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Some fixed point results on weighted rectangular
b-metric spaces

Mashkhas M. Hussein, Anter A. Al-Sayad, and Waleed M. Alfaqih*

ABSTRACT. In this paper, we prove some fixed point theorems for Reich contrac-
tion, Fisher contraction and Chatterjee contraction in the setting of rectangular
b-metric spaces by relaxing the rectangular inequality to include unequal weights.
Some examples are given which illustrate the newly proven results.

1. Introduction and Preliminaries

Metric fixed point theory is a relatively natural part of fixed point theory con-
cerning methods and results that involve properties of an essentially metrical nature.
The first result of this kind was proved on the setting of usual metric spaces in 1922
by the well-known Polish mathematician Banach [2] which, is often, refereed as Ba-
nach contraction principle. This principle ensures the existence and uniqueness of
a fixed point for any contraction mapping defined on a complete metric space. Ba-
nach principle has been extended and generalized on several ways. One of the most
famous ways to generalize Banach contraction principle is by changing the metric
and defining new metric spaces. In 1989, Bakhtin [1] and Czerwik [5] introduced
the notion of b-metric spaces as a generalization of metric spaces and they general-
ized Banach contraction theorem to such spaces. Similarly, [8] Khamsi and Hussain
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reintroduced the notion of a b-metric under the name metric-type and provided a
similar version of Banach contraction principle on the setting of metric-type spaces.
Branciari [3] presented the notion of a rectangular metric spaces and extended Ba-
nach result to such spaces. Thereafter, George et al. [7] introduced the notion
of rectangular b-metric spaces as a generalization of the notions of metric spaces,
rectangular metric spaces and b-metric spaces and proved a generalized version for
Banach contraction theorem on the setting of rectangular b-metric spaces. Singh
[11] provided a new generalization of a rectangular b-metric space by relaxing the
rectangular inequality to include unequal weights and he extended Banach contrac-
tion principle to such spaces. In this paper, we prove some fixed point theorems for
Reich contraction [10], Fisher contraction [6] and Chaterjee contraction [4] in the
setting of weighted rectangular b-metric spaces. Our results extend the main results
of Singh [11]. We exhibit the utility of ou results by construct some illustrative
examples.

Now, let us recall some basic definitions, notions and results which will be needed
in the sequel.

DEFINITION 1.1. [11] Let M be a nonempty set and ¥ : M x M — [0,00).
Assume that the following assumptions are satisfied:

(i): R(c,d) =0 if and only if c = d.

(ii): R(c,d) = R(d,c) for all c,d € M.

(iii): R(e,d) < wiR(c,u) + woR(u,v) + wsR(v,d) for all ¢,d € M and all
distinct points u,v € M — {c,d}, for fized postive real numbers wy,ws and
ws.

Then R is a weighted rectangular b-metric on M and (M, R) is a weighted rect-
angular b-metric space. If w1 = wes = w3 = 1, we get a rectangular b-metric space
and if w1 = wy = w3 = s > 1, we have a rectangular b-metric space with coefficient
S.

DEFINITION 1.2. [11] Let (M,R) be a weighted rectangular b-metric space and
{cn} be a sequence in M with ¢ € M. Then

(i): the sequence {c,} is called convergent in (M,R) if for every e > 0 there
exists N € N such that R (cp,c) < € for all n > N and is exemplified by
lim,, _.oo ¢, = C OT ¢;, — C AS N — O0.

(ii): the sequence {c,} is a Cauchy in (M,R) if for every e > 0 there exists
N € N such that p (¢, cpsp) < € foralln > N,p > 0 orlim, o0 p (Cp, Cnyp) =
0, for all p > 0.

(iii): (M,R) is said to be a complete weighted rectangular b-metric space if
every Cauchy sequence in M is converges to some ¢ € M.

Singh [11] proved the following theorems.
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THEOREM 1.1. [11] Let (M, R) be a complete weighted rectangular b-metric space
with weights wy,wy and ws and T : M — M be a mapping such that

R(Te, Td) < AMR(c,d), forallc,d € M, (1.1)
where 0 < A < min{1, \/%73} Then T has a unique fixed point in M.

THEOREM 1.2. [11] Let (M, R) be a complete weighted rectangular b-metric space
with weights wy,ws and wz and T : M — M be a mapping such that

R(Te,Td) < ANR(c,Tc)+R(d, Td)],Ve,d € M, (1.2)
where A\ < % ifws <1 and A < ﬁ@ if wg > 1. Then T has a unique fixed point in

M.

2. Main Results

In this section, we state and prove our main results as under.

THEOREM 2.1. Let (M,R) be a complete weighted rectangular b-metric space
with weights wy,wy and ws and T : M — M be a mapping such that

R(Te,Td) < A\R(c,Tc) + pR(d, Td) + dR(c,d),Ve,d € M, (2.1)

A+0
where)\+u+5<lifw3§1and1;< }u if wg > 1. Then T has a unique
—

7
fixed point in M.

PROOF. Let ¢y € M be an arbitrary point in M. Define {¢,} by ¢,+1 = Tc,, for
all n > 0. We show that {¢,} is a Cauchy sequence. Now, if there exists n € N such
that ¢,.1 = c,, then ¢, is a fixed point of T'. Otherwise, suppose that ¢, # ¢, for
all n > 0. Denote R(cy, ¢hy1) = R, for all n € N. Now, in view of (2.1), we have

R(cn, cnr1) = R(Tep-1,Tcy)
< MR(cp-1,Ten1) + pR(cn, Ten) + OR(cn-1, cn)
= A\R(cn_1,¢n) + uR(cn, Cni1) + 0R(cn_1,Cn)
(1 = w)R(cn, cpa1) < (A +6)R(cp1, )
R(cn, cnr1) < g%(cnl, Cn),
or

§Rn < A—Mgﬁn—l = 5%n—17
l—p

A+0
where § = 1; < 1. Repeating this process in (2.1), we obtain
—p

R < B"Ro. (2.2)
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Also, suppose that ¢ is not a periodic point of T', otherwise ¢y = ¢, for n > 2

which implies that

R(co, T'co) = R(cn, Tey)
§R(COJ Cl) - §R(CTU Cn+1)
Ro =N, < "Ny, (2.3)

this contradicts the fact $y # 0 or ¢; # ¢g. Thus, we suppose that ¢, # ¢, for all
n,m € N. Now

R (cnyCnre) =R (Tcp_1,Tcpiq)
<AR (cn-1, Ten—1) + R (cnyr, Tengr) + 0R(cn_1, Cnt1)
=R (ch_1,Cn) + R (Cpi1, Cnio) + OR(Ch_1, Cnr1)
<SAR (Cn_1, Cn) + R (i1, Cnro) + 0 [wiR (o1, ¢n) + woR (cp, Cra2)

+wsR (Cpi2, Cni1)],

that is,

)\+(5w1§R /L+5CU3

éR ny bn < n— §Rn )
(C C+2)_ 1—(5&)2 ! 1—5&)2 1

which together with (2.2) yields

2
R (. crrn) < A+ 0wy + [+ ows)B =y
1— (5w2

< A+ 0wy +p+ 5w3ﬁ"’1%0
1— (5&)2
— a/@n—lg%o
R < af IR,

(2.4)

where o = ’\H‘fl+5;5w3 . We shall show that the sequence {¢,} is a Cauchy sequence.

We consider the value of R (¢, ¢p,vx) in two cases.
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If k is odd, say 2m + 1, then using rectangular inequality and (2.2) we obtain

R (Cns Cnramr1) S wiR(cn, en1) + wokk (Cny1, Cnra) + wsR (Crr2, Coyamyr)
<Ry + w1 + ws [wiR (Cnpa, Cnrs) + wWak (Cas, Cura)
+w3R (Cnya; Cnsomi1)]
= wiRy, + weRyg1 + wawi Rygp + wawa Rty 3 + w§§R (Cntds Cngom1)
< (WiRn + waltngr) + w3 (iR g2 + wolt,y3)
+ Wi (W1 Rngs + woRnys) + -+ Wi Ry yom

m—1

q
Ws (Wl%an + W2%n+2q+1) + w3 R pom

||
[Ng

3
L

IA

wg (wlﬂn—&-Qq 4 w25n+2q+1) §R0 4 w§n6n+2m§R0

Il
o

q

m—1 m—1
= "Iy Z w§52q + B weRy Z wg?ﬁ?" + BH%OW:TBM

q=0 q=0

m—1 m—1
= B i Z (W?ﬁz)q + B Wy Ry Z (w352)q + 8" R (W?ﬁz)m
q=0

q=0
m—1 m—1
< B Ry (wgﬁQ)q + " R Z (W352)q
q=0 =0
+ BH%O (W352 < 1)
n w1 + w3
< "Ry {1 + 1——0‘1362} (2:5)

If k£ is even, say 2m, then using rectangular inequality and (2.2), we obtain

R (cn, Cnoom) < iR (Cn, Cnr1) + Wk (Cnat, Cna2) + wsR (Cpio, Cnrom)
<Ry + w1 + ws [wiR (Cpyo, Cnrs) + wWakk (Cras, Curd)]
+ WiR (Cnid, Crrom)
= w1 Ry + woRni1 + wswiRnt2 + wawaRnis + WIR (Cota, Crsam)
< (iR + woRni1) + ws (Wi Rny2 + woRnis) + w3 (Wi Rnys + woRnys)

m—2 m—1
+oe 4+ Ws (w1%n+2mf4 + w2§Rn+2m73) + Wsg i (Cn+2m727 Cn+2m)

m—2
. q m—1qx
= E Ws (WI%n+2q + WQ%nJr?qul) +ws %n+2m*2
q=0
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m—2
Z wg (w16n+2q + w26n+2q+1) §R0 + wgn—laﬂn+2m—2§}fe0

q=

IN

m—2 m—2

= BwiRo Y (wsB?)! + B Ry Y (wsB2)! + aB T Ry (wsB)"
q=0 q=0
m—2 m—2

< B"wi R (wsB?)" + B Ry (wsB?)" + af™ 'Ry

q=

< ﬁn_l [O&?Ro +

o

L=}
Il
o

(w1 + w2 3?) %o}
1 — w332 '

Hence, from (2.5) and (2)that lim, . R (¢p, cpix) = 0 for all £ > 0 and {¢,}
is Cauchy in (M, R). By the completeness of (M, R) there exists z € M such that
¢, — z. Now, we show that z is a fixed point of 7". Observe that

R(2,T2) <wiR(z,¢) + woRk (¢, Cnr1) + wsR (¢, T2)

=wiR (2, ¢,) + walky, + w3k (Tep, T'2)
<wiR (2, cn) +waly, + w3 [AR(cpn, Tepn) + pR (2, T2) 4+ 0R (cp, 2)]
(2, ¢n)

< wiR(z,¢n) + Wy + w3AR(cp, Cnpr) + wspR (2, T2) + w3oR (¢y, 2)

(1 —wsp) R (2,T2) < (w1 +w3d)R (2, ¢n) + (w2 + w3A) R, (2.2)

Taking the limit as n — oo in (2) we have p(z,7z) = 0. If v is another fixed
point of T. Then

R (z,v) =R(Tz,Tv)
< MR(2,Tz) + pR(v, Tv) + 0R(z, v)
= AMR(z, 2) + pR(v,v) + 0R(z,v)
= 0R(z,v) = 0.
Hence R (z,v) = 0 or z = v which proves the uniqueness. 0

Next, we state and prove our second main results as follows.

THEOREM 2.2. Let (M,R) be a complete weighted rectangular b-metric space
with weights wy,ws and ws and T : M — M be a mapping such that

R(Te,Td) < p[R(c, Td) + R(d, Tc)], Ve,d € X (2.3)

where p is a non-negative real number such that p < % ifws <1 and p < #@ if
w3 > 1. Then T has a unique fized point in M.

PROOF. For any arbitrary point ¢y € M, define a sequence {c,} in M by ¢,1 =
Tc, for all n > 0. If ¢,.1 = ¢,, then ¢, is a fixed point of T'. Otherwise, suppose
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that ¢, # ¢,41 for all n > 0. Let R (¢, cpy1) = Ry, for all n > 0. Observe that

R (e, ny1) =R (Ten,Tcy)

S H [§R (Cnfla Tcn) + s (cn7 Tcnfl)]

= p[R(cn-1, Cng1) + R (cn, )]
< ul (Cn—la Cn-H)
< R (en-1, cn) + R (cns Cnta)]
R, < L@%A
I —p
=afR, 1,

where o = t#- < 1. Repeat this process in (2.4), we obtain
N

§Rn S O./néRo.

(2.4)

(2.5)

Also, observe that ¢q is not a periodic point of T. Otherwise ¢y = ¢, for n > 2

which implies that

R (co, Teco) = R (cp, Tep)
R (607 Cl) =% (CTH Cn+1)
§R0 = %n S Ckng%o

(2.6)

a contradiction as Ry # 0 or ¢; # ¢g. Thus, we get that ¢, # ¢, for all n,m € N.

Now,
i (Cna Cn—i—?) =N (Tcn—h Tcn—H)
S M[%(C’n—h Tcn+l) + R (Cn—‘rlv Tcn—l)]
- ,U/§R(Cn—1> Cn+2) + NéR (Cn—l-lu Cn)

< R (Cp-1, ) + pwaR(cn, Cng2) + pwsR(cnra, Cny1) + 1R (Cng1s Cn)

that is,
w w
%(Cna Cn—i—?) S Hen 3%n—l + K §Rn + Hs
1 — pws 1 — pws 1 — pw
which together with (2.5) imply that
2
§R (C'm Cn+2) S . i s i psa Oén_lé}%o
1 — pws
< Hwy + po + pws a1,
1 — pws

that is,

R* (s Cngz) < KRy

2

— R
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pw1 Fpotpws
1—pwa
To do so, consider the value of R (¢, cpix) in two cases. If k is odd, say 2m + 1,

then using rectangular inequality and (2.2) we obtain

where k = . Now, we show that the sequence {c,} is a Cauchy sequence.

R (s cnvamt1) < w1l (e, cry1) + woR (Cntr, Cnr2) + w3 (Cpra, Crvomt)
< wiRy, + w1 + w3 [wiR (Craa, Cprs) + wokR (Cpas, Craa)
+wsR (Cata; Coram1)]
= wi Ry + wWaRnt1 + wawi Rz + wawsRnys + Wi R (Cotd, Coromsr)
< (wiRy, + woRpv1) + w3 (Wi Rns2 + woltnys)
+ w3 (W1 Rnsa + woRnys) + -+ W' Riom

— q
= w3 (w1 Rpr2g + woRntogi1) + w5 Rtom

S wg (wlan+2q + w2an+2q+1> §R0 + w;)nan—ﬂm%o

m—1 m—1
= w1 Ry wia? + oMWy g wia®l + a"Rowy'n*™

q=0 q=0
1

—_

m—

= a"m?RO Z (OJ;J,O&Q)q + Oén—HCUQ%Q (w3a2)q + a"éRo (W3O./2>m

Ji
~ o
Ji
<)

3
L

< a"w1§R0 (w3a2)q + oz"“wﬂﬁo (WgOéQ)q + OénERO (w3042 < 1)

Q
Il

o
Q
Il

o

(2.8)

If k is even, say 2m, then using rectangular inequality and (2.2) we obtain

R (cn, Cnaom) < iR (2n, cri1) + woR (Cni1, Cnro) + w3k (Cora, Corom)
< iRy + w1 + ws [wiR (Cnro, Cnrs) + wWakk (Cuas, Cuaa)]
+ wWIR (Crids Cntom)
= W Ry + Ry 1+ wswiRyro + wswoRn g3 + wWIR (Cora, Corom)
< (1 Ry + woRni1) + w3 (Wi Rng2 + wWoRni3) + w3 (W1 Rnya + Wopnis)

—92 -1
+ o wy T (Wi Rnom—a + wWoRnrom—3) + w5 R (Tpyom—2, Tntom)
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_ q —1opx
= wy(WiRnyoq +wolyiogn) + w3 Ry o

q=0
m—2
S wg (w O'/n-i-2q + wQan+2q+l) §RO + wén—loéan-ﬂm—QS%O
q=0
m—2 m—2
= o"w Ry Z (w3a2) + o™y Z (w3a2)q + aa" R, (wga ) -
q=0 q=0
m—2 m—2
<« wl%) (W3()é2) +()én+lc‘.)28%0 (WgOéQ) —|—Oza" 1§R
q=0 q=0
<! [oﬁfo + (w1 £ wn’) %01
1 — w302

As, lim, 0 R (¢n, cnyx) = 0 for all k > 0, it follows that {c,} is Cauchy in (M, R).
By the completeness of (M, R), there exists ¢* € M such that ¢, — ¢* as n — 0.
Next, we show that ¢* is a fixed point of T'. Observe that

R (5, Tc") <R () +waR (en, Cnpr) + wsR (cngr, T'c¥)
=wiR (¢, ¢) + woRky + wsR (Te,,, Tr)
<wR () + woly + wsp [R(cn, Te*) + R (F, Tey)]
<wR (¢, ¢n) + wolRy + wsp (Cp, Te*) + wspR(c*, 1)
< wiR (", ) + walk (Cn, Cnr1) + wspd (cn, ) + wapR(c™, cpir).

Taking the limit as n — oo in (2), we get R (¢*,T'¢*) = 0 or T'¢* = ¢*. Hence, ¢*
is a fixed point of T'. Finally, we prove the uniqueness of the fixed point of 7. To
do so, assume that ¢** is another fixed point of 7. Observe that

R(c*, ™) =R(Tc, Tc™™)
< p[R(c", Te™) + R(c™, T'c")]
= uR(c*, ™) + pR(c™, )
= 2uR(c", )
=0.
Hence, R (¢, ™) = 0 or ¢* = ¢** proving the uniqueness. As required. [

Next, we provide the following theorem.

THEOREM 2.3. Let (M,R) be a complete weighted rectangular b-metric space
with weights wy,ws and wz and T : M — M be a mapping such that

R(Te,Td) < AR(¢,d) + p[R(c, Te) + R(d, Td)] Ve,d € M, (2.1)
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where A\ +2p < 1 ifwy <1 and A+ 2u < \/+T3 if wg > 1. Then T has a unique fized
point in M.

PROOF. Let ¢y € M be an arbitrary point. Define a sequence {c,} in M by
Cnr1 = Tcy, for alln > 0. If ¢,11 = ¢,, then ¢, is a fixed point of 7. Otherwise,
suppose that ¢, # ¢,41, for all n > 0. As before denote R (¢, ¢y1) = R,. Observe
that

R (cn,nr1) =R (Ten,Tey)
< AMR(cpo1,¢n) + 1 [R(cno1, Ten1) + R(cp, Tey)]
= AR(cp-1,¢n) + R (cn-1,¢n) + R (cn, cny1)]
R < AR+ p¥ g + pR,

A+
< — .
R < T P (2:2)

- nﬁRn—h
where 1 = % < 1. Repeating this process in (2.2), we obtain
R, < n"Ro. (2.3)

Also, observe that ¢y is not a periodic point of T'. Otherwise, ¢y = ¢, for n > 2
which implies that

R (co, Tco) = R (cp, Tey)
R (co, 1) = N (cn, Cnt1)

a contradiction as Ry # 0 or ¢; # ¢o. Therefore, we have ¢, # ¢, for all n,m € N.
Now, observe that

R (cn, Cng2) =R (Tep-1,TCni1)
<AR (¢n—1, Cnr1) + p[R(cn1, Tcn1) + R (cns1, TCni1)]
=R (cp_1,Cnz1) + uR(cp_1,¢n) + pR (cnyt, Coio)
<A [wiR (cn_1, cn) + woR (Cp,y Cnya) + W3R (Cpio, Cuit)]
+ puR (cn1, cn) + uR (Cny1, Cnya)

that is,

)\wl +u )\Cdg +u
% ns “n < —%n—
(C C+2)_1—)\OJ2 1+1_)\(JJ2

8%n—l—l
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which together with (2.3) yield that

Awi + p+ Pws + pln? 1

R (cn, n R
(C ¢ +2) - 1 — 5(4)2 0
A A 2
S w1 + Aws + Iunn_lg%o
1— )\(.UQ
that is,
R* (Cn, Cng2) < an™ 1Ry (2.5)
where a = W > 0. Now, we show that the sequence {c,} is a Cauchy
w2

sequence. To do so, consider the value of R (¢, ¢ 1) in two cases. If k is odd, say
2m + 1, then using rectangular inequality and (2.2) we obtain

R (Cn, cnszm1) SR (Cn; Cngr) + w2l (o, cnsz) + W3R (Cora, Coramtr)
<wi Ry, + woppi1 + ws [WiR (Cny2, cris) + wolt (Cnys, Crga)
W3R (Cata; Cnrams1)]
<wi1 Ry, + woRps1 + wiwi R gz + wiwaRpg + W3R (Crras Cngamsr)
< (w1 Ry + wang1) + ws (W1 Ry + wokiis)
+ w3 (W1 Rna + woRnys) + - + W' Riom

_ q
= wy (Wi1Rnp2g + wWaltniog41) + w5 R yom

< wi (W17 4 won 2T Ry + Wiy TR,

m—1 m—1
=n"wiRo Y  win®® + " wRy Z win®® + n"Rowy >
q=0 q=0

m—1 m—1

=n"w Ro (w3772)q + 7" wa Ry Z (w3772)q + "o (w3772)m
<n"wi¥y (wsn?)" + 0" lwRo (wsn®)* + 7" Ro (wan® < 1)

(2.6)
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If k is even, say 2m, then using rectangular inequality and (2.2) we obtain

R (cn, Cnrom) < iR (Cn, Cnr1) + walk (Cng1, Cni2) + wsR (Cnya, Cnrom)
< wiRy + woltni1 + w3 [wWiR (cora, Cnas) + wolk (Cras, Cora)]
+ w§§R (Cntds Cntom)
= Wipn + wWoRni1 + wswi Rnyo + wsweRnis + wWIR (Cria, Crtom)
< (iR + woRni1) + w3 (Wi Rny2 + woRnis) + w3 (Wi R + woRnys)

—2 -1
+ -+ wgn (wla%n+2m—4 + w2%n+2m—3) + Wg,n (xn+2m—27 xn+2m)

m—2
= Wy (Wlpn+2q + W2%n+2q+1) +wy'” ' n+2m 2
q=0
m—2
S wg (wlnn-i-Qq =+ ann+2q+1) 8%0 + wgn—lann—iﬂm—Q%O
q=0
m—2 m—2
n n n— m—1
= n"w1 Iy Z w3n +1w2§R0 (W3772)q +an 13?0 (Wsﬁz)
q=0 q=0
m—2 m—2
<nwiRo Y (wan?) T+ 0" waRo > (wsn?)? + an™ 'Ry
q=0 q=0
n— (wm + WQH2) §R0
~ {a% I ek (2.7)

Since lim,, o R (¢y, char) = 0 for all &k > 0, we get {c,} is Cauchy in (M,R). B
the completeness of (M,R) there exists ¢* € M such that ¢, — ¢*. Now, we show
that ¢* is a fixed point of T'. Observe that

R (5, Tc*) <wuR (", cn) +waR (Cn, Cnr1) + wsR (Cngr, Te¥)
= w1 R ( )+ waky, + w3k (Tey, T'c¥)
<R (", ¢n) + walty, + w3AR (¢, ) + wsp [R(cn, Ten) + R (c*, T'¢")]
< wiR (", ) + wolRy, + WsAR (¢, ) + wapR (Cn, Cua1) + wzpdR(c™, T'c”).

C*v Cn

That is,
(1 —wsp) R (", Te*) < (w1 +wsA)R (", cn) + (W + wsp) Ry, (2.8)

Taking the limit as n — oo in (2), we obtain R (¢*,T'¢*) = 0. Therefore, ¢* is a
fixed point of 7" in M. Finally, we prove the uniqueness of the fixed point of T". To
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do so, assume that ¢ € M is another fixed point of 7. Observe that
R(c*, ™) =R(Tc, Tc™)
< AR(c, ™) + p[R(c, T'e*) + R(™, T'c™))
= AR(c*, ™) + pR(c*, ) + pR(™, )
= AR(c*, )
= 0.

Hence, ¢* = ¢ proving the uniqueness. This ends the proof. 0]

3. Illustrative Examples

This section deals with the following example to highlight the realized improve-
ments accomplished via our proved results

EXAMPLE 3.1. Let M = [0,1] and define R(c, d) by

lc—d| d
R(c, d) = {S Zi h

éR(Q d) _ 6|c—u—i—u—v—&—v—d|

< e|cfu|+|ufv|+|v7d|

1 2 1 1 3 9
— e§|c—u|+g\u—v\+1—0|v—d|6§|c—u|+g|u—v|+ﬁ|v—d\

1 2 1
|e—u| |u v| |v—d| 2|c u|+ |lu— v\+10|v d| 3.1
< (2 + e 4 e ) sup ¢ (3.1)

1 2 1
I |e—u| < lu—v| = lv—d] 2
(26 + 56 + 106 ) e

e? 2¢?
N [ \u ] |v d|
e+ e e

= wiR(c,u) + waR(u,v) + wsR(v, d). (3.2)

Then R(c,d) is a weighted rectangular b-metric and in (5.1) we have used Jenkin’s
inequality [9]. Let T : M — M be defined by

<
3c 1
5 for s <c<

then T has a unique fixed point.
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) forc:%,d:(),l, we have

R (T%,TO) =0
1 1 1 1,1 1
11 1 13
2562 g640 -+ 0.

Hence,we can see that the condition of Theorem 2.1 is satisfied with
A= %,u = %,5 = 0. Then T has a unique fized point ¢ = 0. But does not
satisfy condition (1.1) and condition (1.2) .Indeed, for ¢ = 3,d = 0, we
have the condition (1.2)

R (T%,TO) —eo

o) ()

33

=— |:e% + QE] .

Hence, we can see that the condition of Theorem 2.2 is satisfied for A = % But
does not satisfy condition (1.1) and condition (1.2).
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