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The study of cases of fixed points of a complex
function depending on the inputs and concluding
examples of useful functions

Akram Louiz

ABSTRACT. This work aims to propose mathematical procedures that help to
deduce the fixed points of a complex function. These fixed points can also be used
as a basis to generate new useful complex functions that have for sure at least one
fixed point. Hence, this is a good article for specialists in calculus and analysis
and even for beginners in mathematics who want to improve their skills in the
field of complex numbers.

1. Introduction

After my thesis on mathematical physics that discusses the classical use of dis-
crete mathematics in Newtonian Mechanics [1], we chose to focus on subjects of pure
mathematics and especially calculus and analysis [2, 3] or the number theory [4, 5]
by writing my articles that respect all the rules of classical mathematics. This work
aims to study two cases of fixed points of a complex function by using a complex
number S that respects that S = % + b, where b is a strictly positive real number.
The article proposes also two examples of concluded complex functions that have for
sure at least one fixed point. The choice of the number S in its form as an example
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in this proof is because we are trying to make the example of this article more useful
and more attractive since the zeros of the Riemann Hypothesis are supposed to have
the same form which is S = % + 2b. The purpose is that this article proposes new
useful mathematical procedures about complex functions and gives thanks to the
concluded examples of functions a probable hint that may help to identify or deny
for example possible Landau-Siegel Zeros [6].

These are the considerations and notations of this article:

Let S be a complex number that respects that S = % + ib, where b is a strictly
positive real number. We can also write S as:

1 1 1  tan(0)
S=gtinTy i

= % In this case, we should only consider that % >0,0<6<3,

tan(6)
2
and we have

where b =

ei@

~ 2cos(f)’

We have also:

2
0 = arctan(—) = g — arctan(g),

£
2 €
cos(f) = cos(arctan(—)) = ——,
(6) = cos(aretan(0)) = ———
and
in(6) = sinarctan(2)) = ——~
sin(f) = sin(arctan(-)) = ——.
€ Vel +4
Consequently,
2¢e
in(0 0) = :
sin(f) x cos(0) o
Let’s consider also a function f of complex numbers z defined from C in C as:
5S+1
1) = =5

We will use the complex logarithm In(z) point by point during all this proof.

2. The considered complex function and its fixed-points

oi0

Theorem 2.1. f(z2) = z if and only if z° = S if and only if #:(9) = 2Zcos(®)

ProoOF. We can start with a remark about two cases:

Case 1: z = r, where r is a positive real. In this case, we have, ¥ = S if and
only if 72+% = L 4-ib if and only if

1
Vr(cos(bln(r)) +isin(bln(r))) = 5 + ib. (1)

This means that /7 cos(bIn(r)) = 1,

Vrsin(bln(r)) = b. (2)

and so
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This implies that

1+ 4b?
cos(bIn(r))? + sin(bIn(r))* = 1 = —Z . (3)
r
Hence, we get
1+ 4p°

= _ 4

r=-% (@

Let us test a specific case of this fixed point with b = 1. We have in this case

r= %, but we remark that

1+’i

o)
(o) ()

r
7&5 =+ 1. (5)

Consequently, this means that the positive real fixed point r that has in this case

the form r = # may exist for the function f(r) or may not exist. The reality

is that this fixed point r may also have other forms and restrictions at the same

14-4b2
4

these calculations of case 1 is built on an implication by the use of the trigonometric

<
95
I I Il
7~ N 7 N -~/
SO O | Ot
N~ N~
N [N} V]

time with the form r = but may also not exist at all because the result of
formula, cos(bln(r))? + sin(bln(r))?> = 1, and not only equivalences. This means
that we still should make a mathematical investigation for case 1.

Case 2: z = r, where r is a negative real. In this case, we have again r° = S if
and only if patib = % +1b. Since r is negative, we have:

(£i)e " \/]r| (cos(bIn(|r|)) + i sin(bIn(|r]))) = % + ib. (6)

This means that cos(bn(|r|)) = £2£= and that

Il

j:@b”
2¢/Jr|

sin(bln(|r])) =

This implies that

opr 1+ 40°
4lr|

cos(bIn(|r]))? + sin(bIn(|r))* =1 =e

Hence, by (8), we get

1+ 4p°

€2b7r

r=—
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However, like for Case 1, our demonstration means only that the negative real
fixed point r that may exist for the function f(r) has, in this case, the form
r = —ezb”%. The reality is that this fixed point 7 may have other forms and
restrictions at the same time and may also not exist at all because the result of
these calculations of Case 1 is built on an implication by the use of the trigonomet-
ric formula: cos(bIn(|r|))? + sin(bIn(]r|))? = 1, and not only equivalences.

This means that we still should make a mathematical investigation for the Case
2. Thus, we have,

i0

2% =8 ifand only if "¢ = 2028(9)‘ (10)

By (10), we have

In(S) = In(z*) if and only if 1n(2COS(9)) = =) X In(z). (11)
Then (11) implies that
cos(6)(In(e?) — In(2 cos
(s = Z0H) ~ zcos0) )
Consequently,
@ = (cos() — isin(#)) cos(A)(In(e™) — In(2 cos(h))). (13)
Thus,

We consider In(e?) = if + 2kmi = i with k = 0. Because we have one unique
complex number In(z), for each ¢ and for each cos(f) with 0 < § < Z, hence,

lnéz) - (— cos(6)?(In(cos(8)) + In(2)) + 98%(29))
Vi <6 cos(0)? + sin(26) 1121(008(0)) N sin(292) ln(2)> ' (15)

By using the formulas of the introduction, we get

ln;’z) - (8:;24 <ln ( 52€+ 4)) + ln(2)) + arctan (g) 57
N

2e

2\ &2 2e
' 1 In(2) ). 1
+@(arctan()82+4+€2+4n(m) o ()) (16)
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Consequently by (16), we have,

In(2) *2Oma—ggiﬁ+m@0+mmm<9 2

2 :52+4 2 €244

+z‘(arctan <2> - + =" (2In(e) — In(e? + 4)) + 2i41n(2)).

e)e2+4 244 g2

3. First investigation: If 2 is a real positive number

The number z can not be equal to zero because zero is not a solution to the
equation z° = S. Since

ei@

. -2k
6Sln(z) _ 65><1n(z)+12k7r S(In(2)+i=5")

~ 2cos(f)’

for all K € Z, we have k numbers that respect z° = S, such that these numbers
are (In(z) + i2T). We can notice that In(z) is the only real number among these k

=€

numbers, when z is a real number and this corresponds to £ = 0. Hence, when z is a

real number, we have only one unique real number In(z), for each ¢ with 0 < 6 < 7.

If z is a real strictly positive number, then C‘(%) = 0. Hence, we have

2
3 arctan(g) = —21In(e) + In(e* +4) — 2In(2). (18)
Thus, equation (9) becomes
In(z)  —&° In(e? +4) 2, 2
5 T o 4(ln(5) —— +1n(2)) + arctan(g)m. (19)
Hence,
In(z)  —¢ In(e? + 4) 9 2¢e
5 — oo 4(ln(@) -t In(2)) + (—2In(e) + In(e” +4) — 21n(2))€2 e
(20)
Consequently,
In(z)  —¢ In(e? + 4) 4 (g2 +4)
5 — oo 4(5(1n(5) -t In(2)) + g(ln(s) —In +1n(2))). (21)
Thus,
In(z) —e 4 In(e? + 4)
= -)(1 — ——= +1n(2)). 22
) = e+ D) - M ) (22)
We conclude finally that
1 In(e? + 4
-%ﬁ:—m@muﬁ%il—m@% (23)
which is equivalent to
2
4
In(z) = In(-2), (24)
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Moreover, In(z) = ln(i;g‘l) if and only if z = 52;4 if and only if z = 1 + 5. We

proved also that

2
carctan(=) = —2In(e) + In(e? + 4) — 2In(2).
€

This means that ¢ = ln(i;g‘l). Hence, e = 1 + 5. Then we conclude that

arctan(2b)
b

2 _20 _ .
2 = e = gfarctan(d) — ctan(® = ¢ . We can also remark that e£*? = }l + E% if

and only if 52:—2—1 = 4. This means that W = 4, and we know that the
ce €/)2—

£ arctan(z)

. . £ 2
maximum o is 1. Hence, %arctan(%) < 1, and hence, e22<tn(Z) < ¢,

Finally, we conclude that we should have ¢ > 1 which is equivalent to tan(f) <
2e. Otherwise, we will have a contradiction in the equation ﬁ = 4,
862 arctan E _

because 4 can not be equal to any negative value.

4. Second investigation: If z is a strictly negative real number

Since,
i0
GSIH(Z) _ 651n(z)+722k7r _ eS(ln(z)-‘riQkT’r) _ € :
2 cos(f)
for all k € Z, we have k numbers that respect z° = S and these numbers are
(In(z) 4 ¢%T). If = is a strictly negative number then In(z) is a complex number.

Then, there exists k' € Z with In(z) = In(—z) + im + i2k'w. Hence,

S _ eS(ln(z)-i-i%T’T) S(In(—z)+im+i2k'm+i25%)

z =€ .

Thus, we should have e??¥™5+2k7 — 1 This implies that there exist k”, k" € Z
such that k'wrS + km = k”7w. Since b is a strictly positive number, then we have,
k'wS = k'n(5 + ib) = 0. Hence, we have k' = 0.

Finally, we conclude that we should investigate about the unique complex num-
ber In(z) that corresponds to each # with 0 < 6 < 7 and that respects In(z) =
In(—z) + .

In(z)

In this case, we use () = 7, and we get

‘ (2) g2
arctan(— +
e'e?24+4 2414

(2In(e) — In(e* +4)) + o

Hence,

2\ &2 7r £ 5 2e
arctan (E) 21 i1-93 =% 4(21n(€) —In(e”* +4)) — 2 In(2).

Consequently,

2\ &2 7r 5 5 2e
arctan (E) Eay i m(Zln(e) —In(e”+4)) — o1 In(2).
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Thus,
2\ 2 = 2 , 4
arctan (g) 52 i 1 = g — m(2 ln(&‘) — ln(E + 4)) — 52 i 1 1n(2)
This implies that
2e T 2 4e?

In(

- = n
e24+4 e 244

)

e2+4
which is equivalent to
| 4e? 0 2e +7r e2+4 0+57r+27r
n = |- — = —¢ — 4+ —.
244 e24+4 ¢ 2 2 €

42 —ep X 2%
o =€ e2 e« . Hence,

% = 52 +4 and thus

e €% 2 e

g2 )
el 7

Hence, in order to avoid the contradiction, we have, % > 1 and this
e e 2 ee

Consequently, we get

. . £60\2 . . £ arctan(%) 2 .
is equivalent to (2;? L > 1if and only if (zegl—gﬁ) > 1. This proves that
e2ec e2ec
£ 2 . . . . em 2w
ezt@n(Z) < ¢ Thus, in order to avoid the contradiction, we have, eZe= < (2e)2.

Now, we check if this inequality is possible. We notice that < + 2?” —4 = 82”_2%

and that the discriminant of the quadratic equation €2 — 8¢ +4 is negative. Hence,
2
%>0, andthus%+2?”>4.
em 27 Em 2w
Consequently, ez e= > e*, and we have ez e~ < 4e2. However, e* > 4e?, so we

conclude that we can never have e% e < (2e)? and this leads to the contradiction

because we conclude that &2 <_59+%24 — 1> can not be equal to 4, and thus we
have,
2\ &2 5 ) 2 m
arctan (g) I + o 4(2111(5) —In(e*+4)) + 2 In(2) # 3

Finally, we conclude that if z < 0, then we have z° # S. This result is correct
despite the form r = —62“# demonstrated above incase 2 for the probable
negative real fixed points of the studied function f.

5. First conclusion

We have the following implications:
First of all, set 2° =S, for z € R and S = % +4b. Thus, z > 0 and also 2% = S,
for e Rand S = % + ib implies that

> :ez-:@ — esxarctan(%)
26
—gtan(0)

arctan(2b)
=€ b s
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and we have also, 2% =5, for z € R and S = % + tb. Thus, b < e.

The function f still may admit a fixed-point z = r and we proved that z in this
case can only be strictly positive, whenever z is a real number. However, we proved
above in Case 1 the form of the probable positive real fixed points of the studied
e }l+ b2. Thus, the
strictly positive real number b can be the only solution to the equation

function f and it is r = i + b%. This means that: e

arctan(2b) 1
e v —b=-.
4
Analytically of the curve of the equation implies b ~ +1,449. But the real
number b is strictly positive, then we have, 2° = S, where z € R and S = % + 4.
arctan(2b)

This implies that b~ 1,449 and z =r=e= ® = 2,323.

6. First annex: Concluding a first example of complex functions with at
least one fixed point

Let u=v+iw e Cand S = % + 1w. We now consider a complex function H

defined by H(u) = H(v +iw) = f(v) + iw. Hence, H(u) = ”SSH + iw. We can also
generally express the considered function H as
S+1 S tiw It gy 4
H(v+iw):U +iw:1m — +iw = — 2
S 5 Hw 5 Hw

We note that if we have, u = v + iw = r 4 tb, then u = r + b is a fixed point
for the considered complex function H. We remind that in this case, w = b ~ 1,449
and v =1 = ™57 2,323. Thus, H(r +1b) = ”SSH +1b = r 4 ib, because in this
case, we have § = % + 1b.

The considered complex function H, for which we concluded in this part that
it has at least one fixed point can be very useful after the study of its derivability
and integrability as a mapping since it gives, for example, a method to replace the
complex number S = % + 4w that can not be a hypothetical Landau-Siegel zero with

34 .
v2+’w7w+z%

the term: S = HloTin)

7. Third investigation: If z = ¢!® with B a real number and B # k', for
all ' € Z

The statement B # k', for all k' € Z, means that z ¢ R. Then z = ¢ implies
that there exists k € Z such that In(z) =i x (B + 2k7) with 2% = S. We proved
that

In(z)  —&? In(e? +4) 2\ 2
= 1 ———— +1In(2 -
5 o ( n(e) 5 +1In(2) ) 4 arctan C) =g

) e2+4 244 €244

+z’(arctan <2) = b (2In(e) — In(e2 + 4)) + 2 111(2)).



THE STUDY OF CASES OF FIXED POINTS OF A COMPLEX FUNCTION 53

We know that if z = €’® then the real part of In(z) is null. Hence, = = (In(e) —

In(e +4 et 4 n(2)) = arctan(2) 2. Consequently, §(In(e)— €;+4) +1n(2)) = arctan(%).
We can use this result in the imaginary part and we get,

In(z) 2, &2 ) 2e
— t 21 | 4
) ifareton(2) 55 + 2O e ) +

Hence,
In(z) _; (E(ln(a) B 1n(522+ 4) N 1n(2)) : £2

In(2)).

%_

<2 In(e) — In(e* +4)) + ) ln(2)) :

e?2+4
Consequently,

In(z) e 5 g2 €
— =1(=(21 —1 4)+21In(2
5 2(4( n(e)—In(e”+4)+2In( ))€2+4+€2+4

Thus,

(2In(e) —In(e?+4)+21n(2))).

lnéz) = i(21n(e) — Ine® +4) + 2Wn(2)) 5 (14 )

We conclude that
In(2)
2

which means that ln(z) =iIn(5

= iZ(2In(<) — In(? + 4) +21n(2)),

o 4) We also proved that

In(e? + 4)

= (n(e) ~ 2 4 in(2) = arctan(2) = 6.

Hence, £ In( 2+4) = 6. This 1mphes that Z) = i0. Hence, z = ¢’ and from
2

7 In( 2+4) = 0, we conclude that e* = (E§i4)5. We know that 003(9)2 = 5.

Hence, we have 4cos(A)2 = ¢. Note that 0 < § < Z implies that 1 < elf < e2f.
Consequently, we have, 1 < 4cos(f)? < e?=. Since 0 < 6 < Z, we have cos(6)? > 1.
This implies cos(f) > 3. We conclude that # < I and since the function tan is a

monotonic mcreasmg functlon in0<0<7, we get b= % < @ = \/75 We

have also, cos(6)?
625 < 1if and only if 27 < In(4) if and only if b <= ) guch that 2 2) ~ 0,2206. In

this case, since 0 < 6 < 7, we have, 6 > arccos(%- )

T us
£

_€

Hence, we have, b = tanz(e) > tan(am; s(52), Thus, b > —4. This means
ec

b 621)7\' 27h

that bebﬁ 1— 622 ®. This implies that + ¢~ > 1, and this is equivalent

(b2 + 1) > 1. Since for any strictly positive real number z, the function
g(:v) & ¢—(2® 4 1) is a monotonic increasing function, we can deduce analytically
from the curve of the function g that b > 0, 214.

2b7r
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8. Second conclusion

We know that z ¢ R implies that B # k'w, for all ¥’ € Z. Therefore, we could
prove that for S = $ + b, there exists B € R with z = ¢*#, and B # k'7, for all
k' € Z such that 2° = S.

Thus, there exists k € Z with B = 20 + 2kn, which is equivalent to there exists
k € Z with B = 2arctan(2b) + 2km, and we have also, 0,214 < b < \/75 Since the

function f admits a fixed-point z = €', we have also,

f(z) =z if and only if S = z°
1 )
if and only if 3 + b = %18

b iB

1
if and only if §+ib:e_B X ez,

e‘Bbe%:e_Bb CoS E + 7 sin E )
2 2

Bb cos(£) = 1 and consequently, e " x sin(£) = b. Thus,

2

n(lgp?

e 14 b%. Consequently, we have, B = %
—In 1 2 . o .

k € Z with 2 arctan(2b) + 2km = %, thus, the strictly positive real number b,

can only be the solution of the equation:

arctan(2b)  In(§ + b?)
+
s 4b
Since we considered that the real number b is strictly positive, then this equation

and we have,

Hence, we have, e~

—2Bb _ . This means that there exists

= —k.

has analytically from the curve of the equation one solution for each integer k with
—k < 0. But we proved that 0,214 < b < \/73, then we notice analytically from
the curve of the equation that this equation has only one solution with £ = 0 and
b=~ 0,371. Consequently, B = % ~ 1,277.

Finally, we conclude that if S = $ 4 ib and there exists B € R such that z = ¢'#

and B # k'r, for all k' € Z, and z° = S, then we have, b ~ 0,371 and B ~ 1, 277.
9. Second annex: Concluding a second example of complex functions
with at least one fixed point

Let u = v + iw, where u € C and v,w € R with —1 < w < 1. Consider
S =3+i(v—+1—w?). We now consider a complex function G defined by

G(u) =G (v + iw)
—y — M‘f‘ f(eiarcsin(w))

eiarcsin(w)(S—i—l)
=v—V1—w?+ 5
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Hence,

iarcsin(w)(l—i—%-i—i(v—\/ 1-w?))

3 Hilv—v1—w?)

G(u):v—\/l—w2+€
This implies that
G(u) =G(v + iw)

=v—V1—w?+

e~ arcsin(w)(v—v/ 1—w2)+? arcsin(w)
T+i(v—V1—-w?)

We can also generally express the considered function G as

G(u) =G(v + iw)
v—V1—w? +'l('U _ m)2 _i_efarcsin(w)(vf\/lwa)Jr% arcsin(w)
s +i(v—vV1—w?) '

We remark that if we have, u = v+i x w = b+ ' = b+ cos(B) +isin(B), then,
S = % + 1b and we have,

el arcsin(sin(B))(S+1)

G(b+ cos(B) +isin(B)) = b+ cos(B) — \/TIW + 5

Hence,

et arcsin(sin(B))(S+1) )
b+ cos(B) — /1 —sin(B)? + 5 =b+ e

=b + cos(B) + isin(B).

We remind that in this case: b =~ 0,371 and B ~ 1,277. Hence, in this case,
we have, w = sin(B) ~ 0,9571 and v = b+ cos(B) ~ 0,6605. This means that
G(b+ cos(B) +isin(B)) = b+ cos(B) + isin(B). Thus, u = b+ cos(B) +isin(B) is
a fixed point for the considered complex function G.

The considered complex function G for which we concluded in this part that it
has at least one fixed point can be very useful after the study of its derivability and
integrability as a mapping since it gives for example a method to replace the complex
number S = % +i(v — /1 —w?) that can not be a hypothetical Landau-Siegel zero
with the term

v— éwa + Z(U _ m)Q + efarcsin(w)(v7\/17w2)+% arcsin(w)
S =
G(v +iw)

9

where —1 <w < 1.
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10. Summary and final conclusion

We considered in this work a complex number S that respects that S = % + b,

where b is a strictly positive real number. Also, we considered a function f defined
S+1

from C into C by f(z) = *5—. We studied in this article in two cases the fixed

points of this function which are the solution of the equation z° = S.

Theorem 10.1. The first case is when z is a real number and we demonstrated
that the unique fixed point of the function f in this case is with b ~ 1,449 and
Zz=1r= earcmbn(%) ~ 2,323.

Corollary 10.2. We could consequently build an example of complex function H
that has at least one fized point that is w = r +1ib and the expression of this complex
function is

H(u) =H (v + iw)

3 .
= w = - w
S % + jw
3 . .
02t —w + Y
_ — :
5 —+ 2w

where u 1is a complex number but v and w are real numbers.

Theorem 10.3. The second case is when z is a complex number respecting
there exists B € R with z = P and B # K'n, for all k¥ € Z. We demonstrated

that the unique fixed point of the function f in this case is with b ~ 0,371 and
Cin(lap? ) .
p=at) (24b+b )~ 1,277. Hence, z = e'B m 12770,

Corollary 10.4. We could consequently build an example of complex function
G that has at least one fized point that is uw = v + iw = b+ cos(B) + isin(B) and
the expression of this complex function is
G(u) =G(v +iw)
B v—\/;—wz + Z(’U _ M)2 +e arcsin(w)(v—x/l—uﬂ)—i—% arcsin(w)
a T+i(v—vV1—uw?)

where u is a complex number but v and w are real numbers with —1 < w <1 .

S+1 . .
“<— has indeed two special

different fixed points depending on the nature of the complex inputs when S = %—l—z’b.
However, to know all the fixed points of this function when S = % + 1b, we should
study another case which needs a future longer proof. It is the case of: There exists
B € R with z = ze® and for all ¥’ € Z, B # k'w, where z is a real number with
x #0and x # 1.

Thus, we conclude that the complex function f(z) =
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Furthermore, the concluded functions H and G are only examples of complex
functions that have fixed points, which can be concluded from the complex state-
ments of this article. However, any concluded complex function can be studied
further regarding their derivability, integrability, and respect for Banach principles
or mapping contractions. This study makes any concluded function from this arti-
cle’s complex statements more useful and valuable.

Finally, we hope that this work will be useful to give new hints for the study
of more general mathematics problems such as the case of Landau-Siegel Zeros
and Riemann Hypothesis thanks to the restriction of the form S = % + b that is
considered in this article and that can be changed depending on the purpose of the
other proofs.
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