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Uncertainty principles and extremal functions for
generalized Hartley-Gabor transform

Ahmed Chana*, Abdellatif Akhlidj, and Souhir Arhilas

ABSTRACT. The main crux of this paper is to introduce a new integral transform
called the generalized Hartley-Gabor transform which generalizes the classical Ga-
bor Fourier transform and to give some new results related to this transform as
Plancherel’s, Parseval’s, inversion and Calderon’s reproducing formulas. Next, we
analyse the concentration of this transform on sets of finite measures and we give
the uncertainty principle for orthonormal sequences. Last, using the best approx-
imations and the theory of reproducing kernels, we study the extremal functions
related to this transform and we give an integral representation, band est estimates
of these functions on weighted Sobolev spaces.

1. Introduction

Time-frequency analysis [17] and uncertainty principles [14, 21] play a funda-
mental role in field of mathematics and physics, these principes appear in harmonic
analysis and signal theory in a various different forms involving not only the sig-
nal f and its Fourier transform f , but also every representation of a signal in the
time-frequency space.

2020 Mathematics Subject Classification. Primary: 42A38; Secondary: 46E35.

Key words and phrases. Time-frequency analysis, Gabor transform, Hartley-Bessel, Transform
Extremal, functions Uncertainty principles
*Corresponding author

O

a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

This work is licensed under the Creative Commons Attribution 4.0 International License. To view

71



72 CHANA, AKHLIDJ, AND ARHILAS

The uncertainty principles are mathematical results that gives limitations on
the simultaneous concentration of a signal and its Fourier transform and they have
implications in signal analysis and quantum physics. In signal analysis they tell us
that if we observe a signal only for a finite period of time, we will lose information
about the frequencies of signal consists of.

Timelimited and bound limited functions are basic tools in signal analysis and
imaging processing. In quantum physics they tell us that a particule’s speed and
position cannot both of them be measured with infinite presicion, the mathematical
formulation of this principle is given by the Heisenberg-Pauli-Weyl sharp inequality
[24]. Other uncertainty relations have been investigated among them, we refer to the
papers of Benedick’s [2], Donoho-Stark’s [12], Jaming’s [19]. The Hartley transform
[7, 18, 26] is a linear operator defined for a suitable function ¢ (z) as follows:

H(p)(N) = %27 / (z) cas(Az)d, (1)

where cas(z) is the cas function, defined as:

< (—1)(
cas(z) = Z Lx", (2)

n=0

with () = "(”271) being the binomial coefficient. The cas(x) function (2) can be seen

as a generalization of the exponential function exp. A simple computation shows
that the cas function is the unique C*° solution of the following differential-reflection

problem see [4]
RO u(x) = Au(z),
{ u(0) = 0.
Here, 0, represents the first-order derivative, and R is the reflection operator
acting on functions f(z) as:
R(f)(x) = f(—=). (3)

Furthermore, the function cas(x) is multiplicative on R in the sens
1
cas(z) cas(y) = E(cas(x +y) — cas(—x —y) + cas(z — y) + cas(y — x)).  (4)

Inspired by the relation (4), the author in [4] generalized the relation (4) for
the Hartley-Bessel function and introduce a generalized convolution product. This
paper focuses on the generalized Hartley transform introduced in [4, 5, 6] called
the Hartley-Bessel transform, more precisely we consider the following differential-
reflection operator A, defined by

AQ:R<8I+%>+%, a>0. (5)

where R is the reflection operator given by the relation (3). The operator A, is
closely connected with the Dunkl’s theory [13], furthermore the eigenfunctions of
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this operator are related to Bessel functions and they satisfies a product formula
which permits to develop a new harmonic analysis associated with this operator see
[4] for more information.

Uncertainty principles play a fundamental role in the field of mathematics,
physics and some area of engineering such as signal processing, image processing,
quantum theory and optics see [12, 14, 17, 21|, in this context using the Ga-
bor transform introduced by Gabor, using translation, modulation and convolution
operators of a single Gaussian, the authors in [3, 25] gives a new uncertainty prin-
ciples for the Gabor transform. Uncertainty principles associated with the Gabor
was studied in the one dimensional Hankel setting [1, 15], in the multidimensional
Hankel setting [9, 10, 11] and in the two-sided quaternion setting [8], motivated
by these works the main purpose of this work is to introduce the Gabor transform
associated with the Hartley-Bessel operator (5) called the Hartley-Gabor transform
and to give some new results related to this transform as Plancherel’s, Parseval’s,
inversion and Calderon’s reproducing formulas. Next, we give some new uncertainty
principles associated with this transform.

The remainder of this paper is arranged as follows, in section 2 we recall the main
results concerning the harmonic analysis associated with the Hartley-Bessel trans-
form, in section 3 we introduce the Hartley-Gabor transform and we give some new
results related to this transform , section 4 is devoted to analyse the concentration
of the multidimensional Hartley-Gabor transform on sets of finite measure and to
give some new uncertainty principles related to this transform. Last, we study the
extremal functions related to the Hartley-Gabor transform and we give an integral
representation, best estimates of these functions on weighted Sobolev spaces.

2. Harmonic Analysis Associated with the Hartley-Bessel Transform

In this section we recall some results in harmonic analysis related to the Hartley-
Bessel transform, for more details we refer the reader to [4, 20].
e For a > 0, p, is the weighted Lebesgue measure defined on R by

Y

p ( ) |$|2a
all) = —5 ——
: 202D (a + 1)

where I' is the Gamma function.
e [P(R),1 < p < oo, the space of measurable functions on R, satisfying

I llp e =: { (Je |f(x)‘pd,ua(x))l/p <00, 1<p<oo,

esssup,ep | f(2)] < oo, p=o0.

In particular, for p = 2, L2(R) is a Hilbert space with inner product given by

. G = / F(2)9 (@) dpalz).
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2.1. The Eigenfunctions of the Differential-reflection operator A,. For
A € C we consider the following Cauchy problem

An(u)(x) = Au(x),
<S):{u(o()i(1? "
From [4], the Cauchy problem (S) admits a unique solution B,(\.) given by
BalAe) = JoyO0) + 5y (M0, )
2 2004+ 17772
where j, denotes the normalized Bessel function of order a see [4]. The function
B, ().) is infinitely differentiable on R and we have the following important result

YA,z eR, |B.(\x)] < V2. (7)
Furthermore from [4], the Hartley-Bessel kernel (6) is multiplicative on R in the
sense
VAER, 2,y €R" Ba(Az)Ba(My) = / Ba(A2) Ko, y, 2)dpia(2) (8)
R

where K, is the Bessel kernel given explicitly in [4]. The product formula () general-
ize the relation (4) and permits to define a translation operator, convolution product
and to develop a new harmonic analysis associated to the Differential-reflection op-
erator A,.

2.2. The Hartley-Bessel transform.

Definition 2.1. ([4]) The Hartley-Bessel transform H,, defined on L!(R) by

Ho(f)(N) = /RBQ()\:E)f(:E)d,ua(x), for A € R

Some basic properties of this transform are as follows, for the proofs, we refer
the reader to [4].

Proposition 2.1. (1) For every f € LL(R) we have
IHo (Al < V20F 10 (9)
(2) (Inversion formula) For f € (LLNL2)(R) such that F.(f) € LL(R) we
have
F@) = [ Bl ol DY), ac 7€ R (10)

(3) (Plancherel theorem) The Hartley-Bessel transform H, can be extended to
an isometric isomorphism from L2(R) into L%(R). and we have

1 2.0 = Ha (2,0 - (11)
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2.3. The translation operator associated with the Hartley-Bessel trans-
form. The product formula (8) permits to define the translation operator as follows

Definition 2.2. Let 2,y € R and f is a measurable function on R the translation
operator is defined by

/ F(2) K, 3, 2)dptal2), (12)

The following proposition summarizes some properties of the Hartley-Bessel
translation operator see [4].

Proposition 2.2. For all x,y € R, we have:

(1)
ol (y) =781 (). (13)

/ To f(W)dua(y / f)dpa(y (14)

(3) for f € LE(R) with p € [1;400] T7f € L2(R) and we have

(2)

175 g e < 1 ps- (15)
By using the translation, we define the generalized convolution product of f, g by
(f %0 9) / T2 (F))(v)dpaly).

This convolution is commutative, associative and its satisfies the following prop-
erties see [4].

Proposition 2.3. (1) (Young’s inequality) for all p,q,r € [1;+00] such
that: ;1) + % =1+ % and for all f € L2(R),g € LL(R) the function f x, g
belongs to the space L% (R) and we have

1S *a 9l < A1 lpsie |9l g (16)

(2) For f,g € LA(R) the function f *, g belongs to L:(R) if and only if the
function Ho(f)Ha(g) belongs to L2(R) and in this case we have

Ha (f *a 9) = Hal(f)Halg)- (17)
(3) For all f,g € LA(R) then we have

/|f* 9(@) dpa(a /\H N [Ha(9) V[ dpia(N), (18)

where both integrals are simultaneously finite or infinite.
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3. Gabor Transform Associated with the Hartley-Bessel Transform

The main purpose of this section is to introduce the Hartley-Gabor transform
and to give some new results related to this transform.

Notation: we denote by

e I?(R?),1<p< +oo the space of measurable functions on R x R satisfying

(i Jo [P 0P dpta(@) © dpiaw))? . if p € [1, +00]
1/ llppasna == { esssup |f(z,y)| if p = +o0.
(z,y) e RxR

Let u in L2 (R) and y € R, we recall that the modulation operator of u is given
by
MY (u) :=u? :=H, < i ]"Ha(u)\2> :

By using Plancherel’s formula (11) and the relation (14), we have v € L? (R)
and

[0¥]]5,6 = llull2a- (19)
Furthermore by using inversion formula (10), we find the following important
result

Ha () (V) = /72 ([Ha(w) ) (). (20)

Now, for every non-zero window function u in L2 (R), we consider the family
u™Y defined by

u™(z) =715 (u¥) (2), V(z,y) e RxR. (21)

Definition 3.1. For every f and u in L? (R) we define the Hartley-Gabor trans-
form by

WL)(e0) = [ T (2) (22)
R
Remark 3.2. the Hartley-Gabor transform can be also expressed by
Wu(f)(z,y) = (u¥ *a f) (2). (23)

By using Hélder’s inequality and the relations (15), (19), (21), and (22), we find
that W, (f) € LY (R?) and we have

IVu(D)lloo po@na < 1 ll2allull2a- (24)

Definition 3.3. Let u,v be non-zero functions in L? (R), we say that the pair
(u,v) is admissible if for almost all A € R we have

Coo = / V72 (Ha @) )72 (Ha (0)) ()dpa(y) < oo. (25)

We have the following generalized Parseval’s formula for the Hartley-Gabor

transform.
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Theorem 3.1. Let (u,v) be an admissible pair then for all f,h € L2 (R) we
have

//w (e, )YV (2, )t () © dptay =w/f @)dpa(z).  (26)

PROOF By using Fubini’s theorem and the relations (11), (13), (17), (20) and
, we find that

//W (, Y)Wy (h) (2, y)dpta(x)dpa(y)
= [ || @0 0 @ s T )| )

= / { / W(\’ch (W) /7 (e 0)F) (N Ha (£ Ha DN dpa (V)| dia(y)

= Cup / F@)h(x)dpia(z).
and the proof is complete. O
Corollary 3.2 (Plancherel’s formula for W,). If u = v and f = h we find that
V(P2 pope = If a2 (27)

Proposition 3.3. u be non-zero window function in L2 (R), for all f € L? (R),
the function W,(f) belongs to LP (R?) for all p € [2; +00] and we have

IVl p o < 1 2 ([l

PROOF. Is a consequence of the relations (24), (27) and the Riesz-Thorin’s in-
terpolation theorem. O

In the following, we establish an inversion formula for the Hartley-Gabor trans-
form.

Theorem 3.4. Let (u,v) be an admissible pair in L2 (R),then for all
f € L2 (R) we have

a, y)o™? ()dpa(e) © dpa(y),
weakly in L? (R).
PROOF. By using the relations (22), (26), and Fubini’s theorem we find that

/R eneme / / Walf) (@ y)Wa () (2, 9)dta () @ dpialy)

UU

A </R/RWu(f)(I7y)vay<Z)d,ua<l’)®dua(y)) (2)dpa(2).

which gives the result. O
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The reproducing kernels for Hilbert space play an important role in harmonic
analysis [22]. In this context, we have the following result.

Theorem 3.5. The space W, (L? (R)) is a reproducing kernel Hilbert space in
L2 (R?) with kernel function K, defined by

Ku (@) (2.9)) =

(u”’y *o W) (o).
Furthermore, the kernel is pointwise bounded

|’Cu ((xlay,) ; (l’,y))| < 17 V(I,y); (l'/, y') S RQ.

|| ||2a

PROOF. From the relations (23) and (26), we find that
Wa(f)9) = MI//W ) Wl ) (0 ) (2 i (1)
2,
D) TR (2 9))) i
where
1

Ku((2,9); (2, y) =

|
On the other hand, for every (x,y); (2

(u”’ o W) (2).

|ull3.q
,y') € R?® and by a direct computation,

we obtain

HICU(()7 (:C7 y))”2,,ua®,ua S L.
Finally by the Cauchy-Schwarz inequality, we get

") (x L uY(2)] |uY (2
) @)l € g [ e

This shows that the kernel IC, belongs to L2 (R?) and is bounded. 0O

dpa(z) < 1.

The rest of this section is devoted to give Calderon’s type reproducing formula
for the Hartley-Gabor transform, to do this we need the help of the following result.

Proposition 3.6. Let 0 < v < § < 400 and (u,v) be an admissible pair such
that He(u) and He(v) belongs to L (R). We put

07

1 _
G,s(x) = w¥ x4 vY) () dptg 28
5(x) o Dw)( ) () dpa(y) (28)
and
s, 2 (1Ha (W*) )72 (1Ha () (W)dualy), — (29)
where

D(v,0) ={xr eR:vy <z <d}.
Then we have G, 5 belongs to L2 (R) and
Ha(Gr0)(A) = Ky s(A). (30)
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PROOF. By using Hélder’s inequality and the relations (11), (18) and (19), we
find that

2 fa(D(7,9)) vl 2 y 2
16l < PZE [ (] P O ()] )

(ua(D(%5)) i

< (22O 2 o < o

which proves that G. s belongs to L2 (R), furthermore by using the relation (11),
we find that

(@ #0 0%) (z) = / Ho (@) ()t N o (07 (N ()
= [ a7 (1 ) )7 (e (0)F) o)

now, by using Fubini’s theorem and the relation (13), we find that

L[ vaatoon ( [ VR (0P (e ) Da(0)) )

- / b A2 5 (N dia(N),

U’U

inversion formula (10) gives the relation (29). O

In the following we establish reproducing inversion formula of Calderon’s type
for the Hartley-Gabor transform W,.

Theorem 3.7. Let 0 < v < 0 < 400 and (u,v) be an admissible pair such that
Faolu) and Hy(v) belongs to L (R). For all f € L2 (R), the function f.s defined
for all z € R by:

fw&

/D . / WalF) ()72 00 (2)dpta(z) ® dpaly),  (31)

U’U

belongs to L2 (R) and satisfies

li = 0. 32
(76)—1;{)14— )wa? fHQ,a (32)

PROOF. It is easy to see that for all f € L2 (R) we have f, s = f *, G-, where
G5 is the function given by the relation (28), by using the relations (25), (29), we
find that

s = flloe = /]R [Ha(F)NF (1= Ky 5(0)* dpa(N)

by using the relations (25), (29), the relation (32) follows from the dominated con-
vergence theorem. 0
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4. Uncertainty Principles Associated with the Hartley-Gabor Transform

In this section, we estimate the concentration of W, on subset of R x R of finite
measure, similar results have been checked in [8, 9, 10, 11| and we establish the
uncertainty principle for orthonormal sequences associated with the Hartley-Gabor
transform, first we consider the following orthogonal projections

(1) Let P, be the orthogonal projection from L2 (R?)onto W, (L2 (R)) and Im P,
denotes the range of P,.
(2) Let Pg be the orthogonal projection on L% (R?) defined by

PpF = xpF, Fcl? (Rz) , (33)
where E C R x R and Im Pg is the range of Pg. Also, we define
|PuPu| = sup {||1PPu(F)  F € L2 (R?),|IFllapaon, = 1}
We first need the following result.

H2,,LL&®M&

Theorem 4.1. Let u € L2(R) be a non-zero window function. Then for any
E C RxR of finite measure ji, Qo (E) < 0o, the operator PgP, is a Hilbert-Schmidt
operator. Moreover, we have the following estimation

||P)EPU||2 < Ha @ /vba(E>'

PROOF. since P, is a projection onto a reproducing kernel Hilbert space, for any
function F' € L2(R??), the orthogonal projection P, can be expressed as

@8 = [[ P ) K (@5 (0.9) duale) © dials)

where IC, ((2/,&'); (x,€)) is given in theorem 3.3, using the relation (33), we find
that

PePu(F)(w.8) = [[ xple O @.€) K (€)1 (5.€)) ditale) @ dia€),
R
This shows that the operator PgP, is an integral operator with kernel

K ((#',);(x,8) = xp(x, K ((/,€) ; (2,€)).
Using the relation (24) and Fubini’s theorem, we find that

PPy ls = [ [ este P Ko (@€ @) i) & il o) (€
el [ ete) © e ©) = o @ () < ox. (34)

=l ullz

Thus, the operator PgP, is a Hilbert-Schmidt operator. Now, the proof follows
from the fact that || PpP,|| < ||PePul 4s- O

In the following, we obtain the uncertainty principle for orthonormal sequences
associated with the Hartley-Gabor transform.
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Theorem 4.2. Let u € L%(R) be a non-zero window function and {¢,}, .y be an
orthonormal sequence in L2 (R). Then for any subset E C R x R of finite measure
Lo ® o (E) < 00, we have

N

3 (1 — [IxEWa (%)HZW%) < o @ pa(E),

n=1

for every N € N.

PROOF. Proof. Let {e,}, . be an orthonormal basis for L2 (R?). Since PgP, is
a Hilbert-Schmidt operator, and satisfied the relation (34), we have

Z <PuPEPu€n> €n>ua®#a = “PEPuH?-[S < Mo & ,Ua(E) < Q.

neN

According to the paper [16], the positive operator P, PgP, is a trace class oper-
ator and we have

tr (P,PgP,) = ||PePulsg < fla @ ta(E) < o0

where tr (P, PgP,) denotes the trace of the operator P,PgP,. Since {¢,}, .y be an
orthonormal sequence in L2 (R), from the orthogonality relation (27), we obtain that
{W. (én)},,en 1s also an orthonormal sequence in L2 (R?) thus, we find that

N
ST {PEWL (1) W (60)) o, < Ha @ e E) < 00
n=1

Moreover, for any n with 1 < n < N, using the Cauchy-Schwarz inequality, we
get

(PEW (1) s W (¢n>>#a®pa =1 — (PecWy (¢n) , W (¢n>>#a®pa
>1 - HXECWU (qbn)HZ,pa@,ua :

Thus, we obtain

N N
> (1= W @n)llan, ) < D (PEWa (90) Wa (60) 1, < e @ fia(E).
n=1 n=1

This completes the proof of the theorem. O

5. Extremal Functions Associated with the Hartley-Gabor Transform

By using the theory of reproducing kernels [22, 23|, the main purpose of this
section is to study the extremal functions associated with the Hartley-Gabor trans-
form and to give an integral representation and best estimate of these functions on
weighted Sobolev spaces.
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5.1. Sobolev type spaces Associated with the Hartley-Bessel Trans-
form.

Definition 5.1. Let s € R, we define the Hartley-Sobolev space of order s that
will be denoted by

H(R) := {f € LAR)/ (1+ )" Ha(f) € LAR) |
We provide HZ(R) with the inner product given by
b = [ (1 D) Hal DO @) () (3)
and the norm

/]

2= (f )y = / (14 AR)° HalF) VP ditalN), (36)

Definition 5.2. Let u be a window function in L2(R), we introduce the inner
product in the Hilbert space H(R) for any fixed § > 0 by

The norm associated to this inner product is defined by
1y, = Bl Iz + W)l - (38)

We have the following result:

Proposition 5.1. For s > a + 1 and u be a window function in L%(R) and
B > 0 then we have

feH; (R) = Half) € Ly(R). (39)
PROOF. By using the relations (11), (26), (35), and (37), we find that
£1ig, = [ 18 (o IAR)" + ] [Ha (YOI diea) (40)

by using Hoélder’s inequality and the fact that s > o+ 1 we find that

1

dpa(N) 5
el < 1l (/R B+ |ATQ)S+ IIuII%a]> .

which gives the result. 0

Theorem 5.2. Let s > a+ 1,u be a window function in L2(R) and 8 > 0 then
the space (HE’U(R), (, >H§ u) is a reproducing kernel Hilbert space with kernel given
by

[ BO@Bw)
0ule0) = 5 S T

that is for every y € R
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(i) the function v — Ks.(z,y) € Hj ,(R).
(ii) for every f € Hj ,(R) and y € R we have

f(y) - <f7 ICB,U(Wy»HEm

PROOF. Let y € R, by using the fact that s > o+ 1 and the relation (7), the
function

B.(\y)
BL+IAP)" + [lull3,
belongs to L!(R) N L2(R), by using Plancherel’s theorem for the Hartley-Bessel

transform, there exist a unique function in L2(R), which we denote by Kz, (-, v)
such that

A —

_ Ba(Ay)
Ha (Kﬁ,u(vy)) (A) - B (1 + |)\|2)s I Hu‘@’a?

by using inversion formula (10), we find that

. Bo(Az)Ba(Ay)
onle) = [ 5 T Ty

furthermore, by using the relations (7), (39), and (41), we find that

dpta(N)
’C uly Y 25 S/\ § =
1Ksu (s ) s w B 1+ A2+ [lul3,

which proves that Ks.(-,y) € Hj ,(R), now let f € Hj  (R) by using the relation
(40), we find that

Kl / Ho( )N BaAg)dia (V).

(41)

inversion formula (10) gives the desired result. O
In the following we give the main result of this section.

Theorem 5.3. Let s > a+1,u be a window function in L?(R) and g € L? (R?),
B > 0 then the infimum

Lt LB+ lla = WD, ) (42)
is attained by a unique function f;, 5 gwen exactly by
Fras) = [[ 21005009 2)diale) @ da(2)), (43)
where ¢, is given by
Ba (M) Ba(Ay) /72 ([Ha(u)[?) (V)
(T, Yy, 2) = = dpia(N). 44
ol = [ N g, e (40
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PROOF. The existence and unicity of the extremal function f;, 5, satisfying the
relation (42) is given in [23] and this function is given by the following relation

fousW) = (g WulKpu(-,9))g,. (45)

where g, is the kernel function given the relation (41), on the other hand, by using
the relations (11),(18),(20) and (22) we find that

WalKp (- 9) (2. 2) / Ha (Ko (- 9) O (a5) (Nl (V)

B.(Ax)B, (A \/TZ (|[Ha(uw)]?) (N)
buslen2) = [ £ dptalV) (46)
g R B+ A2+ lul3,
by using the relations (45) and (46), we find the result. O

We have the following results:

Theorem 5.4. Let s > a+1,u be a window function in L2(R) and g € L? (R?),
B > 0 then we have

(i)
(AP Ha (9(,2)) (N /72 ([Ha(w)]?) (V)
finat) = [ PR il Aha(}) ® dialz)  (47)
(i)
o Halg(a2) W (AP )

Holfua)) = [ DS S o) (8)

o gllsg. [l
1fo N20e 6“ (49)

PROOF. (i) Is a consequence of (43), (44) and Fubini’s theorem.
(ii) Is a consequence of Fubini’s theorem and the relations (47) and (11).
(iii) By using the relation (36), we find that

sl = / (1 A2 [HalL ) V)P dita(N)

by using Holder’s inequality and the relations (11), (13) and (48), we find that
Ml O < G s / 0002 )
(B L+ AP)" + fJull30)?
so we find that
T (L+ P llul3allglBe, _ lglzs, lulls,.,
wolits < GEE DR+ Wl = #

which gives the desired result. O
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Corollary 5.5. Let s > a+ 1,u be a window function in L:(R) and 8 > 0, for
all f € H:(R) and g = W, (f), the extremal function Sovu ()5 Satisfies the following
properties

(i)
Ho(F)Wlull30
Hol v (A ws)A) = S = 50
) = G NEY + T, o
(i)
‘ 1l 12l
(), < Z’MBQ = (51)
PROOF. (i) By using the relations (23) and (48), we find that
Ho Wu(£)(,2)) M) V75 (Ha(w)P?) (V)
Hol v, (1) 08) (A —/ S dpia(z
D)X = | =5 (5 AP + Tl ol
_ [ R0 DOV ,,
R B+ AP + [ul3, )
the relation (14) and Plancherel’s formula (11) gives the relation (50).
(ii) By using the relations (27) and (49) we find the relation (51). O

Theorem 5.6 (Second Calderon’s reproducing formula). Let s > a + 1,u be
a window function in L2(R) and § > 0, for all f € H:(R) the extremal function

f;vu(f) wp satisfies

Bhfgh ||fwu P~

Moreover we have f{/kvu(f) wp — | uniformly when g —07".

PROOF. By using the relation (50), we find that

—B O+ ) Ha(H)Y)
B+ AP + [lull3,

HolFwu(s = NN = (52)

consequently we find that

o [ 2L * DAL,

v (L4 [A2)" + [[ull3.

by using the dominated convergence theorem and the fact that

B2(1+ M2 [Ha(/)N)]

2\ 2
5 (1 + |/\|2)5 + ||u||%,o¢ < (1 + |)‘| ) |Ha(f)(/\)| )

we deduce that

Jim | A
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on the other hand by using inversion formula (10) and the relation (52), we find
that

Frns®) = 50) = [ Hal Fpys = DOVELNa ()
:/ _B (1 + |)‘|2)S Ha(f)()‘>Ba()‘y)
B BAHAPR) +luli3,
again by dominated convergence theorem and the fact that

—B (4 A" Ha(f)(N) Ba(My)
’ B+ A2+ [[ul3a ’ < [Ha(£) (M)

dpta(N)

we deduce that

Jim | Avas =l =0

which proves that fy, s — f uniformly when 5 — 07. O
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