: X =Y such that

Hr@-Q@ (t) 2 Bajps (2772 = 2)t)
forallx € X and t > 0.

PROOF. Let @ = 277 and ¢ : X? — Z be a mapping defined by ¢(z,y) =
(|lz||” + ||y||” + ||| 2.|ly||Z)z0. Then, from Theorem 4.7, the conclusion follows. [

Theorem 4.7. Let X be a real linear space, (Z, 1/, min) be an RN-space and
¢ : X2 — Z be a function such that there exists 0 < o < % such that

ey ,g)(t) > (o) (1) (28)
(L&) =1 forallz,y € X and t > 0.

z
o) N 2"

Let (Y, p, min) be a complete RN-space. If f: X — Y be an odd mapping satisfying
(15). Then there exist a unique additive mapping A : X — Y such that

forallz € X and t > 0 and lim,,_, ,u’d)(

K@) —AG) () = Mooy (2(1 — 20)t).
forallz € X andt > 0.

PROOF. Putting y = 0 in (15), we see that

fiap(2)— 1) (1) = f 0y (21) (29)
for all z € X. Replacing = by 5 in (29) and using (28), we obtain

, 2t
Pans ()2 £ () (8) 2 Hoa0) (—Qnan>~

The rest of the proof is similar to the proof of Theorem 4.1. 0J
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Theorem 4.8. Let X be a real linear space, (Z, ', min) be an RN-space and
¢ : X? — 7 be a function such that there exists 0 < a < 2 such that

Hes(2.20) (F) = Mgy (1)

forallz € X and t > 0 and lim,,_,, “25(2%,2%;)(2”75) =1 forallx,y € X andt > 0.
Let (Y, u, min) be a complete RN-space. If f : X — Y be a mapping satisfying
f(0) =0 and (15). Then there exist a unique additive mapping A : X — Y and a
unique quadratic mapping QQ : X —'Y such that

2 -« 4—«
H2f (@)~ A@x) Q) (1) = T <M;5(x,0) <Tt> s H(,0) <Tt))’

forallx € X and t > 0.
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