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Uncertainty principles and extremal functions for

generalized Hartley-Gabor transform

Ahmed Chana∗, Abdellatif Akhlidj, and Souhir Arhilas

Abstract. The main crux of this paper is to introduce a new integral transform

called the generalized Hartley-Gabor transform which generalizes the classical Ga-

bor Fourier transform and to give some new results related to this transform as

Plancherel’s, Parseval’s, inversion and Calderon’s reproducing formulas. Next, we

analyse the concentration of this transform on sets of finite measures and we give

the uncertainty principle for orthonormal sequences. Last, using the best approx-

imations and the theory of reproducing kernels, we study the extremal functions

related to this transform and we give an integral representation, band est estimates

of these functions on weighted Sobolev spaces.

1. Introduction

Time-frequency analysis [17] and uncertainty principles [14, 21] play a funda-

mental role in field of mathematics and physics, these principes appear in harmonic

analysis and signal theory in a various different forms involving not only the sig-

nal f and its Fourier transform f̂ , but also every representation of a signal in the

time-frequency space.

2020 Mathematics Subject Classification. Primary: 42A38; Secondary: 46E35.
Key words and phrases. Time-frequency analysis, Gabor transform, Hartley-Bessel, Transform

Extremal, functions Uncertainty principles
∗Corresponding author

This work is licensed under the Creative Commons Attribution 4.0 International License. To view

a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

.
71



72 CHANA, AKHLIDJ, AND ARHILAS

The uncertainty principles are mathematical results that gives limitations on

the simultaneous concentration of a signal and its Fourier transform and they have

implications in signal analysis and quantum physics. In signal analysis they tell us

that if we observe a signal only for a finite period of time, we will lose information

about the frequencies of signal consists of.

Timelimited and bound limited functions are basic tools in signal analysis and

imaging processing. In quantum physics they tell us that a particule’s speed and

position cannot both of them be measured with infinite presicion, the mathematical

formulation of this principle is given by the Heisenberg-Pauli-Weyl sharp inequality

[24]. Other uncertainty relations have been investigated among them, we refer to the

papers of Benedick’s [2], Donoho-Stark’s [12], Jaming’s [19]. The Hartley transform

[7, 18, 26] is a linear operator defined for a suitable function ψ(x) as follows:

H(ψ)(λ) =
1√
2π

∫
R
ψ(x) cas(λx)dx, (1)

where cas(x) is the cas function, defined as:

cas(x) =
∞∑
n=0

(−1)(
n+1
2 )

n!
xn, (2)

with
(
n
2

)
= n(n−1)

2
being the binomial coefficient. The cas(x) function (2) can be seen

as a generalization of the exponential function exp. A simple computation shows

that the cas function is the unique C∞ solution of the following differential-reflection

problem see [4] {
R∂xu(x) = λu(x),

u(0) = 0.

Here, ∂x represents the first-order derivative, and R is the reflection operator

acting on functions f(x) as:

R(f)(x) = f(−x). (3)

Furthermore, the function cas(x) is multiplicative on R in the sens

cas(x) cas(y) =
1

2
(cas(x+ y)− cas(−x− y) + cas(x− y) + cas(y − x)). (4)

Inspired by the relation (4), the author in [4] generalized the relation (4) for

the Hartley-Bessel function and introduce a generalized convolution product. This

paper focuses on the generalized Hartley transform introduced in [4, 5, 6] called

the Hartley-Bessel transform, more precisely we consider the following differential-

reflection operator ∆α defined by

∆α = R
(
∂x +

α

x

)
+
α

x
, α ≥ 0. (5)

where R is the reflection operator given by the relation (3). The operator ∆α is

closely connected with the Dunkl’s theory [13], furthermore the eigenfunctions of
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this operator are related to Bessel functions and they satisfies a product formula

which permits to develop a new harmonic analysis associated with this operator see

[4] for more information.

Uncertainty principles play a fundamental role in the field of mathematics,

physics and some area of engineering such as signal processing, image processing,

quantum theory and optics see [12, 14, 17, 21], in this context using the Ga-

bor transform introduced by Gabor, using translation, modulation and convolution

operators of a single Gaussian, the authors in [3, 25] gives a new uncertainty prin-

ciples for the Gabor transform. Uncertainty principles associated with the Gabor

was studied in the one dimensional Hankel setting [1, 15], in the multidimensional

Hankel setting [9, 10, 11] and in the two-sided quaternion setting [8], motivated

by these works the main purpose of this work is to introduce the Gabor transform

associated with the Hartley-Bessel operator (5) called the Hartley-Gabor transform

and to give some new results related to this transform as Plancherel’s, Parseval’s,

inversion and Calderon’s reproducing formulas. Next, we give some new uncertainty

principles associated with this transform.

The remainder of this paper is arranged as follows, in section 2 we recall the main

results concerning the harmonic analysis associated with the Hartley-Bessel trans-

form, in section 3 we introduce the Hartley-Gabor transform and we give some new

results related to this transform , section 4 is devoted to analyse the concentration

of the multidimensional Hartley-Gabor transform on sets of finite measure and to

give some new uncertainty principles related to this transform. Last, we study the

extremal functions related to the Hartley-Gabor transform and we give an integral

representation, best estimates of these functions on weighted Sobolev spaces.

2. Harmonic Analysis Associated with the Hartley-Bessel Transform

In this section we recall some results in harmonic analysis related to the Hartley-

Bessel transform, for more details we refer the reader to [4, 20].

� For α ≥ 0, µα is the weighted Lebesgue measure defined on R by

dµα(x) :=
|x|2α

2α+
1
2Γ(α + 1

2
)
dx,

where Γ is the Gamma function.

� Lp
α(R), 1 ≤ p ≤ ∞, the space of measurable functions on R, satisfying

∥f∥p,µα =:

{ (∫
R |f(x)|

pdµα(x)
)1/p

<∞, 1 ≤ p <∞,

ess supx∈R |f(x)| <∞, p = ∞.

In particular, for p = 2, L2
α(R) is a Hilbert space with inner product given by

⟨f, g⟩µα =

∫
R
f(x)g(x)dµα(x).
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2.1. The Eigenfunctions of the Differential-reflection operator ∆α. For

λ ∈ C we consider the following Cauchy problem

(S) :

{
∆α(u)(x) = λu(x),

u(0) = 1.

From [4], the Cauchy problem (S) admits a unique solution Bα(λ.) given by

Bα(λx) = jα− 1
2
(λx) +

λx

2α + 1
jα+ 1

2
(λx), (6)

where jα denotes the normalized Bessel function of order α see [4]. The function

Bα(λ.) is infinitely differentiable on R and we have the following important result

∀λ, x ∈ R, |Bα(λx)| ≤
√
2. (7)

Furthermore from [4], the Hartley-Bessel kernel (6) is multiplicative on R in the

sense

∀λ ∈ R, x, y ∈ R∗ Bα(λx)Bα(λy) =

∫
R
Bα(λz)Kα(x, y, z)dµα(z) (8)

where Kα is the Bessel kernel given explicitly in [4]. The product formula () general-

ize the relation (4) and permits to define a translation operator, convolution product

and to develop a new harmonic analysis associated to the Differential-reflection op-

erator ∆α.

2.2. The Hartley-Bessel transform.

Definition 2.1. ([4]) The Hartley-Bessel transform Hα defined on L1
α(R) by

Hα(f)(λ) =

∫
R
Bα(λx)f(x)dµα(x), for λ ∈ R

Some basic properties of this transform are as follows, for the proofs, we refer

the reader to [4].

Proposition 2.1. (1) For every f ∈ L1
α(R) we have

∥Hα(f)∥∞,µα
≤

√
2∥f∥1,µα . (9)

(2) (Inversion formula) For f ∈ (L1
α ∩ L2

α) (R) such that Fα(f) ∈ L1
α(R) we

have

f(x) =

∫
R
Bα(λx)Hα(f)(λ)dµα(λ), a.e x ∈ R. (10)

(3) (Plancherel theorem) The Hartley-Bessel transform Hα can be extended to

an isometric isomorphism from L2
α(R) into L2

α(R). and we have

∥f∥2,µα = ∥Hα(f)∥2,µα . (11)
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2.3. The translation operator associated with the Hartley-Bessel trans-

form. The product formula (8) permits to define the translation operator as follows

Definition 2.2. Let x, y ∈ R and f is a measurable function on R the translation

operator is defined by

T x
α f(y) =

∫
R
f(z)Kα(x, y, z)dµα(z), (12)

The following proposition summarizes some properties of the Hartley-Bessel

translation operator see [4].

Proposition 2.2. For all x, y ∈ R, we have:

(1)

τxαf(y) = τ yαf(x). (13)

(2) ∫
K
T x
α f(y)dµα(y) =

∫
R
f(y)dµα(y). (14)

(3) for f ∈ Lp
α(R) with p ∈ [1; +∞] T x

α f ∈ Lp
α(R) and we have

∥T x
α f∥p,µα

≤ ∥f∥p,µα . (15)

By using the translation, we define the generalized convolution product of f, g by

(f ∗α g) (x) =
∫
R
T x
α (f)(y)g(y)dµα(y).

This convolution is commutative, associative and its satisfies the following prop-

erties see [4].

Proposition 2.3. (1) (Young’s inequality) for all p, q, r ∈ [1; +∞] such

that: 1
p
+ 1

q
= 1 + 1

r
and for all f ∈ Lp

α(R), g ∈ Lq
α(R) the function f ∗α g

belongs to the space Lr
α(R) and we have

∥f ∗α g∥r,µα
≤ 4∥f∥p,µα∥g∥q,µα (16)

(2) For f, g ∈ L2
α(R) the function f ∗α g belongs to L2

α(R) if and only if the

function Hα(f)Hα(g) belongs to L
2
α(R) and in this case we have

Hα (f ∗α g) = Hα(f)Hα(g). (17)

(3) For all f, g ∈ L2
α(R) then we have∫

R
|f ∗α g(x)|2 dµα(x) =

∫
R
|Hα(f)(λ)|2 |Hα(g)(λ)|2 dµα(λ), (18)

where both integrals are simultaneously finite or infinite.
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3. Gabor Transform Associated with the Hartley-Bessel Transform

The main purpose of this section is to introduce the Hartley-Gabor transform

and to give some new results related to this transform.

Notation: we denote by

• Lp
α (R2) , 1 ≤ p ≤ +∞ the space of measurable functions on R×R satisfying

∥f∥p,µα⊗µα :=


(∫

R

∫
R |f(x, y)|

p dµα(x)⊗ dµα(y)
) 1

p , if p ∈ [1,+∞[;

ess sup |f(x, y)| if p = +∞.

(x, y) ∈ R× R

Let u in L2
α (R) and y ∈ R, we recall that the modulation operator of u is given

by

My(u) := uy := Hα

(√
τ yα |Hα(u)|2

)
.

By using Plancherel’s formula (11) and the relation (14), we have uy ∈ L2
α (R)

and

∥uy∥2,α = ∥u∥2,α. (19)

Furthermore by using inversion formula (10), we find the following important

result

Hα (u
y) (λ) =

√
τ yα
(
|Hα(u)|2

)
(λ). (20)

Now, for every non-zero window function u in L2
α (R), we consider the family

ux,y defined by

ux,y(z) = τxα (uy) (z), ∀(x, y) ∈ R× R. (21)

Definition 3.1. For every f and u in L2
α (R) we define the Hartley-Gabor trans-

form by

Wu(f)(x, y) :=

∫
R
f(z)ux,y(z)dµα(z), (22)

Remark 3.2. the Hartley-Gabor transform can be also expressed by

Wu(f)(x, y) = (uy ∗α f) (x). (23)

By using Hölder’s inequality and the relations (15), (19), (21), and (22), we find

that Wu(f) ∈ L∞
α (R2) and we have

∥Wu(f)∥∞,µα⊗µα
≤ ∥f∥2,α∥u∥2,α. (24)

Definition 3.3. Let u, v be non-zero functions in L2
α (R), we say that the pair

(u, v) is admissible if for almost all λ ∈ R we have

Cu,v =

∫
R

√
τλα
(
|Hα (u)|2

)
(y)τλα

(
|Hα (v)|2

)
(y)dµα(y) <∞. (25)

We have the following generalized Parseval’s formula for the Hartley-Gabor

transform.
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Theorem 3.1. Let (u, v) be an admissible pair then for all f, h ∈ L2
α (R) we

have∫
R

∫
R
Wu(f)(x, y)Wv(h)(x, y)dµα(x)⊗ dµα(y) = Cu,v

∫
R
f(x)h(x)dµα(x). (26)

Proof. By using Fubini’s theorem and the relations (11), (13), (17), (20) and

(23), we find that∫
R

∫
R
Wu(f)(x, y)Wv(h)(x, y)dµα(x)dµα(y)

=

∫
R

[∫
R
(uy ∗α f) (x)(vy ∗α h) (x)dµα(x)

]
dµα(y)

=

∫
R

[∫
R

√
τ yα
(
|Hα (u)|2

)
(λ)
√
τ yα
(
|Hα (v)|2

)
(λ)Hα(f)(λ)Hα(h)(λ)dµα(λ)

]
dµα(y)

= Cu,v

∫
R
f(x)h(x)dµα(x).

and the proof is complete. □

Corollary 3.2 (Plancherel’s formula for Wu). If u = v and f = h we find that

∥Wu(f)∥2,µα⊗µα
= ∥f∥2,α∥u∥2,α. (27)

Proposition 3.3. u be non-zero window function in L2
α (R), for all f ∈ L2

α (R),
the function Wu(f) belongs to L

p
α (R2) for all p ∈ [2; +∞] and we have

∥Wu(f)∥p,µα⊗µα
≤ ∥f∥2,α ∥u∥2,α.

Proof. Is a consequence of the relations (24), (27) and the Riesz-Thorin’s in-

terpolation theorem. □

In the following, we establish an inversion formula for the Hartley-Gabor trans-

form.

Theorem 3.4. Let (u, v) be an admissible pair in L2
α (R),then for all

f ∈ L2
α (R) we have

f(.) =
1

Cu,v

∫
R

∫
R
Wu(f)(x, y)v

x,y(.)dµα(x)⊗ dµα(y),

weakly in L2
α (R).

Proof. By using the relations (22), (26), and Fubini’s theorem we find that∫
R
f(z)h(z)dµα(z) =

1

Cu,v

∫
R

∫
R
Wu(f)(x, y)Wv(h)(x, y)dµα(x)⊗ dµα(y)

=
1

Cu,v

∫
R

(∫
R

∫
R
Wu(f)(x, y)v

x,y(z)dµα(x)⊗ dµα(y)

)
h(z)dµα(z).

which gives the result. □
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The reproducing kernels for Hilbert space play an important role in harmonic

analysis [22]. In this context, we have the following result.

Theorem 3.5. The space Wu (L
2
α (R)) is a reproducing kernel Hilbert space in

L2
α (R2) with kernel function Ku defined by

Ku ((x
′, y′) ; (x, y)) =

1

∥u∥22,α

(
ux,y ∗α uy′

)
(x′) .

Furthermore, the kernel is pointwise bounded

|Ku ((x
′, y′) ; (x, y))| ≤ 1, ∀(x, y); (x′, y′) ∈ R2.

Proof. From the relations (23) and (26), we find that

Wu(f)(x, y) =
1

∥u∥22,α

∫
R

∫
R
Wu(f) (x

′, y′)Wu (ux,y) (x′, y′)dµα (x
′) dµα (y

′)

= ⟨Wu(f) | Ku((.); (x, y))⟩µα⊗µα
,

where

Ku ((x
′, y′) ; (x, y)) =

1

∥u∥22,α

(
ux,y ∗α uy′

)
(x′) .

On the other hand, for every (x, y); (x′, y′) ∈ R2d and by a direct computation,

we obtain

∥Ku((.); (x, y))∥2,µα⊗µα
≤ 1.

Finally by the Cauchy-Schwarz inequality, we get

|Ku ((x
′, y′) ; (x, y))| ≤ 1

∥u∥22,α

∫
R
|ux,y(z)|

∣∣∣ux′,y′(z)
∣∣∣ dµα(z) ≤ 1.

This shows that the kernel Ku belongs to L2
α (R2) and is bounded. □

The rest of this section is devoted to give Calderón’s type reproducing formula

for the Hartley-Gabor transform, to do this we need the help of the following result.

Proposition 3.6. Let 0 < γ < δ < +∞ and (u, v) be an admissible pair such

that Hα(u) and Hα(v) belongs to L
∞
α (R). We put

Gγ,δ(x) :=
1

Cu,v

∫
D(γ,δ)

(uy ∗α vy) (x) dµα(y) (28)

and

Kγ,δ(λ) :=
1

Cu,v

∫
D(γ,δ)

√
τλα
(
|Hα (u)|2

)
(y)τλα

(
|Hα (v)|2

)
(y)dµα(y), (29)

where

D(γ, δ) = {x ∈ R : γ ≤ x ≤ δ} .
Then we have Gγ,δ belongs to L2

α (R) and

Hα(Gγ,δ)(λ) = Kγ,δ(λ). (30)
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Proof. By using Hölder’s inequality and the relations (11), (18) and (19), we

find that

∥Gγ,δ∥22,α ≤ µα(D(γ, δ))

C2
u,v

∫
D(γ,δ)

(∫
R
|Hα(uy)(λ)|2 |Hα(v

y)(λ)|2 dµα(λ)

)
dµα(y)

≤
(
µα(D(γ, δ))

Cu,v

)2

∥Hα(f)∥2∞,α ∥v∥
2
2,α <∞,

which proves that Gγ,δ belongs to L2
α (R), furthermore by using the relation (11),

we find that

(uy ∗α vy) (x) =
∫
R
Hα(uy)(λ)ψα,d(λx)Hα(v

y)(λ)dµα(λ)

=

∫
R
ψα,d(λx)

√
τ yα
(
|Fα (u)|2

)
(λ)τ yα

(
|Hα (v)|2

)
(λ)dµα(λ)

now, by using Fubini’s theorem and the relation (13), we find that

Gγ,δ(x) =
1

Cu,v

∫
R
ψα,d(λx)

(∫
D(γ,δ)

√
τλα
(
|Hα (u)|2

)
(y)τλα

(
|Hα (v)|2

)
(y)dµα(y)

)
dµα(λ)

=

∫
R
ψα,d(λx)Kγ,δ(λ)dµα(λ),

inversion formula (10) gives the relation (29). □

In the following we establish reproducing inversion formula of Calderón’s type

for the Hartley-Gabor transform Wu.

Theorem 3.7. Let 0 < γ < δ < +∞ and (u, v) be an admissible pair such that

Fα(u) and Hα(v) belongs to L∞
α (R). For all f ∈ L2

α (R), the function fγ,δ defined

for all z ∈ R by:

fγ,δ(z) =
1

Cu,v

∫
D(γ,δ)

∫
R
Wu(f)(x, y)τxα(v

y)(z)dµα(x)⊗ dµα(y), (31)

belongs to L2
α (R) and satisfies

lim
(γ,δ)→(0,+∞)

∥fγ,δ − f∥2,α = 0. (32)

Proof. It is easy to see that for all f ∈ L2
α (R) we have fγ,δ = f ∗α Gγ,δ, where

Gγ,δ is the function given by the relation (28), by using the relations (25), (29), we

find that

∥fγ,δ − f∥22,α =

∫
R
|Hα(f)(λ)|2 (1−Kγ,δ(λ))

2 dµα(λ)

by using the relations (25), (29), the relation (32) follows from the dominated con-

vergence theorem. □
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4. Uncertainty Principles Associated with the Hartley-Gabor Transform

In this section, we estimate the concentration of Wu on subset of R×R of finite

measure, similar results have been checked in [8, 9, 10, 11] and we establish the

uncertainty principle for orthonormal sequences associated with the Hartley-Gabor

transform, first we consider the following orthogonal projections

(1) Let Pu be the orthogonal projection from L2
α (R2)onto Wu (L

2
α (R)) and ImPu

denotes the range of Pu.

(2) Let PE be the orthogonal projection on L2
α (R2) defined by

PEF = χEF, F ∈ L2
α

(
R2
)
, (33)

where E ⊂ R× R and ImPE is the range of PE. Also, we define

∥PEPu∥ = sup
{
∥PEPu(F )∥2,µα⊗µα

: F ∈ L2
α

(
R2
)
, ∥F∥2,µα⊗µα = 1

}
.

We first need the following result.

Theorem 4.1. Let u ∈ L2
α(R) be a non-zero window function. Then for any

E ⊂ R×R of finite measure µα⊗µα(E) <∞, the operator PEPu is a Hilbert-Schmidt

operator. Moreover, we have the following estimation

∥PEPu∥2 ≤ µα ⊗ µα(E).

Proof. since Pu is a projection onto a reproducing kernel Hilbert space, for any

function F ∈ L2
α(R2d), the orthogonal projection Pu can be expressed as

Pu(F )(x, ξ) =

∫∫
R2

F (x′, ξ′)Ku ((x
′, ξ′) ; (x, ξ)) dµα(x

′)⊗ dµα(ξ
′),

where Ku ((x
′, ξ′) ; (x, ξ)) is given in theorem 3.3, using the relation (33), we find

that

PEPu(F )(x, ξ) =

∫∫
R2

χE(x, ξ)F (x′, ξ′)Ku ((x
′, ξ′) ; (x, ξ)) dµα(x

′)⊗ dµα(ξ
′).

This shows that the operator PEPu is an integral operator with kernel

K ((x′, ξ′) ; (x, ξ)) = χE(x, ξ)Ku ((x
′, ξ′) ; (x, ξ)) .

Using the relation (24) and Fubini’s theorem, we find that

∥PΣPg∥2HS =

∫∫
R2

∫∫
R2

|χΣ(x, ξ)|2 |Ku ((x
′, ξ′) ; (x, ξ))|2 dµα(x

′)⊗ dµα(ξ
′)dµα(x)⊗ dµα(ξ)

≤
∥u∥42,µα

∥u∥42,µα

∫∫
E

dµα(x)⊗ dµα(ξ) = µα ⊗ µα(E) <∞. (34)

Thus, the operator PEPu is a Hilbert-Schmidt operator. Now, the proof follows

from the fact that ∥PEPu∥ ≤ ∥PEPu∥HS. □

In the following, we obtain the uncertainty principle for orthonormal sequences

associated with the Hartley-Gabor transform.
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Theorem 4.2. Let u ∈ L2
α(R) be a non-zero window function and {ϕn}n∈N be an

orthonormal sequence in L2
α(R). Then for any subset E ⊂ R× R of finite measure

µα ⊗ µα(E) <∞, we have

N∑
n=1

(
1− ∥χEcWu (ϕn)∥2,µα⊗µα

)
≤ µα ⊗ µα(E),

for every N ∈ N.

Proof. Proof. Let {en}n∈N be an orthonormal basis for L2
α (R2). Since PEPu is

a Hilbert-Schmidt operator, and satisfied the relation (34), we have∑
n∈N

⟨PuPEPuen, en⟩µα⊗µα
= ∥PEPu∥2HS ≤ µα ⊗ µα(E) <∞.

According to the paper [16], the positive operator PuPEPu is a trace class oper-

ator and we have

tr (PuPEPu) = ∥PEPu∥2HS ≤ µα ⊗ µα(E) <∞

where tr (PuPEPu) denotes the trace of the operator PuPEPu. Since {ϕn}n∈N be an

orthonormal sequence in L2
α(R), from the orthogonality relation (27), we obtain that

{Wu (ϕn)}n∈N is also an orthonormal sequence in L2
α (R2) thus, we find that

N∑
n=1

⟨PEWu (ϕn) ,Wu (ϕn)⟩µα⊗µα
≤ µα ⊗ µα(E) <∞

Moreover, for any n with 1 ≤ n ≤ N , using the Cauchy-Schwarz inequality, we

get

⟨PEWu (ϕn) ,Wu (ϕn)⟩µα⊗µα
=1− ⟨PEcWu (ϕn) ,Wu (ϕn)⟩µα⊗µα

≥1− ∥χEcWu (ϕn)∥2,µα⊗µα
.

Thus, we obtain

N∑
n=1

(
1− ∥χEcWu (ϕn)∥2,µα⊗µα

)
≤

N∑
n=1

⟨PEWu (ϕn) ,Wu (ϕn)⟩µα⊗µα
≤ µα ⊗ µα(E).

This completes the proof of the theorem. □

5. Extremal Functions Associated with the Hartley-Gabor Transform

By using the theory of reproducing kernels [22, 23], the main purpose of this

section is to study the extremal functions associated with the Hartley-Gabor trans-

form and to give an integral representation and best estimate of these functions on

weighted Sobolev spaces.
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5.1. Sobolev type spaces Associated with the Hartley-Bessel Trans-

form.

Definition 5.1. Let s ∈ R, we define the Hartley-Sobolev space of order s that

will be denoted by

Hs
α(R) :=

{
f ∈ L2

α(R)/
(
1 + |λ|2

)s/2Hα(f) ∈ L2
α(R)

}
We provide Hs

α(R) with the inner product given by

⟨f, g⟩Hs
α
:=

∫
R

(
1 + |λ|2

)s Hα(f)(λ)Hα(g)(λ)dµα(λ), (35)

and the norm

∥f∥2Hs
α
:= ⟨f, f⟩Hs

α
=

∫
R

(
1 + |λ|2

)s |Hα(f)(λ)|2 dµα(λ), (36)

Definition 5.2. Let u be a window function in L2
α(R), we introduce the inner

product in the Hilbert space Hs
α(R) for any fixed β > 0 by

⟨f, g⟩Hs
β,u

:= β⟨f, g⟩Hs
α
+ ⟨Wu(f),Wu(g)⟩θα . (37)

The norm associated to this inner product is defined by

∥f∥2Hs
β,u

:= β∥f∥2Hs
α
+ ∥Wu(f)∥22,θα . (38)

We have the following result:

Proposition 5.1. For s > α + 1 and u be a window function in L2
α(R) and

β > 0 then we have

f ∈ Hs
β,u(R) ⇒ Hα(f) ∈ L1

α(R). (39)

Proof. By using the relations (11), (26), (35), and (37), we find that

∥f∥2Hs
β,u

=

∫
R

[
β
(
1 + |λ|2

)s
+ ∥u∥22,α

]
|Hα(f)(λ)|2 dµα(λ) (40)

by using Hölder’s inequality and the fact that s > α+ 1 we find that

∥Hα(f)∥1,µα
≤ ∥f∥Hs

β,u

(∫
R

dµα(λ)[
β (1 + |λ|2)s + ∥u∥22,α

]) 1
2

<∞

which gives the result. □

Theorem 5.2. Let s > α+ 1, u be a window function in L2
α(R) and β > 0 then

the space
(
Hs

β,u(R), ⟨, ⟩Hs
β,u

)
is a reproducing kernel Hilbert space with kernel given

by

Kβ,u(x, y) =

∫
R

Bα(λx)Bα(λy)

β (1 + |λ|2)s + ∥u∥22,α
dµα(λ)

that is for every y ∈ R
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(i) the function x→ Kβ,u(x, y) ∈ Hs
β,u(R).

(ii) for every f ∈ Hs
β,u(R) and y ∈ R we have

f(y) = ⟨f,Kβ,u(·, y)⟩Hs
β,u
.

Proof. Let y ∈ R, by using the fact that s > α + 1 and the relation (7), the

function

λ→ Bα(λy)

β (1 + |λ|2)s + ∥u∥22,α
belongs to L1

α(R) ∩ L2
α(R), by using Plancherel’s theorem for the Hartley-Bessel

transform, there exist a unique function in L2
α(R), which we denote by Kβ,u(·, y)

such that

Hα (Kβ,u(·, y)) (λ) =
Bα(λy)

β (1 + |λ|2)s + ∥u∥22,α
, (41)

by using inversion formula (10), we find that

Kβ,u(x, y) =

∫
R

Bα(λx)Bα(λy)

β (1 + |λ|2)s + ∥u∥22,α
dµα(λ)

furthermore, by using the relations (7), (39), and (41), we find that

∥Kβ,u(·, y)∥2Hs
β,u

≤
∫
R

dµα(λ)

β (1 + |λ|2)s + ∥u∥22,α
<∞

which proves that Kβ,u(·, y) ∈ Hs
β,u(R), now let f ∈ Hs

β,u(R) by using the relation

(40), we find that

⟨f,Kβ,u(·, y))⟩Hs
β,u

=

∫
R
Hα(f)(λ)Bα(λy)dµα(λ),

inversion formula (10) gives the desired result. □

In the following we give the main result of this section.

Theorem 5.3. Let s > α+1, u be a window function in L2
α(R) and g ∈ L2

α (R2),

β > 0 then the infimum

inf
f∈Hs

α(R)

{
β∥f∥2Hs

α
+ ∥g −Wu(f)∥22,θα

}
(42)

is attained by a unique function f ∗
g,u,β given exactly by

f ∗
g,u,β(y) =

∫∫
R2

g(x, z)ϕu,β(x, y, z)dµα(x)⊗ dµα(z)), (43)

where ϕu,β is given by

ϕu,β(x, y, z) =

∫
R

Bα(λx)Bα(λy)
√
τ zα (|Hα(u)|2) (λ)

β (1 + |λ|2)s + ∥u∥22,α
dµα(λ). (44)
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Proof. The existence and unicity of the extremal function f ∗
g,u,β, satisfying the

relation (42) is given in [23] and this function is given by the following relation

f ∗
g,u,β(y) = ⟨g,Wu(Kβ,u(·, y))⟩θα , (45)

where Kβ,u is the kernel function given the relation (41), on the other hand, by using

the relations (11),(18),(20) and (22) we find that

Wu(Kβ,u(·, y)(x, z) =
∫
R
Hα(Kβ,u(·, y))(λ)Hα(ux,z)(λ)dµα(λ)

ϕu,β(x, y, z) =

∫
R

Bα(λx)Bα(λx)
√
τ zα (|Hα(u)|2) (λ)

β (1 + |λ|2)s + ∥u∥22,α
dµα(λ) (46)

by using the relations (45) and (46), we find the result. □

We have the following results:

Theorem 5.4. Let s > α+1, u be a window function in L2
α(R) and g ∈ L2

α (R2),

β > 0 then we have

(i)

f ∗
g,u,β(y) =

∫∫
R2

Bα(λy)Hα (g(·, z)) (λ)
√
τ zα (|Hα(u)|2) (λ)

β (1 + |λ|2)s + ∥u∥22,α
dµα(λ)⊗ dµα(z) (47)

(ii)

Hα(f
∗
g,u,β)(λ) =

∫
R

Hα (g(·, z)) (λ)
√
τ zα (|Hα(u)|2) (λ)

β (1 + |λ|2)s + ∥u∥22,α
dµα(z) (48)

(iii)

∥f ∗
g,u,β∥Hs

α
≤

∥g∥2,θα ∥u∥2,µα

β
. (49)

Proof. (i) Is a consequence of (43), (44) and Fubini’s theorem.

(ii) Is a consequence of Fubini’s theorem and the relations (47) and (11).

(iii) By using the relation (36), we find that

∥f ∗
g,u,β∥2Hs

α
=

∫
R

(
1 + |λ|2

)s ∣∣Hα(f
∗
g,u,β)(λ)

∣∣2 dµα(λ)

by using Holder’s inequality and the relations (11), (13) and (48), we find that∣∣Hα(f
∗
g,u,β)(λ)

∣∣2 ≤ ∥u∥22,α
(β (1 + |λ|2)s + ∥u∥22,α)2

∫
R
|g(λ, z)|2 dµα(z)

so we find that

∥f ∗
g,u,β∥2Hs

α
≤

(1 + |λ|2)s ∥u∥22,α∥g∥22,θα
(β (1 + |λ|2)s + ∥u∥22,α)2

≤
∥g∥22,θα ∥u∥

2
2,µα

β2
,

which gives the desired result. □
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Corollary 5.5. Let s > α+ 1, u be a window function in L2
α(R) and β > 0, for

all f ∈ Hs
α(R) and g = Wu(f), the extremal function f ∗

Wu(f),u,β
satisfies the following

properties

(i)

Hα(f
∗
Wu(f),u,β)(λ) =

Hα(f)(λ)∥u∥22,α
β (1 + |λ|2)s + ∥u∥22,α

. (50)

(ii)

∥f ∗
Wu(f),u,β∥Hs

α
≤

∥f∥2,µα
∥u∥2,µα

β2
. (51)

Proof. (i) By using the relations (23) and (48), we find that

Hα(f
∗
Wu(f),u,β)(λ) =

∫
R

Hα (Wu(f)(·, z)) (λ)
√
τ zα (|Hα(u)|2) (λ)

β (1 + |λ|2)s + ∥u∥22,α
dµα(z)

=

∫
R

Fα (uz) (λ)Hα (f) (λ)
√
τ zα (|Hα(u)|2) (λ)

β (1 + |λ|2)s + ∥u∥22,α
dµα(z)

the relation (14) and Plancherel’s formula (11) gives the relation (50).

(ii) By using the relations (27) and (49) we find the relation (51). □

Theorem 5.6 (Second Calderon’s reproducing formula). Let s > α + 1, u be

a window function in L2
α(R) and β > 0, for all f ∈ Hs

α(R) the extremal function

f ∗
Wu(f),u,β

satisfies

lim
β→0+

∥∥f ∗
Wu(f),u,β − f

∥∥
Hs

α
= 0.

Moreover we have f ∗
Wu(f),u,β

−→ f uniformly when β −→ 0+.

Proof. By using the relation (50), we find that

Hα(f
∗
Wu(f),u,β − f)(λ) =

−β (1 + |λ|2)s Hα(f)(λ)

β (1 + |λ|2)s + ∥u∥22,α
(52)

consequently we find that∥∥f ∗
Wu(f),u,β − f

∥∥
Hs

α
=

∫
R

β2 (1 + ∥λ∥)3s |Hα(f)(λ)|2

β (1 + |λ|2)s + ∥u∥22,α
dµα(λ)

by using the dominated convergence theorem and the fact that

β2 (1 + λ|2)3s |Hα(f)(λ)|2

β (1 + |λ|2)s + ∥u∥22,α
≤
(
1 + |λ|2

)s |Hα(f)(λ)|2 ,

we deduce that

lim
β→0+

∥∥f ∗
Wu(f),u,β − f

∥∥
Hs

α
= 0
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on the other hand by using inversion formula (10) and the relation (52), we find

that

f ∗
Wu(f),u,β(y)− f(y) =

∫
R
Hα(f

∗
Wu(f),u,β − f)(λ)Bα(λy)dµα(λ)

=

∫
R

−β (1 + |λ|2)s Hα(f)(λ)Bα(λy)

β (1 + |λ|2)s + ∥u∥22,α
dµα(λ)

again by dominated convergence theorem and the fact that∣∣∣∣−β (1 + ∥λ∥)sHα(f)(λ)Bα(λy)

β (1 + |λ|2)s + ∥u∥22,α

∣∣∣∣ ≤ |Hα(f)(λ)|

we deduce that

lim
β→0+

∥∥f ∗
Wu(f),u,β − f

∥∥
∞,α

= 0

which proves that f ∗
Wu(f),u,β

−→ f uniformly when β −→ 0+. □
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