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Abstract. In this paper, we present several fixed-point theorems for surjective

mappings in complete Sb-metric spaces. We explore various conditions under
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1. Introduction

Fréchet [6] introduced the concept of metric spaces, establishing the foundation

for a significant branch of mathematical research. Banach [2] made significant con-

tributions to this field by formulating the fixed point theorem, widely recognized as

one of the most important results in analysis and the cornerstone of metric fixed

point theory. This theorem has been extended in numerous directions, showcasing its

broad applicability. Since then, metric spaces have become fundamental to various

areas of mathematics, such as functional analysis, nonlinear analysis, and topology.

Many researchers have extensively generalized the structure of metric spaces.

The concept of the b-metric space was introduced by Czerwik [4], while Sedghi

et al. [14] developed the notion of the S-metric space. Numerous fixed-point the-

orems for various types of contractive mappings have been developed within these

spaces. Building on this foundation, Souayah et al. [15] introduced a novel structure
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known as the Sb-metric space, which is defined using b-metric and S-metric spaces.

Dhanraj et al. [5] establisheda fixed-point theorem by employing an orthogonal

Geraghty-type α-admissible contraction mapping in orthogonal complete Branciari

b-metric spaces and also utilized this to derive the existence and uniqueness of the

solution of the Volterra integral equation. Gnanaprakasam et al. [8] introduced or-

thogonal α-almost Istrat,escu contractions and proved fixed point results in b-metric

spaces. Gholidahneh et al. [7] extended modular b-metric spaces and obtained fixed

point results for αν̂-Meir-Keeler contractions. Iqbal et al. [9] proposed a generalized

multivalued (α,L)-almost contraction in b-metric spaces and established the exis-

tence and uniqueness of a fixed point. Iqbal et al. [10] introduced generalized weak

contractions and established fixed point results in b-metric spaces. Mani et al. [11]

derived fixed point results in bicomplex valued b-metric spaces. Prakasam et al. [12]

established fixed point theorems for O-generalized contractions, generalizing known

results and demonstrating the existence of solutions to integral equations. Branciari

[3] established a fixed point theorem connected to the contraction mapping principle

of Banach and Caccioppoli Aage and Salunke [1] proved some fixed point theorems

for expansive self-maps in complete cone metric spaces.

In this paper, we present some fixed-point theorems for surjective mappings in

complete Sb-metric spaces, examining various conditions that guarantee the exis-

tence of these fixed points.

2. Preliminaries

Czerwik [4] defined b-metric space as follows;

Definition 2.1. [4] Let X be a non empty set and d : X × X → [0,∞) be a

mapping satisfying following properties:

(i) d(x, y) = 0 if and only if x = y for all x, y ∈ X;

(ii) d(x, y) = d(y, x) for all x, y ∈ X;

(iii) there exists a real number s ≥ 1 such that

d(x, y) ≤ s[d(x, z) + d(z, y)] ,

for all x, y, z ∈ X.

Then d is called a b-metric on X and the ordered pair (X, d) is called b-metric

space with coefficient s.

Sedghi et al. [14] introduced the notion of an S-metric space which is defined

as follows;

Definition 2.2. [14] Let X be a non empty set and S : X ×X ×X → [0,∞)

be a mapping satisfying following properties:

(i) S(x, y, z) = 0 if and only if x = y = z;



ON FIXED POINT RESULTS IN Sb-METRIC SPACES 3

(ii) S(x, y, z) ≤ S(x, x, a)+S(y, y, a)+S(z, z, a), for all a, x, y, z ∈ X (rectangle

inequality).

Then (X,S) is called a S-metric space.

Saji et al. [13] have proved some fixed point theorems for surjection satisfying

various expansion type condition in S-metric space which are as follows;

Theorem 2.1. [13] Let (X,S) be a complete S-metric space. Let T be a surjec-

tive map from X into X such that

S(Tx, Tx, Ty) +mS(Tx, Tx, y) ≥ aS(x, x, y) + bmax{S(Tx, Tx, x), S(Ty, Ty, x)},

for all x, y ∈ X, where a, b,m > 0, a > m, and a + b − 3m > 1. Then T has a

unique fixed point.

Theorem 2.2. [13] Let (X,S) be a complete S-metric space. Let T be a surjec-

tive map from X into X such that

S(Tx, Tx, Ty) +mS(Tx, Tx, y) ≥ aS(x, x, y) + bS(Tx, Tx, x) + cS(Ty, Ty, y),

for all x, y ∈ X, where a, b, c > 0, a−m > 1, and a+ b+ c− 3m > 1. Then T has

a unique fixed point.

Souayah et al. [15] combined the concept of b-metric space and S-metric space

and introduced a new metric space called Sb-metric space as follows;

Definition 2.3. [15] Let X be a non empty set and s ≥ 1 be a given real

number. Then a mapping Sb : X ×X ×X → [0,∞) is said to be Sb-metric on X,

if following properties are satisfied;

(i) Sb(x, y, z) = 0 if and only if x = y = z;

(ii) Sb(x, x, y) = Sb(y, y, x);

(iii) Sb(x, y, z) ≤ s
[
Sb(x, x, a) + Sb(y, y, a) + Sb(z, z, a)

]
, ∀ x, y, z, a ∈ X.

Then (X,Sb) is called a Sb-metric space.

Example 2.4. [15] Let X be a nonempty set with card(X) ≥ 5. Suppose

X = X1 ∪X2 is a partition of X such that card(X1) ≥ 4. Let s ≥ 1 . Then

Sb(x, y, z) =


0 if x = y = z = 0,

3s if (x, y, z) ∈ X3
1 ,

1 if (x, y, z) /∈ X3
1 ,

for all x, y, z ∈ X, is a Sb-metric on X with coefficient s ≥ 1.
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Example 2.5. Let X = {a, b, c} be a nonempty set and s ≥ 1 be a real number.

Define the mapping Sb : X ×X ×X → [0,∞) as follows:

Sb(x, y, z) =


0 if x = y = z,
1

2
if exactly two of x, y, z are equal,

1 if all three elements x, y, z are distinct.

Then

(i) Sb(x, y, z) = 0 if and only if x = y = z.

• If x = y = z, then Sb(x, y, z) = 0 by definition.

• Conversely, if Sb(x, y, z) = 0, the only case that satisfies this is x =

y = z.

(ii) Sb(x, x, y) = Sb(y, y, x).

• Compute Sb(x, x, y): Sb(x, x, y) = 1
2
, since exactly two elements are

equal.

• Compute Sb(y, y, x): Sb(y, y, x) = 1
2
, since exactly two elements are

equal.

Hence, Sb(x, x, y) = Sb(y, y, x).

(iii) Sb(x, y, z) ≤ s
[
Sb(x, x, t) + Sb(y, y, t) + Sb(z, z, t)

]
for all x, y, z, t ∈ X.

• Case 1: x = y = z. Then Sb(x, y, z) = 0, and the inequality holds

trivially.

• Case 2: Exactly two of x, y, z are equal. Without loss of generality

suppose that x = y = a, z = b and t = c. Then

Sb(x, y, z) = Sb(a, a, b) =
1

2

and

Sb(x, x, t) = Sb(a, a, c) =
1

2
,

Sb(y, y, t) = Sb(b, b, c) =
1

2
,

Sb(z, z, t) = Sb(b, b, c) =
1

2
.

Thus,

s
[
Sb(x, x, t) + Sb(y, y, t) + Sb(z, z, t)

]
= s

(
1

2
+

1

2
+

1

2

)
=

3

2
s ≥ 1 = Sb(x, y, z).

• Case 3: x, y, z are distinct. Without loss of generality, let x = a, y =

b, z = c and t = a. Then

Sb(x, y, z) = Sb(a, b, c) = 1

and

Sb(x, x, t) = Sb(a, a, a) = 0,
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Sb(y, y, t) = Sb(b, b, a) =
1

2
,

Sb(z, z, t) = Sb(c, c, t) =
1

2
.

Therefore,

s (Sb(x, x, t) + Sb(y, y, t) + Sb(z, z, t)) = s

(
0 +

1

2
+

1

2

)
= s ≥ 1 = Sb(x, y, z).

Thus, all properties of the Sb-metric are satisfied. Therefore, Sb is Sb-

metric on X.

3. Main Results

In this section, we propose some following results in complete Sb-metric space.

Theorem 3.1. Let (X,Sb) be a complete Sb-metric space and T be a surjective
mapping from X into X such that

Sb(Tx, Tx, Ty) + αSb(Tx, Tx, y) ≥ βSb(x, x, y) + γmax {Sb(Tx, Tx, x), Sb(Ty, Ty, x)} ,
(1)

for all x, y ∈ X, where α, β, γ > 0 and s ≥ 1 is a real number such that β > αs, β + γ −
3αs > 1, β − s

(
α− γ + 2αs+ 1

)
> 0. Then T has unique fixed point.

Proof. Suppose T satisfies (1). Let x0 ∈ X be an arbitrary point in X. We

define a sequence {xn} by Txn = xn−1, for n = 1, 2, 3, · · · . Put x = xn and y = xn+1

in (1), we get,

Sb(Txn, Txn, Txn+1) + αSb(Txn, Txn, xn+1)

≥βSb(xn, xn, xn+1) + γmax {Sb(Txn, Txn, xn), Sb(Txn+1, Tn+1, xn)}

Sb(xn−1, xn−1, xn) + αSb(xn−1, xn−1, xn+1)

≥βSb(xn, xn, xn+1) + γmax {Sb(xn−1, xn−1, xn), Sb(xn, xn, xn)}
=βSb(xn, xn, xn+1) + γSb(xn−1, xn−1, xn).

Therefore,

(1− γ)Sb(xn−1, xn−1, xn) ≥βSb(xn, xn, xn+1)− αSb(sn−1, xn−1, xn+1)

≥βSb(xn, xn, xn+1)− αs
[
2Sb(xn−1, xn−1, xn) + Sb(xn+1, xn+1, xn)

]
=βSb(xn, xn, xn+1)− αs

[
2Sb(xn−1, xn−1, xn) + Sb(xn, xn, xn+1)

]
.

Therefore

(1− γ + 2αs)(Sb(xn−1, xn−1, xn) ≥ (β − αs)Sb(xn, xn, xn+1).

It implies that

Sb(xn, xn, xn+1) ≤
1− γ + 2αs

β − αs
Sb(xn−1, xn−1, xn) = kSb(xn−1, xn−1, xn),
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where k = 1−γ+2αs
β−αs < 1 as β + γ − 3αs > 1. Similarly, we can obtain Sb(xn, xn, xn+1) ≤

k2Sb(xn−2, xn−2, xn−1). Continuing this process, we obtain,

Sb(xn, xn, xn+1) ≤ knSb(x0, x0, x1).

Setting Sn = Sb(xn, xn, xn+1), we get,

Sn ≤ knS0, ∀n ∈ N.

Now, we prove that the sequence {xn} is a Cauchy sequence in X. Let m > n > n0,

for some n0 ∈ N. Then by repeated use of (iii) in the Definition 2.3, we get,

Sb(xn, xn, xm) ≤ s [2Sb(xn, xn, xn+1) + Sb(xm, xm, xn+1)]

= s [2Sb(xn, xn, xn+1) + Sb(xn+1, xn+1, xm)]

≤ 2sSb(xn, xn, xn+1) + s [2sSb(xn+1, xn+1, xn+2) + Sb(xm, xm, xn+2)]

= 2sSn + 2s2Sn+1 + sSb(xn+2, xn+2, xm)

≤ 2sSn + 2s2Sn+1 + 2s3Sn+2 + · · ·+ 2sm−1Sm−1

≤ 2sSn + 2s2Sn+1 + 2s3Sn+2 + · · ·

≤ 2sknS0 + 2s2kn+1S0 + 2s3kn+2S0 + · · ·

= 2skn
[
1 + (sk) + (sk)2 + (sk)3 + · · ·

]
S0

= 2skn
(

1

1− sk

)
S0.

Taking limit as n,m → ∞, we get,

lim
n,m→∞

Sb(sn, xn, xm) = 0.

Therefore, {xn} is a Cauchy sequence in X. Since (X,Sb) is complete Sb-metric space,

the sequence {xn} converges to a point say x in X. As T is subjective, there exists a point

y ∈ X such that Ty = x. Now, consider,

Sb(xn, xn, x) = Sb(Txn+1, Txn+1, T y)

≥ −αSb(Txn+1, Txn+1, y) + βSb(xn+1, xn+1, y)

+ γmax {Sb(Txn+1, Txn+1, xn+1), Sb(Ty, Ty, xn+1)}
= −αSb(xn, xn, y) + βSb(xn+1, xn+1, y)

+ γmax {Sb(xn, xn, xn+1), Sb(x, x, xn+1)} .

Letting n → ∞, we get,

Sb(x, x, x) ≥ −αSb(x, x, y) + βSb(x, x, y) + γmax {Sb(x, x, x), Sb(x, x, x)} .

It implies that (β − α)Sb(x, x, y) ≤ 0. This is possible only if Sb(x, x, y) = 0, as

β > αs > α. Therefore, we have x = y. Hence x is a fixed point of T . Now, to prove
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uniqueness, suppose z ̸= x be another fixed point of T in X. Then,

Sb(x, x, z) = Sb(Tx, Tx, Tz)

≥ −αSb(Tx, Tx, z) + βSb(x, x, z) + γmax {Sb(Tx, Tx, x), Sb(Tz, Tz, x)}
= −αSb(x, x, z) + βSb(x, x, z) + γmax {Sb(x, x, x), Sb(z, z, x)}
= −αSb(x, x, z) + βSb(x, x, z) + γSb(x, x, z)

≥ (β + γ − α)Sb(x, x, z).

It implies that Sb(x, x, z) > Sb(x, x, z), because β+γ−α > 0, which is a contradiction.

Therefore, we must have x = z. This proves uniqueness. □

Theorem 3.2. Let (X,Sb) be a complete Sb-metric space and T be a surjective

mapping from X into X such that

Sb(Tx, Tx, Ty) + αSb(Tx, Tx, y) ≥ βSb(x, x, y) + γSb(Tx, Tx, x) + δSb(Ty, Ty, y),

(2)

for all x, y ∈ X, where α, β, γ, δ > 0 with β > α and s ≥ 1 is a real number such

that β + γ + δ − 3αs > 1 and β + δ + s(γ − 2αs− α − 1) > 0. Then T has unique

fixed point.

Proof. Suppose T satisfies equality (2). Let x0 ∈ X be an arbitrary point in X.

We define a sequence {xn} by Txn = xn−1, for n = 1, 2, 3, · · · . Put x = xn and y =

xn+1 in (2), we get,

Sb(Txn, Txn, Txn+1) + αSb(Txn, Txn, xn+1) ≥βSb(Sn, xn, xn+1) + γSb(Txn, Txn, xn)

+ δSb(Txn+1, Txn+1, xn+1).

Hence,

Sb(xn−1, xn−1, xn) + αSb(xn−1, xn−1, xn+1) ≥βSb(xn, xn, xn+1) + γSb(xn−1, Xn−1, xn)

+ δSb(xn, xn, xn+1).

Therefore,

(1− γ)Sb(xn−1, xn−1, xn) ≥ (β + δ)Sb(xn, xn, xn+1)− αSb(xn−1, xn−1, xn+1)

≥ (β + δ)Sb(xn, xn, xn+1)

− αs
[
2Sb(xn−1, xn−1, xn) + Sb(xn+1, xn+1, xn)

]
.

It implies that

Sb(xn, xn, xn+1 ≤
1− γ + 2αs

β + δ − αs
Sb(xn−1, xn−1, xn).

Therefore, Sb(xn, xn, xn+1) ≤ kSb(xn−1, xn−1, xn), where k =
1− γ + 2αs

β + δ − αs
< 1.

Similarly we can obtain that Sb(xn, xn, xn+1) ≤ k2Sb(xn−2, xn−2, xn−1). Continuing

the same process and setting Sn = Sb(sn, xn, xn+1), we obtain,

Sn ≤ knS0, ∀n ∈ N.
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Now, we prove that the sequence {xn} is a Cauchy sequence in X. Let m > n >

n0, for some n0 ∈ N. Then by repeated use of (iii) in the Definition 2.3, we get,

Sb(xn, xn, xm) ≤ s [2Sb(xn, xn, xn+1) + Sb(xm, xm, xn+1)]

= s [2Sb(xn, xn, xn+1) + Sb(xn+1, xn+1, xm)]

≤ 2sSb(xn, xn, xn+1) + s [2sSb(xn+1, xn+1, xn+2) + Sb(xm, xm, xn+2]

= 2sSn + 2s2Sn+1 + sSb(xn+2, xn+2, xm)

≤ 2sSn + 2s2Sn+1 + 2s3Sn+2 + · · ·+ 2sm−1Sm−1

≤ 2sSn + 2s2Sn+1 + 2s3Sn+2 + · · ·
≤ 2sknS0 + 2s2kn+1S0 + 2s3kn+2S0 + · · ·
= 2skn

[
1 + (sk) + (sk)2 + (sk)3 + · · ·

]
S0

= 2skn

(
1

1− sk

)
S0.

Taking limit as n,m → ∞, we get,

lim
n,m→∞

Sb(sn, xn, xm) = 0.

Therefore, {xn} is a Cauchy sequence in X. Since (X,Sb) is complete Sb metric
space, the sequence {xn} converges to a point say x in X. As T is subjective, there
exists a point y ∈ X such that Ty = x. Now,

Sb(xn, xn, x) = = Sb(Txn+1, Txn+1, Ty)

≥− αSb(Txn+1, Tn+1, y) + βSb(xn+1, xn+1, y) + γSb(Txn+1, Txn+1, xn+1)

+ δSb(Ty, Ty, y)

=− αSb(xn, xn, y) + βSb(xn+1, xn+1, y) + γSb(xn, xn, xn+1) + δSb(x, x, y).

Letting n → ∞, we obtain,

Sb(x, x, y) ≥ −αSb(x, x, y) + βSb(x, x, y) + γSb(x, x, x) + δSb(x, x, y).

Therefore, (−α + β + δ)Sb(x, x, y) ≤ 0, which implies that Sb(x, x, y) = 0 (as β > α

implies that −α + β + δ > 0) and hence x = y, which shows that x is a fixed point of T .

Now, to prove uniqueness, suppose z ̸= x be another fixed point of T in X. Then,

Sb(x, x, z) = Sb(Tx, Tx, Tz)

≥ −αSb(Tx, Tx, z) + βSb(x, x, z) + γSb(Tx, Tx, x) + δSb(Tz, Tz, z)

= −αSb(x, x, z) + βSb(x, x, z) + γSb(x, x, x) + δSb(z, z, z)

≥ (β − α)Sb(x, x, z).

Therefore, Sb(x, x, z) > Sb(x, x, z), because β > α, a contradiction. Hence, we must

have x = z. This proves uniqueness. □
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Theorem 3.3. Let (X,Sb) be a complete Sb-metric space and T be a surjective

mapping from X into X such that

Sb(Tx, Tx, Ty) ≥ kSb(x, x, y) + lSb(x, x, Ty), (3)

for all x, y ∈ X, where k, l > 0 with k + l > 0 and s ≥ 1 is a real number such that

k > s. Then T has unique fixed point.

Proof. Suppose T satisfies inequality (3). Let x0 ∈ X be an arbitrary point

in X. We define a sequence {xn} by Txn = xn−1, for n = 1, 2, 3, . . .. Put x =

xn and y = xn+1 in (3), we get,

Sb(Txn, Txn, Txn+1) ≥ kSb(xn, xn, xn+1) + lSb(xn, xn, Txn+1).

Therefore

Sb(xn−1, xn−1, xn) ≥ kSb(xn, xn, xn+1) + lSb(xn, xn, xn).

It implies that Sb(xn, xn, xn+1) ≤ 1

k
Sb(xn−1, xn−1, xn). Taking α =

1

k
< 1, we

get,

Sb(xn, xn, xn+1) ≤ αSb(xn−1, xn−1, xn).

Similarly, we can show that Sb(xn, xn, xn+1) ≤ α2Sb(xn−2, xn−2, xn−1). Con-

tinuing the same process, we obtain, Sb(xn, xn, xn+1) ≤ αnSb(x0, x0, x1). Setting

Sn = Sb(xn, xn, xn+1), we get,

Sn ≤ αnS0, ∀n ∈ N.

Now, we prove that the sequence {xn} is a Cauchy sequence in X. Let m > n >

n0, for some n0 ∈ N. Then by repeated use of (iii) in the Definition 2.3, we get,

Sb(xn, xn, xm) ≤ s [2Sb(xn, xn, xn+1) + Sb(xm, xm, xn+1)]

= s [2Sb(xn, xn, xn+1) + Sb(xn+1, xn+1, xm)]

≤ 2sSb(xn, xn, xn+1) + s [2sSb(xn+1, xn+1, xn+2) + Sb(xm, xm, xn+2]

= 2sSn + 2s2Sn+1 + sSb(xn+2, xn+2, xm)

≤ 2sSn + 2s2Sn+1 + 2s3Sn+2 + · · ·+ 2sm−1Sm−1

≤ 2sSn + 2s2Sn+1 + 2s3Sn+2 + · · ·
≤ 2sαnS0 + 2s2kn+1S0 + 2s3αn+2S0 + · · ·
= 2sαn

[
1 + (sα) + (sα)2 + (sα)3 + · · ·

]
S0

= 2sαn

(
1

1− sα

)
S0.

Taking limit as n,m → ∞, we get,

lim
n,m→∞

Sb(sn, xn, xm) = 0.
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Therefore, {xn} is a Cauchy sequence in X. Since (X,Sb) is complete Sb metric

space, the sequence {xn} converges to a point say x in X. As T is subjective, there

exists a point y ∈ X such that Ty = x. Now, we have,

Sb(xn, xn, x) = Sb(Txn+1, Txn+1, T y)

≥ kSb(xn+1, xn+1, y) + lSb(xn+1, xn+1, T y)

= kSb(xn+1, xn+1, y) + lSb(xn+1, xn+1, x).

Letting n → ∞, we obtain, Sb(x, x, x) ≥ kSb(x, x, y) + lSb(x, x, x). Therefore,

kSb(x, x, y) ≤ 0, which implies that Sb(x, x, y) = 0 (as k > 1). It implies that

x = y. Therefore, x is a fixed point of T . Now, to prove uniqueness, suppose z ̸= x

be another fixed point of T in X. Then,

Sb(x, x, z) = Sb(Tx, Tx, Tz)

≥ kSb(x, x, z) + lSb(x, x, Tz)

= kSb(x, x, z) + lSb(x, x, z)

= (k + l)Sb(x, x, z).

It implies that Sb(x, x, z) > Sb(x, x, z) as k + l > 0, which is a contradiction.

Hence, we must have x = z. This proves the uniqueness. □

Theorem 3.4. Let (X,Sb) be a complete Sb-metric space and T be a surjective

mapping from X into X such that

Sb(Tx, Ty, Tz) ≥ Ω (Sb(Tx, Tx, x) + Sb(Ty, Ty, y) + Sb(Tz, Tz, z)) , (4)

for all x, y, z ∈ X, where 0 < Ω <
1

2
and s ≥ 1 is a real number such that s <

1

1− 2Ω
. Then T has a fixed point.

Proof. Suppose T satisfies (4). Let x0 ∈ X be an arbitrary point in X. We

define a sequence {xn} by Txn = xn−1, for n = 1, 2, 3, . . .. Put x = y = xn and z =

xn+1 in (4), we get,

Sb(Txn, Txn, Txn+1) ≥ Ω (Sb(Txn, Txn, xn) + Sb(Txn, Txn, xn))

+ Sb(Txn+1, Txn+1, xn+1).

Therefore,

(1− 2Ω)Sb(Txn, Txn, xn) ≥ Sb(Txn+1, Txn+1, xn+1)

(1− 2Ω)Sb(xn−1, xn−1, xn) ≥ Sb(xn, xn, xn+1).

It implies that Sb(xn, xn, xn+1) ≤ (1− 2Ω)Sb(xn−1, xn−1, xn). Let k = 1− 2Ω <

1. Therefore, Sb(xn, xn, xn+1) ≤ kSb(xn−1, xn−1, xn). Similarly, we can obtain
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Sb(xn, xn, xn+1) ≤ k2Sb(xn−2, xn−2, xn−1). Continuing the same process and setting

Sn = Sb(xn, xn, xn+1), we obtain,

Sn ≤ knS0, ∀n ∈ N .

Now, we prove that the sequence {xn} is a Cauchy sequence in X. Let m > n >

n0, for some n0 ∈ N. Then by repeated use of (iii) in the Definition 2.3, we get,

Sb(xn, xn, xm) ≤ s [2Sb(xn, xn, xn+1) + Sb(xm, xm, xn+1)]

= s [2Sb(xn, xn, xn+1) + Sb(xn+1, xn+1, xm)]

≤ 2sSb(xn, xn, xn+1) + s [2sSb(xn+1, xn+1, xn+2) + Sb(xm, xm, xn+2]

= 2sSn + 2s2Sn+1 + sSb(xn+2, xn+2, xm)

≤ 2sSn + 2s2Sn+1 + 2s3Sn+2 + · · ·+ 2sm−1Sm−1

≤ 2sSn + 2s2Sn+1 + 2s3Sn+2 + · · ·
≤ 2sknS0 + 2s2kn+1S0 + 2s3kn+2S0 + · · ·
= 2skn

[
1 + (sk) + (sk)2 + (sk)3 + · · ·

]
S0

= 2skn

(
1

1− sk

)
S0 .

Taking limit as n,m → ∞, we get,

lim
n,m→∞

Sb(sn, xn, xm) = 0.

Therefore, {xn} is a Cauchy sequence in X. Since (X,Sb) is complete Sb metric

space, the sequence {xn} converges to a point say x in X. As T is subjective, there

exists a point y ∈ X such that Ty = x. Now, consider,

Sb(xn, xn, x) = Sb(Txn+1, Txn+1, T y)

≥ Ω (Sb(Txn+1, Txn+1, xn+1) + Sb(Txn+1, Txn+1, xn+1) + Sb(Ty, Ty, y))

≥ Ω (2Sb(xn, xn, xn+1) + Sb(x, x, y)) .

Letting n → ∞, we obtain Sb(x, x, x) ≥ Ω (2Sb(x, x, x) + Sb(x, x, y)). Therefore,

ΩSb(x, x, y) ≤ 0. It implies that Sb(x, x, y) = 0 because 0 < Ω <
1

2
. Thus, x = y,

which shows that x is a fixed point of T . □

Example 3.1. Let X = {a, b, c} and consider Sb-metric defined in Example 2.5.

Define T : X → X as follows:

T (x) =


a if x = a,

c if x = b,

b if x = c.
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Then, clearly T is a surjective mapping. Without loss of generality, let x =

a, y = b, z = c. Then

Sb(Tx, Ty, Tz) = Sb(Ta, Tb, T c) = Sb(a, c, b) = 1,

Sb(Tx, Tx, x) = Sb(Ta, Ta, a) = Sb(a, a, a) = 0,

Sb(Tx, Tx, x) = Sb(Ta, Ta, a) = Sb(a, a, a) = 0,

Sb(Ty, Ty, y) = Sb(Tb, T b, b) = Sb(c, c, b) =
1

2
,

Sb(Tz, Tz, z) = Sb(Tc, T c, c) = Sb(b, b, c) =
1

2
.

Therefore, by 0 < Ω < 1
2
, we have

Ω (Sb(Tx, Tx, x) + Sb(Ty, Ty, y) + Sb(Tz, Tz, z)) =Ω

(
0 +

1

2
+

1

2

)
=Ω

<
1

2
<1

=Sb(Tx, Ty, Tz).

That is,

Sb(Tx, Ty, Tz) > Ω (Sb(Tx, Tx, x) + Sb(Ty, Ty, y) + Sb(Tz, Tz, z)) .

Therefore, T satisfies all the conditions of the Theorem 3.4. Hence, T has a fixed

point x = a.

4. Conclusions and Future Works

In this paper, we established several fixed-point theorems of surjective mappings

in complete Sb-metric spaces. There is a scope to study the existence of common

fixed point for two self mapping under certain conditions in complete Sb-metric

spaces.
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