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1. Introduction

Fréchet [6] introduced the concept of metric spaces, establishing the foundation
for a significant branch of mathematical research. Banach [2] made significant con-
tributions to this field by formulating the fixed point theorem, widely recognized as
one of the most important results in analysis and the cornerstone of metric fixed
point theory. This theorem has been extended in numerous directions, showcasing its
broad applicability. Since then, metric spaces have become fundamental to various
areas of mathematics, such as functional analysis, nonlinear analysis, and topology.
Many researchers have extensively generalized the structure of metric spaces.

The concept of the b-metric space was introduced by Czerwik [4], while Sedghi
et al. [14] developed the notion of the S-metric space. Numerous fixed-point the-
orems for various types of contractive mappings have been developed within these
spaces. Building on this foundation, Souayah et al. [15] introduced a novel structure
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known as the Sy-metric space, which is defined using b-metric and S-metric spaces.
Dhanraj et al. [5] establisheda fixed-point theorem by employing an orthogonal
Geraghty-type a-admissible contraction mapping in orthogonal complete Branciari
b-metric spaces and also utilized this to derive the existence and uniqueness of the
solution of the Volterra integral equation. Gnanaprakasam et al. [8] introduced or-
thogonal a-almost Istratescu contractions and proved fixed point results in b-metric
spaces. Gholidahneh et al. [7] extended modular b-metric spaces and obtained fixed
point results for ar-Meir-Keeler contractions. Igbal et al. [9] proposed a generalized
multivalued («, L)-almost contraction in b-metric spaces and established the exis-
tence and uniqueness of a fixed point. Igbal et al. [10] introduced generalized weak
contractions and established fixed point results in b-metric spaces. Mani et al. [11]
derived fixed point results in bicomplex valued b-metric spaces. Prakasam et al. [12]
established fixed point theorems for O-generalized contractions, generalizing known
results and demonstrating the existence of solutions to integral equations. Branciari
[3] established a fixed point theorem connected to the contraction mapping principle
of Banach and Caccioppoli Aage and Salunke [1] proved some fixed point theorems
for expansive self-maps in complete cone metric spaces.

In this paper, we present some fixed-point theorems for surjective mappings in
complete Spy-metric spaces, examining various conditions that guarantee the exis-
tence of these fixed points.

2. Preliminaries

Czerwik [4] defined b-metric space as follows;

Definition 2.1. [4] Let X be a non empty set and d : X x X — [0,00) be a
mapping satisfying following properties:
(i) d(z,y) =0 if and only if x = y for all z,y € X;
(ii) d(z,y) = d(y,z) for all z,y € X;
(iii) there exists a real number s > 1 such that

d(z,y) < sld(z, 2) + d(2,9)] ,

for all z,y,2z € X.

Then d is called a b-metric on X and the ordered pair (X, d) is called b-metric
space with coefficient s.

Sedghi et al. [14] introduced the notion of an S-metric space which is defined
as follows;

Definition 2.2. [14] Let X be a non empty set and S : X x X x X — [0,00)
be a mapping satisfying following properties:

(i) S(z,y,2) =0 if and only if z =y = z;
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(ii) S(z,y,2) < S(z,z,a)+S(y,y,a)+S(z, z,a), for all a, z,y, z € X (rectangle
inequality).
Then (X, S) is called a S-metric space.

Saji et al. [13] have proved some fixed point theorems for surjection satisfying
various expansion type condition in S-metric space which are as follows;

Theorem 2.1. [13] Let (X, S) be a complete S-metric space. Let T' be a surjec-
tive map from X into X such that

S(Tx, Tx, Ty) + mS(Tz,Tx,y) > aS(x,z,y) + bmax{S(Tz,Tx,x),S(Ty, Ty, x)},

for all x,y € X, where a,b,m > 0, a > m, and a+b—3m > 1. Then T has a
unique fized point.

Theorem 2.2. [13] Let (X, S) be a complete S-metric space. Let T be a surjec-
tive map from X into X such that

S(Tz, Tx,Ty) + mS(Tx,Tx,y) > aS(x,x,y) + bS(Tz, Tx,x) + cS(Ty, Ty, y),

forall z,y € X, where a,b,c >0, a—m >1, anda+b+c—3m > 1. Then T has
a unique fized point.

Souayah et al. [15] combined the concept of b-metric space and S-metric space
and introduced a new metric space called S,-metric space as follows;

Definition 2.3. [15] Let X be a non empty set and s > 1 be a given real
number. Then a mapping S, : X x X x X — [0,00) is said to be S,-metric on X,
if following properties are satisfied;

(i) Sp(z,y,2) =0if and only if x =y = z;
(11) Sb(l‘wra y) = Sb(ya y,xL
(iii) Sp(x,y,2) < 3[ Sp(z, x,a) + Sp(y, y,a) + Sp(z, 2, a)}, Vx,yza€X.

Then (X, Sp) is called a Sp-metric space.

Example 2.4. [15] Let X be a nonempty set with card(X) > 5. Suppose
X = X U Xy is a partition of X such that card(X;) > 4. Let s > 1. Then

0 ifx=y=2=0,
Sb(l',y, Z) = 3s if (ZE,y,Z) € lesa
1 if (l‘,y,Z) ¢Xfa

for all z,y,z € X, is a Sy-metric on X with coefficient s > 1.
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Example 2.5. Let X = {a,b,c} be a nonempty set and s > 1 be a real number.
Define the mapping S, : X x X x X — [0,00) as follows:

0 ife=y=z2,
1
Sp(z,y,2) = 5 if exactly two of z,y, z are equal,
1 if all three elements z,y, z are distinct.

Then
(i) Sp(z,y,2) =0if and only if z =y = z.
o If x =y = z, then Sy(z,y, z) = 0 by definition.
e Conversely, if Sy(z,y,2) = 0, the only case that satisfies this is = =
Y=z
(i) Sp(z,z,y) = Sp(y, y, v).
e Compute Sy(z,x,y): Sp(z,z,y) = %, since exactly two elements are
equal.
e Compute Sy(y,y,z): Sp(y,y,x) = %, since exactly two elements are
equal.
Hence, Sy(x, z,y) = Sp(y,y, x).
(i) Sp(z,y, 2) < s[Sp(z, z,t) + Sp(y, y, ) + Sp(z, 2, t)] for all z,y,z,t € X.
e Case 1: © =y = z. Then Sy(x,y,z) = 0, and the inequality holds
trivially.
e Case 2: Exactly two of x,y, 2 are equal. Without loss of generality
suppose that r =y =a,z =0b and t = c. Then

1
Sb(l'7y, Z) = Sb(aaa'7 b) - 5

and |
Sp(z, x,t) = Sp(a,a,c) = 3
1
Sb(y’ yvt) = Sb(b> ba C) = 57
1
Sp(z, 2,t) = Sp(b,b,¢c) = 5
Thus,

2 2 2) 2

e Case 3: x,y, z are distinct. Without loss of generality, let z = a,y =
b,z =cand t = a. Then

Sb($7y7z) = Sb<a7ba C) =1

1 1 1 3
s[Sv(z,z,t) + Sp(y, y,t) + Sp(z,2,t)] = s (— + =+ —) =_—s>1=Sy(r,y,2).

and
Sp(z,x,t) = Sp(a,a,a) =0,
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1
Sb(y7 yvt) - Sb(ba b: (l) = §a
1
Sp(z,2,t) = Sp(c, ¢, t) = 3
Therefore,
1 1
s (Sp(z,x,t) + Sp(y,y,t) + Sp(z, 2,t)) = s (O + 3 + 5) =s>1=8(x,y,2).

Thus, all properties of the Sy-metric are satisfied. Therefore, Sy is Sp-
metric on X.

3. Main Results
In this section, we propose some following results in complete Sy-metric space.

Theorem 3.1. Let (X, Sy) be a complete Sy-metric space and T be a surjective
mapping from X into X such that

Sp(Tz, Tz, Ty) + aSp(Tz, Tx,y) > BSp(z,x,y) + ymax {Sp(Tx, Tz, x), Sp(Ty, Ty, )},
(1)
for all x,y € X, where a,, 8,7 >0 and s > 1 is a real number such that 8 > as, 5+ v —
3as > 1,5 — s(a — v+ 2as+ 1) > 0. Then T has unique fixed point.

PROOF. Suppose T satisfies (1). Let g € X be an arbitrary point in X. We
define a sequence {x,} by Tz, = 2,1, forn =1,2,3,---. Put z = x, and y = 11
in (1), we get,

Sb(Txna TIn, Tmn—i—l) + Osz(TiL‘n, TIn, xn—i—l)
Zﬁsb(xna T, xn-l-l) + 7y max {Sb(Txna Tx’m fL’n)7 Sb(T"L‘n-FM Tn-‘rl? IEn)}

Sp(Tn—1,Tn_1,Zn) + @SH(Tp_1, Tpn_1, Tni1)
>BSy(Tn, T,y Tp1) + ymax {Sp(Tp_1, Tn_1, Tn), Sp(Tn, Tn, Tn)}
=BSp(Tn, Ty Tni1) + YSp(Tn_1, Tn_1, Tn)-
Therefore,
(1 = 7)Sp(xn—1,Tn-1,2n) ZLSe(xn, Tn, Tnt1) — @Sp(Sn—1, Tn—1, Tn+1)
>BSp(Tn, Tn, Tny1) — @8 [29(Tn—1, Tn-1, Tn) + Sp(Tnt1, Tnt1, Tn))
=BSy(Tn, Tn, Tni1) — as[28p(Tn-1, Tn—1, Tn) + Sp(Tn, Tn, Tnt1)]-
Therefore
(1 =~ +2as)(Sp(zn—1,Tn-1,2n) > (B — as)Sy(zyn, Tn, Tnt+1)-

It implies that
1 —~v+2as
B8 — as

Sb(xn7xn7mn+1) < Sb(xn—laxn—lamn) = ka($n_1,$n_1,ﬂfn),



6 SHARMA AND AAGE

where k = % < 1as 8+~ —3as > 1. Similarly, we can obtain Sy(zy, Tn, Tnt1) <

k%Sy(2n_2, Tn_2,Tn_1). Continuing this process, we obtain,
Sp(Tpy Ty Tpy1) < E"Sp(x0, 0, 21).
Setting Sy, = Sp(zn, Tn, Tni1), We get,
Sp < k™Sy, Vn eN.

Now, we prove that the sequence {z,} is a Cauchy sequence in X. Let m > n > ny,
for some ny € N. Then by repeated use of (iii) in the Definition 2.3, we get,

St(Tny Ty Tm) < 8 [28p(Tny Tny Tnt1) + Sp(Tm, Ty Tnt1)]
= s[2Sy(zn, Tn, Tnt1) + So(Tnt1, Tnt1, Tm)]
< 28Sy(xn, Tny Tpt1) + 5 [28S8(Tnt1, Tnt1s Tnt2) + So(Tm, T, Tnt2)]
=255, + 252811 + $Sy(Tpt2, Tnt2, Tm)
< 258y, 4 252841 + 25380 + -+ 25™7LS,,
< 2sS5, + 2828n+1 + 253Sn+2 4
< 25k Sy + 282k" TS, + 283K T28) + - - -
= 2sk" [1 + (sk) + (sk)* + (sk)* +---] So

1
= 28k" | ———— .
° <l—sk>so

Taking limit as n,m — oo, we get,

lim  Syp(Sn, Tn, Tm) = 0.
n,Mm—00

Therefore, {z,} is a Cauchy sequence in X. Since (X, Sp) is complete Sp-metric space,
the sequence {z,,} converges to a point say = in X. As T is subjective, there exists a point
y € X such that T'y = . Now, consider,

Sp(@n, Tn, ) = Sp(Txni1, Tp41, Ty)
> —aSy(Trpi1, Trnt1,y) + BSp(Tnt1, Tnt1,Y)
+ ymax {Sy(Txn+1, TTn+1, Tnt1), So(Ty, Ty, Tni1)}
= —aSp(Tn, Tn,Y) + BSp(Tn+1, Tnt1,Y)

+ ymax {Sy(xn, Tn, Tnt+1), Sp(T, 2, Tpi1)} -
Letting n — oo, we get,
Sb($,$,$) > —OéSb(fL’,LU,y) + BSb(.I‘, xvy) + 7y max {Sb(.’,ﬂ,l‘, .Z'), Sb($,$,$)} .

It implies that (8 — a)Sy(z,x,y) < 0. This is possible only if Sy(z,z,y) = 0, as
B > as > a. Therefore, we have © = y. Hence z is a fixed point of T. Now, to prove
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uniqueness, suppose z # = be another fixed point of T in X. Then,
Sp(z,x,2) = Sp(Tx, Tz, Tz)
> —aSy(Tx, Tx, z) + BSp(x, x, 2) + ymax {Sy(Tx, Tx,x), % (T2,Tz,x)}
= —aSy(z,x, 2) + BS(z, x, 2) + ymax {S(x, x,x), Sp(2, z,z)}
= —aSy(z,x, 2) + BSy(z, x, 2) + vSp(x, , 2)
> (B+7—a)S(z,z,2).
It implies that Sy(z, x, z) > Sy(z,x, z), because f+~v—a« > 0, which is a contradiction.

Therefore, we must have x = z. This proves uniqueness. 0

Theorem 3.2. Let (X, Sy) be a complete Sy-metric space and T be a surjective
mapping from X into X such that

Sp(Tx, Tz, Ty) + aSy(Tx, Tx,y) > BSp(x,x,y) + vSp(Tx, Tx,z) + §S,(Ty, Ty, y),

(2)
for all x,y € X, where o, 3,7v,6 > 0 with § > « and s > 1 is a real number such
that B+~v+0 —3as>1 and S+ 6+ s(y —2as —a— 1) > 0. Then T has unique
fized point.

PROOF. Suppose T satisfies equality (2). Let xy € X be an arbitrary point in X.
We define a sequence {x,} by Tz, = z,_1, forn=1,2,3,---. Put z =z, and y =
Tpy1 in (2), we get,

So(Txpn, Ty, Txpir) + aSp(Tay, T, Tpi1) >6Sp(Sns Tny Tng1) + Y (T, Ty, xy)
+ 0Sy(Txps1, TTpi1, Tnyt)-
Hence,
Sp(Tn_1,Tn_1,%n) + S Tp_1,Tn_1,Tnr1) =B (Tn, Tny Tna1) + YSe(Tn_1, Xn_1, Tn)
+ 0Sp(Tn, Ty Tps1)-
Therefore,

> (B4 0)Sp(n, Tny Tnt1) — @S (Tp—1, Tn_1,Tni1)
Z (6 + 5)Sb(xna T, xn-{—l)

— Qs [251)(1'71—1’ Tn—1, xn) + Sb(xn—i—la Tnt1, xn)} .

(1 - V)Sb(-z'nfl? Tn-1, a:n)

It implies that

1-— 2
Sb(xnaxn7$n+l < ﬁ —|—75—|; ;SSSb(xn—lvxn—bxn)-
1— 2
Therefore, Sy(zn, Tn, Tni1) < kSp(p_1,Tp_1, ), where k = ﬁjé—m
—as

Similarly we can obtain that Sy(z,, Tn, Tpi1) < k2Sy(2y_2, Tn_2, Tn_1). Continuing
the same process and setting S,, = Sy(Sy, T, Tni1), We obtain,

S, <k"S,, VneN.
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Now, we prove that the sequence {x,} is a Cauchy sequence in X. Let m > n >
ng, for some ny € N. Then by repeated use of (iii) in the Definition 2.3, we get,

Sp (T, Ty ) < 8[25(Tn, Ty Tn1) + Sp(Tmy Ty Tt1)]
= s [29(xn, T, Tna1) + Sp(Tnat, Tnat, Tm)]
< 28Sy(Tp, Ty Tpg1) + 82850 (Tni1, Tnats Tnro) + So(Tmy Ty Tro)
= 255, + 252Sp 11 + 555 (Tns, Tny2, Tm)
< 255, + 252811 + 25380+ -+ 2571
< 2sS, + 2325n+1 + 2535’n+2 + .-
< 2sk™Sy 4 252 k"LS) + 283K T2S, + - - -
= 2sk™ [1+ (sk) + (sk)* + (sk)® +---] So

n 1
= 2sk (1 — Skj) S().

Taking limit as n,m — co, we get,

lim  Sy(sp, Tn, Tm) = 0.
n,Mm—00

Therefore, {z,} is a Cauchy sequence in X. Since (X, S;) is complete S, metric
space, the sequence {z,,} converges to a point say = in X. As T is subjective, there
exists a point y € X such that Ty = x. Now,

Sp(Tn, Tn, ) = = Sp(Txnt1, Tony1, TY)
> — aSp(Tzn11, Tnt1,Y) + B(Tni1, Tnt1,Y) + VS (T2nt1, Tt 1, Tnt1)
+ 05 (Ty, Ty, y)
= - aSb(CCn, Ty Z/) + 5Sb(1:n+1a Tn+41, y) + ’YSb(fUn, Ty xn—i—l) + 6Sb($, Z, y)

Letting n — oo, we obtain,
Sb(l',l',y) > —OéSb(l',l',y) + BSb(ZL’,ZL‘, y) + ’}/Sb(ZL‘, :va) + 5Sb($7x>y)'

Therefore, (—a + 8+ §)Sp(z, x,y) < 0, which implies that Sy(z,z,y) =0 (as 8 > «
implies that —a + 8+ > 0) and hence = y, which shows that x is a fixed point of 7T'.
Now, to prove uniqueness, suppose z # x be another fixed point of 7" in X. Then,

Spy(z,x,2) = Sp(Tx, Tz, Tz)
> —aSy(Te, Tz, z) + BSp(x,x,2) + ¥Sp(Tx, Tz, x) + 6Sp(T2,Tz, 2)
= —aSy(z,x,z) + BSy(z, x, z) + ¥Sp(x, z, ) + 0SK(2, 2, 2)
> (8- a)Sy(z, 3, 2).

Therefore, Sy(z,x,z) > Sp(x,z,z), because f > «, a contradiction. Hence, we must
have x = z. This proves uniqueness. O
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Theorem 3.3. Let (X, Sy) be a complete Sy-metric space and T be a surjective
mapping from X into X such that

Sb(T[L‘,T{L‘,Ty) > ka(ZL‘,CU,y) + le(JZ,ZL‘,Ty)7 (3>

forall z,y € X, where k,l >0 with k+1 >0 and s > 1 is a real number such that
k > s. Then T has unique fixed point.

PROOF. Suppose T satisfies inequality (3). Let xg € X be an arbitrary point
in X. We define a sequence {z,} by Tz, = x,_1, for n = 1,2/3,.... Put z =
x, and y = T, in (3), we get,

So(Txp, Ty, Txpi1) > kSy(Tn, Tn, Tpir) + 1Sp(x0, T, TZhyq).
Therefore

Sp(Tn—1,Tn—1,Tn) > kSp

~—~

Ty Ty Tig1) + LSp( Ty Ty Tp).

1
Sp(Tp_1,Tp_1,%,). Taking a = % < 1, we

| =

It implies that Sy(x,, Tp, Tpe1) <
get,
Sb(xna o xn—i—l) S aSb(xn—h Tp—1, xn)

Similarly, we can show that Sy(z,,%n, Tni1) < &®Sy(Tn_9,Tn_2,7n_1). Con-
tinuing the same process, we obtain, Sy(Tp, Tn, Tni1) < a"Sp(x0, o, x1). Setting
Sy = Sp(Tp, Tn, Tni1), We get,

S, <a"Sy, VneN.

Now, we prove that the sequence {x,} is a Cauchy sequence in X. Let m > n >
ng, for some ny € N. Then by repeated use of (iii) in the Definition 2.3, we get,

So(Tny Ty T) < 8 [250 (s Ty Tia1) + So(Tony Tony Trv1)]
= $[2Sy(Tn, Tn, Tni1) + Sp(Tni1s Tost, Tm)]
< 28Sy(Tp, Ty Tpg1) + 8289 (Tni1, Tnats Tnro) + So(Tm, Ty Tota)
= 255, + 252Sp 11 + 555 (Tni, Tny2, Tm)
< 258, + 252811+ 253S, 04+ -+ 25718, 4
< 2sS, + 2825n+1 + 2335’n+2 + .-
< 25a™Sy + 25%k"TLS, + 2832 Sy 4 - - -
= 2sa” [1 + (sa) + (sa)® + (sa)® + -] S

1
= 2sa" < ) So.
1— s«

Taking limit as n,m — oo, we get,

lHm  Sp(Sn, Tn, Tm) = 0.
n,m—00
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Therefore, {z,} is a Cauchy sequence in X. Since (X, Sp) is complete S, metric
space, the sequence {z,,} converges to a point say = in X. As T is subjective, there
exists a point y € X such that Ty = z. Now, we have,

Sb(l'n, Tn, :L‘) = Sb(Txn-i-la Tmn—‘rh Ty)
> kSy(Tpg1s Tng1,¥) + 1Sp(Tng1, Tngr, TY)
- /{:Sb(an, Tn+1, y) + le(‘rn-Fl? Tni1, ZL')

Letting n — oo, we obtain, Sy(z,z,x) > kSy(z,x,y) + [Sp(z, z,x). Therefore,
kSy(x,z,y) < 0, which implies that Sy(z,z,y) = 0 (as &k > 1). It implies that
x = y. Therefore, x is a fixed point of T. Now, to prove uniqueness, suppose z # x
be another fixed point of 7" in X. Then,

Sp(x,z,2) = Sp(Tx, Tx,Tz)
> kSp(x,x,2) + 1Sp(x, 2, Tz)
= kSy(z,z, 2) + 1S(z, 2, 2)
= (k+1)Sy(z, x, 2).

It implies that Sy(x,x,z) > Sp(z,z,2) as k + 1 > 0, which is a contradiction.
Hence, we must have x = z. This proves the uniqueness. 0

Theorem 3.4. Let (X, Sy) be a complete Sy-metric space and T' be a surjective
mapping from X into X such that

Sp(Tx, Ty, Tz) > Q(Sp(Tx, Tx,x) + Sp(Ty, Ty,y) + Sp(T2,Tz,z2)), (4)

1
for all x,y,z € X, where 0 < Q) < 3 and s > 1 is a real number such that s <
1

Then T has a fixed point.

1-2Q°
PROOF. Suppose T satisfies (4). Let xy € X be an arbitrary point in X. We
define a sequence {z,} by Tx, =z, 1, forn=1,2,3,.... Put z =y =z, and z =

Tpi1 in (4), we get,
Sp(Txy, Txy, Trpi1) > Q(Sp(Txp, Ty, xn) + Sp(Txn, Ty, x,))
+ Sp(Txpi1, Txpi, Tpiy).
Therefore,
(1 =20)Sy(Txy, Txp, xn) > Sp(Txpi1, TThit, Tnst)
(1 —=2)Sy(Tp-1,Tn—1,Tn) = Sp(Tn, Tn, Tpi1)-

It implies that Sy(xp, Tn, Tnt1) < (1 —2Q)Sp(p—1, Tpo1,2,). Let k =1—20 <
1. Therefore, Sy(zp,Tn,Tni1) < kSp(Tp_1,Tn_1,%,). Similarly, we can obtain
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So(Try Ty Trs1) < k2Sy(Tp_2, Tp_2, 2,—1). Continuing the same process and setting
Sn = Sp(xp, Ty, Tny1), We obtain,

S, <k"Sy, ¥neEN.

Now, we prove that the sequence {x,} is a Cauchy sequence in X. Let m > n >
ng, for some ny € N. Then by repeated use of (iii) in the Definition 2.3, we get,

Sp (T, Ty ) < 8[250(Tn, Ty Tn1) + Sp(Tms Ty Tit1)]
= 5 [28y(Tn, Tn, Tny1) + Sp(Tni1, Trst, Tn)]
< 28Sp(Tn, Ty Tia1) + 5 (2890 (Tna1s Toa1s Toa2) + So(Tmy T, Tno)
=255, + 252,11 + Sy (Tpio, Tnya, Tom)
< 255, + 25281 + 253804+ -+ 2571
< 258, +25%S, 11+ 2538, 10+ - - -
< 25k™Sy + 25%k" TSy + 253k T2 S, 4 - - -
= 2sk™ [1 4 (sk) + (sk)* + (sk)* +---] So

n 1
= 2sk (1—3[{;) S().

Taking limit as n,m — oo, we get,

lim  Sy(sp, Tn, Tm) = 0.
n,M—00

Therefore, {z,} is a Cauchy sequence in X. Since (X, Sp) is complete S, metric
space, the sequence {z,,} converges to a point say = in X. As T is subjective, there
exists a point y € X such that Ty = x. Now, consider,

Sb(xna L, l‘) = Sb(T$n+1a Tl’n+1, Ty)
Z Q (Sb(TlL‘n+1, Txn-i—l: xn—i—l) + Sb(T'I’VH—h T:L‘n-l-la {L‘n+1) + Sb(Ty7 T?/, y))
> Q (QSb(mna T, xn-‘rl) + Sb(xv z, y)) :

Letting n — oo, we obtain Sy(x,z,z) > Q (2Sy(z, x,x) + Sp(x, x,y)). Therefore,

1
QSy(z,x,y) < 0. It implies that Sy(z,z,y) = 0 because 0 < Q < 3 Thus, z = vy,
which shows that x is a fixed point of T'. O

Example 3.1. Let X = {a,b, c} and consider Sy-metric defined in Example 2.5.
Define T': X — X as follows:
a if z =a,
T(z)=qc ifx=0,

b ifz=c
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Then, clearly T is a surjective mapping. Without loss of generality, let © =
a,y =0,z =c. Then

Sp(Tx, Ty, Tz) = Sp(Ta, Th,Tc) = Sy(a,c,b) =1,
Sy(Tx, Tx,z) = Sp(Ta,Ta,a) = Sy(a,a,a) =0,

Sy(Tx,Tx,x) = Sp(Ta,Ta,a) = Sy(a,a,a) =0,

1
Sp(Ty, Ty,y) = Sp(Tb, Th,b) = Sy(c,c,b) = o1

1
Sp(Tz,Tz,z) = Sp(Te,Te,c) = Sp(b,b,c) = 5

Therefore, by 0 < Q < %, we have

Q(Sy(Tx, Tx,z) + Sp(Ty, Ty, y) + Sp(Tz,Tz,2)) = <() + 1 + 1)

<=
<1
=Sy(Tz, Ty, T=z).
That is,
Sp(Tx, Ty, Tz) > Q(Sy(Tx, Tz, x) + Sp(Ty, Ty,y) + Sp(T2,Tz,2)) .

Therefore, T satisfies all the conditions of the Theorem 3.4. Hence, T has a fixed

point z = a.

4. Conclusions and Future Works

In this paper, we established several fixed-point theorems of surjective mappings
in complete Sp-metric spaces. There is a scope to study the existence of common
fixed point for two self mapping under certain conditions in complete Sp-metric

spaces.
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