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Common fixed point theorem involving
contractive conditions of rational type in
dislocated quasi-metric space

Pravin Kumar Bhikhabhai Prajapati

ABSTRACT. In this paper, we have proved the existence and uniqueness of a com-
mon fixed-point theorem for a finite family of self-mappings involving contractive
conditions of Rational type in dislocated quasi-metric spaces by extending and
generalizing the result of Jira et al. [10].

1. Introduction

Metric Fixed point theory is one of the most effective research subjects in the
development of non-linear analysis. Banach proved a significant result known as
the Banach contraction Principle. This principle has been commonly adopted in
different directions, varying by the contractive condition or altering the underlying
space. Dass and Gupta [7] brought to light the concept of rational type contraction
in a metric space. In the same way, some rational type contraction in dg-metric
space was introduced in [20].
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This paper aims to prove the existence and uniqueness of a common fixed point
of a finite family of compatible mappings in dislocated quasi-metric space introduced
by Wilson [23] as a generalization of metric space to our main result.

Hitzler and Seda [8] introduced the concept of complete dislocated quasi-metric
space. They also generalized the Banach contraction principle [3] in dislocated
metric space. Furthermore, Zeyada et al. [24] introduced the notion of complete
dislocated quasi-metric space and established fixed point theorems by generalizing
the results of Hitzler and Seda in the same space. Sarwar et al. [20] established some
fixed point results for single and a pair of continuous self-mappings in the context
of dislocated quasi-metric space which generalize, modify and unify the result of
Aage and Salunke in [2]. Isufati [9] proved some fixed point theorem for continuous
contractive conditions with rational type expression in the context of dislocated
quasi-metric space. Jira et al. [10], proved fixed point results in the setting of
dislocated quasi-metric spaces for a pair of self-mappings which generalize the result
of Rahman and Sarwar in [19].

In this paper, we prove the existence and uniqueness of a common fixed point
theorem for a finite family of self-mappings involving contractive conditions of Ra-
tional type in dislocated quasi-metric spaces by extending and generalizing the result
of Jira et al. [10].

2. Preliminaries

Definition 2.1. Let X be a non-empty set. A function p: X x X — R be a
function, called a distance function provided that for all £,n,0 € X,

(1) p(&,m) =0,

(2) p(&,m) =0 if and only if £ =7,
(3) p(&,n) = p(n, ),

(4) p(&;m) < p(&,0) + p(0,m).

If p satisfies the conditions (1) to (4), then p is called a metric on X. If it
satisfies the conditions (1),(2) and (4), then it is called a quasi-metric. If p satisfies
the conditions (2), (3), and (4), then p is called a dislocated metric, and if it satisfies
only conditions (2) and (4), then p is called a dislocated quasi-metric on X. Non-
empty set X together with metric p on X is called metric space, and it is given by

(X, p).

Definition 2.2. [24] Let (X, p) be a metric space and 7 : X — X be a self-
map. Then 7 is said to be a contraction mapping if there exists a constant k € [0,1)
such that p(7&,7n) < kp(&,n), for all £,n € X.

Definition 2.3. [24] Let (X, p) be a metric space. Then, the mapping 7: X —
X is said to be contractive mapping if p(7&,7n) < p(&,n), for all {,n € X with £ # n.
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Definition 2.4. [24] Let (X, p) be a dislocated quasi-metric space. A mapping
7 : X — X is called contraction if there exists a constant & € [0,1) such that

p(1&, ) < kp(§,m), for all {,n € X.

Definition 2.5. [24] Limit of a convergent sequence in a dislocated quasi-metric
space is unique.

Definition 2.6. [24] Let (X, p) be a complete dislocated quasi-metric space and
7: X — X be a contraction. Then 7 has a unique fixed point in X.

Definition 2.7. Two self mappings f and ¢ of a non empty set X are said to
be commuting if fg& = gf&, for all £ € X. If f€ = g€, for some € € X, then £ is
called coincidence point of f and g.

Definition 2.8. [22] Let (X, p) be a metric space. Then two self-mappings
frg: X — X if f€ = g = £ are called weakly compatible if they commute at
their coincidence points.

Definition 2.9. Let X be a non empty set and 7 : X — X be a self-map. For
a given ¢ € X, we define 7,(x) inductively by 75 and we call 7,,(z) is the n'" iterate
of x under 7.

Theorem 2.1. [10] Let (X, p) be a complete dislocated quasi-metric space and
7, f: X — X be self-maps satisfying the following condition
(1) 7X C X.
(2) 7 and f are weakly compatible and fX is closed subset of X.
(3) forall&,me X,

p(7&, ) <ajp (p(f€, fn)) + aze (max {p(fE, fn), p(f§,7E)})

o <p(fg, ) [1 +V/n(f€, fn)p(ffﬁf)r)
(1+ p(fE, fn))’

where ai,ay, a3 > Qwith a7 + a3 + a5 < 1 and ¢ is a comparison function.Then T
and f have a unique common fixed point if T and f commute at their coincidence
points.

_|_

b

Remark 2.10. [10] For f = I (I is identity on X) form of contractive condition
of Theorem 2.1, we get

p(t€, ) <ajp (p(€,m)) + azp (max {p(§,n), p(§, 7€) })

asp (p(& ) [1 + Wr)

i Lt )
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Theorem 2.2. [10] Let (X, p) be a complete dislocated quasi-metric space and
let 7,f : X — X be continuous self-maps satisfying the contractive condition of
Theorem 2.1. Then f and T have a unique common fixed point.

Corollary 2.3. [10] Let (X, p) be a complete dislocated quasi-metric space. Let
7: X — X be a self-mapping satisfying

p(t€, ) <ajp (p(€,m)) + azp (max {p(£,n), p(§, 7€) })

ayp (p(& m |1+ W}z)

2
(1+p(&m)

forall&,m e X, aj,as,ay > 0 with a7 + a5+ a3 <1 and ¢ is a comparison function.
Then T has a unique fized point.

+

In support of the following definitions, we are motivated to generalize Theorem
2.1 for a finite family of self-mappings.

Let the set of coincidence point C(7y7s...7,_1,7,) and the set of common fixed
points F(779...7,_1, T,)of finite family of self-maps 7, ..., 7,, respectively are de-
noted by {£ € X : .. 1§ =16} and {{ € X : 7.7 1§ = 1€ = x}. Then
in the sequel, we need to have the following definitions.

Definition 2.11. Finite family of self-maps 7, 7..., 7, on a non-empty set X
are said to be commuting each other if M = &, ..., = 7,1& 73E =
T379E, coos Tno1Tné = Tpmn_1€ for all & € X. That is self-maps 71, 75..., 7, on a non-
empty set X are said to be commuting each other if

(M7 Tn—1) Tk = T (120 T—1§)

for all £ € X.

Definition 2.12. Finite family of self-maps 71, 79, ..., 7,, of a metric space (X, p)
are called compatible if
hm 1% (TnTlTQ'-'Tnflfja 7'17'2...7'”,17'715]') = O,
]-)OO
whenever {¢;}°°, is a sequence in X such that
lim 7,,§; = lim 77..7,1§ =t
Jj—o0 j—oo

for some t € X.

Definition 2.13. Finite family of self-maps 71, 79, ..., 7,, of a metric space (X, p)
are called weakly compatible if they commute each other at their coincidence points.
That is, T,u = T 7...T,_1u, for u € X, then m7m...7,_1Tu = TyT1Te...T,_1u, for
ue X.
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Inspired by this, we establish common fixed point theorems for a finite family
of self-mappings and show the existence and uniqueness of common fixed points in
dislocated quasi-metric spaces involving the contractive condition of rational type
by extending Theorem 2.1.

3. Main Result

In this section, we study the existence and uniqueness of a common fixed point
theorem for a finite family of self-mappings involving contractive conditions of Ra-
tional type in dislocated quasi-metric spaces by extending and generalizing the result
of Jira et al. [10].

Theorem 3.1. Let (X, p) be a complete dislocated quasi-metric space and 1, Ts, ...

X — X be finite family of self-mappings satisfying the following condition

(1) nXCnXC- - CnX;
(2) 71,72y ..., Ta_1 and T, are weakly compatible and 7, X is closed subset of X ;

(3) forall¢,ne X,

P11 To1&, Tie Tuan) < ajp (p(Ta, Tam))
+ asp (max {p(7.&, 7an), p(Tan) 12+ Tn17) })
+ a;cp (mln {p(Tng’ Tnn)7 p(Tnga 7_17-2---7—71—15)})

(708, 11 T 1€) [1 + / p(TlTam) p(Tam, Tl...Tn_m] ’
(1 + p(Tngv Tnn))Q

+ajp

where aj,al, a3, a; > 0 with a] + a5 + a5 < 1 and ¢ is a comparison function.
Then 71,79, ..., To_1 and T, have a unique common fixed point if T, 7o, ..., Th_1 and
T, commute each other at their coincidence points.

PROOF. Let & be an arbitrary element in X, so that ny = &y = & = -+ =
Tnén—1. By condition (1) we have

7161 € 12X, 126 € 13X, ..., Tho1§n—1 € T X,

Then there exists &, € X such that m, = 7§ = & = -+ = 1,&,. Continuing
this process we construct a sequence {&;} and {n;} such that n; = m§; = m€;1 =
o= T4 (no), for j € {0,1,2,...}. Now considering two cases we have the following

proof.
Suppose that 7; = ;11 = -+ = 14 (n-1), for some j € {0,1,2,...}. Then we have
nj =1 = 11 = 0 = Tijrm-1) = N1 = T&jr1 = -+ = Tajr(n-1) = *** =

Tn€jt+(n—1) = w,for some w € 7,X. Then by the weakly compatibility of 71,7y, ..., 7y,

yTn *
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we get
71w = T1T28j4(n—1) = T2T1&j+(n—1)
= TaW = 7-27-3€j+(n71) = 7—37—2§j+(n71)
= TaTn-1&j4+(n—1) = Tal. (1)
Therefore, mow = rw = -+ = T, 1T,w = T, Tp_1w, for w € X which gives

Ty, T2, ..., T, commute each other at their coincidence point w and by composition
it gives that m7...7,— 1w = Tw. Therefore (M7e...7,—1) Tw = 7, (M T2... Ty w), for
we X.

Claim 1: p(77...Tp—1w, T Ta...Tp—qw) = 0. By using condition (3) of Theorem
3.1 given the above, we have

,0(7'17'2...7'”,111), 7'17'2...7'71,110)

SCLT(P (p(an7 an)) + a;(p (maX {,O(an, an)7 p(ana 7-17-2---7—n71w>})

+ a3y (min {p(1,w, T w), p(Tw, T Ty TH_w) })

2

P(Tpw, T To. . Ty W) [1 + \/p(an, TpW) P(TW, T1 To o Ty W
+ ayp

(1 + p(ana an))Z
Then

p(riw, mw) <aje (p(raw, T,w)) + ase (max {p(T,w, T,w), p(T,w, Tw)})

+ CL;(,D (mln {p(an7 an)a p(ana le)})

2
p(Tyw, mw) [1 + v/ p(Taw, Taw) p(Tw, le]

+ a¥
1 (1 + p(rww, 7o)

=ayp (p(niw, mw)) + asp (max {p(riw, mw), p(riw, mw) })

+ a3 (min {p(rw, mw), p(rw, Hw)})

2
p(riw, Tw) [1 + \/P(TﬂU, niw)p(nw, le]
(1 +p(ﬁw,ﬁw))2

+ ayp

Because ¢ (t) < t, for all ¢ > 0, we obtain

p(nw, mw) <ajp(nw, nw) + a;p(nw, nw) + asp(mw, nw) + ayp(nw, mw)

< (a} + a3 + a3 + a}) plrw, ).
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From 0 < aj + a3 + a3 + aj < 1, we have
P(T1To Th W, T1 T2 Ty W)

SCLT(,O (p(ana an)) + a;@ (max {p(an, an)a p(ana 7-17—2-'-7—n—1w)})

+ azp (min {p(Tw, T,w), p(Tow, T1T2... Tp_1w) })

2
P(Tpw, T To. . Ty W) [1 + \/p(an, Tow) p(Tw, 7'17'2...Tn,1w]
+ayp

(1+ p(rw, 7',111)))2

is satisfied if

(T T W, T Ta.. . Tp_qw) = 0. (2)
Claim 2: 1i79...Th_1W = W.
P(TiTe. T, W) =p(T1 T2 T W, Ti T2 Tn1&j 4 (n—1))
:P(TllU, Tlf]#(nfl))
SCLTQO (p(an7 Tngj-‘r(n—l)))

+ ajp (max { p(10w, Tn&j(n-1))s P(Ta€jsr(n—1): 12 Tn-1&(n-1)) })
+ UESO (mln {p(an, Tn§j+(n71))> p(an7 7—17—2'-'7_n—1'w) })

ey ( 01+ 9] )
! (1 +p(7—nw77—n€j+(n—1)))2

=alp (p(an, Tn§j+(n—1)))

+ aqp (max { p(1,w, T (n-1))s P(Tn&jt (n1)s TiEjs (1)) })
+ a3 (min {p(an, To&jt(n-1), P(Thw, le)})
baty ( p(maw, mw) [1 + @] 2)
(1 + p(Tow, Ta€js(n-1)))
=ayp (p(riw, w)) + azp (max {p(riw, w), p(w, w)})
+ aje (min {p(rw, w), p(rw, mw)})

2
p(Tw, Tw) [1 + v/ p(r1w, w)p(w, w]
+ap

(14 p(riw, w))*

where,

0 = p(Thw, T Ty... Tp_1W)

V= \/P(an> Tn§j+(n71)>p(7—n€j+(nfl)7 7_17_2---7—n—1€j+(n71)
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and

w = \/P(an’ Tn5j+(n—1))ﬂ(7n§j+(n71), T1&j 1 (n—1)-
The fact p(mw, mw) = 0, implies that
p(riw, w) < aje (p(riw, w)) + azp (p(riw, w)) .
Moreover, ¢ (t) <t, for all £ > 0, implies that
plryw, w) <afp(ryw,w) + agp(riw, w)
< (a} + a3) plryw, w).
Since 0 < aj + a3 + a3 + a; < 1, we have
(Mo Tr_1w, w)
< aip (p(Tat0, it (n-1)))
+ asp (max {P(TnW, Tn§j+(n—1))7 p<7—n§j+(n—1)7 7—17—2“'7—n—1§j+(n—1)>})
+ ajp (min {p(an, Tojt(n-1), P(Thw, 717'2...Tn,1w)})
i (p(rnw, TITo. Tp_1W) [1 + v/ p(Taw, Tn€j+(n_1))p<Tn£g+(n_1),TlTQ...Tn_1§j+(n_1)J2>
(14 p(Taw, Tt (n-1)))

is possible if
p(T1Te.. Thw,w) = p(rw,w) = 0. (3)

Similarly,
p(w, 7. T W) :P(71§j+(n—1), TIw)

<ajp (P(Tnfjﬂn—l), an))
+ a3 (max { p(Tn&js (n-1), Tn), P(T172.- Tn-1&j+(n1), Tn€jt(n-1)) })
+ aszp (min {p(Tn§j+(n_1), T ), P(T1 T2 T 1W, TRW) })
+a190< 011+ 9] 2>

(1 + p(T0&jt(n-1)s Tnw))

<ayp (p(w, iw)) + azp (max {p(w, nw), p(w, w)})

+ ajp (min {p(w, nw), p(nw, nw)})

p(rw, Hw) [1 + v/ plw, Tiw) p(w, w]2
(1 +p(w77_lw>)2

+ ayp

where,
(T T T 1w, TLW)

and

\/p(Tnngr(nfl)v an)p(TlTQ--~Tn—1€j+(n71)a Tn5j+(n71)-
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By p(w,w) = 0, we have

p(w, riw) < ajp (p(w, mw)) + azp (p(w, mw)) .

Since ¢ (t) < t, for all £ > 0, we obtain

plw, myw) <ajp(w, 71w) + ayp(w, Tyw)

< (a} + a3) plw, 7).
Then from 0 < aj + a5 + a5 + a; < 1, we have

:0<w7 7—17—2“-7—717111}) :P(715j+(n—1), le)
<a; ¢ (p(Tn€js(n-1)> Taw))
+ a3 (max { p(Tnjs(n—1), TaW), P(T1 T2 Tne1&jt (n—1) s Tt (n—1)) })

+ azp (min {P(Tn§j+(n—1), TaW), P(T1 T2 T 1 W, an)})

+ ayp ( [1 + 19]2 >
TN oy )

where,

U= \/P(Tn§j+(n—1)a TpW)P(T172- T 1€+ (n—1)s Tn&jt(n—1)
and
0 = p(TiTa...Th_qw, T,W)
is possible if
p(w, 179...Th—1w) = 0. (4)
Now, from equations (3) and (4), we obtain that m7...7,,_1w = w. By equation
(1), we obtain mw = nw = ... = T,w = w. Therefore w is a common fixed point

of 7,7, ..., 7. Next, we show the uniqueness of w. Suppose that w and z are two
distinct fixed points of 71, 79, ..., 7,. This means that

TIW = ToW = ... = T, W = W, and TIR =Tk = ... = Tpk = Z.
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By using condition (3) of the above Theorem 3.1, we have the following:

p(w, z) =p(T1To... Ty W, T1 To... Ty_12)
<aje (p(Thw, 7,2)) + asp (max {p(Thw, 7,2), p(Th2, T1 T2 . Tn_12) })

+ ajp (min {p(T,w, 7,2), p(Tow, T1T2... T W) })

2
P(Tpw, T To. . Ty W) [1 + \/p(an, Tn2)p(Tnz, 7'17'2...7'n_1z]

+ak
¥ (1 + p(rw, 72))?

<ajp (p(w, z)) + a5 (max {p(w, 2), p(2,2)})

plw,w) [L+ Vol 202

(14 p(w, 2))°

+ agp (min {p(w, 2), p(w, w)}) + aje

Since p(w,w) = 0,

plw,z) < aje (p(w, 2)) + aze (p(w, 2)) .
Then ¢ (t) < t, for all ¢ > 0, implies that

plw, 2) <aip(w, ) + ajp(w, 2)
< (a} + a3) plw, 2).

Since 0 < aj + a3 + a3 + a3 < 1, we have

p(w, 2) =p(T1Te... Th_1W, T1T2... Ty—12)
Sa?p (p(an, Tnz)) + CL;QO (maX {P(Tn@U, Tnz)a p(TnZ> 7_17—2---7—11712)})

+ a3 (min {p(r,w, 7,2), p(Tw, 1 T2... Th_1w) })
2

P(ThW, T o Ty W) [1 + \/p(an, Tn2)P(Tnz, TITa  Tn_12

(1+ p(rw, Tnz))2

+ayp

is possible if

p(w, 2) = 0. ()
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Similarly,
p(z,w) =p(T1T2... Th_12, T1 T2 .. Tp_1W)

SCLTQO (,0(7'”2, an)) + a;@ (max {p(TnZ, an)a )0(an7 7—17—2‘-‘7—n—1w)})

+ a3 (min {p(1,,2, Tw), p(T02, T1T2... Th-12) })

2
P(Tnz, T1T2.. . Tn12) [1 + \/p(Tnz, Tow) p(Trw, 7172...7'71,111)}

+ak
¥ (L4 p(7nz, 7))’

<ajp (p(z, w)) + asp (max {p(z, w), p(w, w)})

ple.2) [1+ Vol wloluw]

(1 + plz,w))*

+ azp (min {p(z,w), p(z, 2)}) + ajp

Then p(z,z) = 0, implies that

p(z,w) < ajp (p(z,w)) + azp (p(z,w))
Since ¢ (t) < t, for all t > 0, we obtain

p(z,w) <aip(z, w) + azp(z, w)
< (af + a3) p(z, w).

Since 0 < aj + a3 + a3 + a; < 1, we have

p(z,w) =p(T1 7o Ty_12, T1 o . Tp_1W)
<aje (p(Thz, Taw)) + asp (max {p(7,2, Taw), p(Tw, T172... Tn_1w) })

+ a;‘ﬁ (mlIl {p(TnZ, an)7 p(TnZa 7—17—2-“7—n—1z)})
2

P(Tnz, T1T2e Tn_12) [1 + \/ p(T0z, Taw) p(Tpw, T1 T2 Ty w0

+ ayp
' (1+ p(72, Taw))?
is possible if

p(z,w) =0. (6)

Now, from equations (5) and (6), we have that w = z. Hence, w is a unique
common fixed point of 7, 79,..., 7.
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Suppose that n; # 1,41 # -+ - # Nj+(m-1), for each j € {0,1,2,...}. Then,

p(1js Mj+1) = (1€, 11&j41)
= p(11&j41, T€j42) = - = p(Ti&j1(n-2)> T1Ej4(n-1))
= p(Nj+1, Mj+2) = p(T2&j11, To&j42)
= = (12t (n—2), T2&j4(n-1)) = =+ = P(Mjr(n—2)> Nj+(n—1))
= P(Ta-1&j+(n-2), Tn-18j+(n-1))- (7)
Then

P(T172- Tn1&t (n—2)s Ti T2 Tn—1&j 1 (n—1))

<ai¢ (P(Tu€j+n-2), Ta&j+(n-1)))
+ a5 (max { p(Tnis (n—2), Tt (n—1))s P(T€jt(n-1)> T1 T2 Tn1&j (n—1)) } )
+ azp (min {p(Tn§j+(n—2)7 Tt (n—1))s P(Tn€j4(n—2), 7172---Tn—1§j+(n—2))})

+ayp < 01+ 19]2 )
4 2
(1 + p(Tn€j+(n—2)7 Tnéj—l—(n—l)))

where

and

U= \/P(Tn§j+(n—2), Tn§j+(n—1))ﬂ(7'n£j+(n—1), TITZ-‘-Tnflgj—i-(n—l)' (9)
By equation (7), we have,
P(Mjt(n-2)s Mj+(n—1)) = P(T1j+(n—2), Ti&j4(n-1))-

Then
p(71§j+(n—2)7 71§j+(n—1))
<ajp (P(Tn§j+(n—2), Tn§j+(n—1)))

+ a5 (max {p(Tn5j+(nf2)a Tn€j+(n71))> P(Tnfﬂ(nfl), 7—17_2---7_n71£j+(n71))})
+ ai‘;gp (mln {P(Tn5j+(n72), Tn§j+(n71))a p(TngjnL(an)a 7—17—2-~-Tn—1£j+(n72)) })

+azp < 01+ 79]2 )
4 2 |
(14 p(Tuis -2y, Ta&jt(n-1)))
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where 6 and 1 are as in (8) and (9). Also, we have

PNt (n-2)> Njt+n-1)) =P(T1&j4(n—2), T1j+(n-1))
=p(T1&j, T1&j41)
=p(nj, nj+1)
<ajp (p(nj-1,m;)) + asp (max {p(n;—1,m;), p(n;,m;)})
+ ae (min {p(n;—1,m;), P(Nj-1,1;)})

2
p(nj-1,1;) [1 + v/ p(Mj—1.m5) p(nj—1, 0
(1 + p(nj—1,my))°

+ayp

Since ¢ (t) < t, for all t > 0, we obtain
p(njsnj+1) Saip(nj-1,m;) + azp(nj-1,m;) + azp(nj—1,m;) + azp(nj-1,1;)
< (a] + a3 + a3 + ay) p(n;—1,7;).
Let p = aj + a3 + a5 + aj. Then,
(155 Mj1) < pp(nj-1, ;). (10)
Since 0 < p < 1, we obtain p(n;_1,n;) < pp(nj—2,M;—1). Then,

p(nj:mj+1) < pp(nj-1,1;)
< p*p(1j-2,15-1)-
If we continue this process, we get that p(n;, n;11 < p?p(no,m). Since 0 < p < 1,
we have lim;_,o p? p(no,m) = 0. Thus,
lim (1, 7j41) = 0. (11)
j—o0
Similarly, we can easily show that,
lim p(n;41,7;) = 0. (12)
j—00

Now, we show that {n,;} is a Cauchy sequence in X. Let m,j € N with m > j,
applying triangular inequality
P, 1m) < p(Nj> 1) + P(Nj15 m)
< (s nj+1) + (M1, Mj2) + -+ + P(Nm—1,m)
<P p(no,m) + 9 oo, m) + - -+ ™ plo, )
<p (L+p+-+0"7") plno,m)
v

<
=1-,

P(10s1)-
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Since 0 <p < 1, lim,_o lijpp(ng, n1) = 0. This implies,

J,m—00
Let m,j € N with m < 7, applying triangular inequality
Py 7)< PNy 1) + P41, 1)
< (s M) + P(Mnt1s Mm2) + -+ + p(Nj—1,1;)
< p"p(no,m) + 0™ plno, m) + -+ 17 p(no, m)
<p"(L+p+--+07") p(no,m)

m

p
< - .
<7o pp(no,m)
Then 0 < p < 1, implies that lim, %p(no, n1) = 0. This implies,
lim P(ﬁm, nj) =0. (14)
7,m—00

From equations (13) and (14), we get

lim  p(1m, 1) = 1 p(1);,10m) = 0.

m,j—00

Thus, {n,} is a Cauchy sequence in X, for each j € {0,1,2,...}. Because X is
complete, there exists ¢ € X such that lim;_,. 7; = ¢. Thus,

jli_glo & = jh_glo 741 = = jh_glo Tt (n-1) = q
from which, we have
jh_glo T1T2 Tn—1&j4(n—2) = ]h_{lgo Tn&jt(n-1) = q-
Since 7,.X is a closed subset of X, there exists w € 7,,X such that
q=T,X.
Now, we show that mm...7,_ 1w = q.
P(T1 T W, Ty T4 (n—2))
<ajp (p(Tat0, Tajs(n-2))
+ a;@ (max {P(ana Tn€j+(n—2)), p(TnfjJr(n—z), Tl---Tn71£j+(n—2))})

+ (I;(,D (HllIl {,O(an, Tn§j+(n72))7 P(ana Tl---Tn—lw)})

2
4 a*go (p(an7 7—1~-~7-nfl'w) [1 + \/p(an, Tn€j+(n—2)>p<7—n£j+(n—2)7 Tl---Tnflgj—l-(n—Q)J )
4 2 .
(1 + p(an7 Tnfj-&-(n—?)))
By equation (7), we have

P(T1T2- T W, 1T Tp—1&j 4 (n—2)) = P(T1T2 . Tno1W, Ti€j 1 (n—2)) = P(T1T2...Tu1W, ).
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Then,

(172 Tr_ 1w, q)
=p(T1 T2 TpoaW, T4 (n—2))
<aje (p(Tnw, Tjs (n-2)))
+ a5 (max { p(1,w0, Tt (n-2))s P(Tn&jt(n-2)s Tt Tn-1&j4(n-2)) })

+ azp (min {P(TM«U, Tn§j+(n—2))7 p(Thw, 7—1”~Tn—1w)})

2
+ (I*(,D (p(’rnw) 7—1---7_11—lQU) [1 + \/p(ana Tn§j+(n72))p(7_n£j+(n72)7 Tl'-'Tn—lngr(an)J )
4 2 .
(1 + p(an7 Tn£j+(n72)))

Since Tw = w = ... = T,w, we obtain that

p(riw, q) <ajp (P(ﬁw, Tn§j+(n—2))) + azp (maX {P(lea Tn€jt(n-2))s P(Tn€jt(n-2), Q)})
+ ajp (min {p(ﬁw, Tu&jt(n—2)), P(Thw, le)})
falg (P(ﬁw, nw) [1+ \/P(ﬁw,Tn§j+(n—2))P2Tn§j+(n—2)7 QJ2> '
(1+ p(w, & (n-2))

Letting j — oo, we get lim;_, o 7,§;4+(n—2) = ¢. Hence,

p(riw,q) <ajp (p(riw,q)) + asp (max {p(r1w, q), p(q,q)})

+ azp (min {p(11w, q), p(n1w, T1w) })
2

p(Tiw, Tyw) [1 + v/ p(riw, q)p(q. q
(14 p(riw, q))*

+ ayp

Then p(ryw, w) = 0, implies that
p(T172. 1w, q) < ajg (p(riw, q)) + aze (p(miw, q)) .
Then from ¢ (t) < ¢, for all £ > 0, we obtain

p(TlTQWTn—lwa Q) SCLTP(lea Q) + a;p(lea Q)
<(aj +a3) p(riw, q).

Since 0 < aj + a3 + a3 + a; < 1, the given inequality is satisfied if

p(TiTa... Tho1w, q) = 0. (15)
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Similarly,
p(q, T Tp_qw)
<ajyp (p(Tn§j+(n_2), an)) + asp (maX {p(Tn£j+(n_2), Taw), p(Thw, 7'17'2...7'71,110)})
+ a5 (min { p(7n€jt(n—2), TnW), P(Tn&js-(n-2)> T1---Tn-1Ej(n—2)) })
+alp <P<Tnfj+(n—2)v 71 Tn—1&j+(n—2)) [1 + \/p<7n£j+(n—2;77—nw)p(7—nwa Tl-~-Tn1wJ2) .
(1+ p(Ta&js(n-2) Tuw))

Then 7 75.. 71w = Tw and Ty 7o... Ty 1§ (n—2) = T1&j4(n—2), IMply

p(q, T1...Th_1w)
<aip (p(Tu&jsn-2), 1w)) + azp (max { p(1&j4(n-2), T1w), p(T1w, W) })
+ azp (min {p(TnfjJr(n,Q),le) (Tt (n—2), 1)+ (n—2) })
+atp (P(Tn§j+(n—2>>ﬁfj+(n 2) [1+ /P& (n- 22 le)P(lelef) .
(1+ p(Tn&jr(n-2), mw))

Letting j — oo, we get limj_,o 7&j+(n—2) = liMj_ 00 71§+ (n—2) = ¢. Then, we
have

p(q, 1T Th1w) <aip (p(q, mw)) + asp (max {p(q, mw), p(rrw, w)})
+ ajp (min {p(g, 1w), p(q,9)})

o(a0) [1+ /oo rew)plrw, |
(1 -+ (g, 7))’

+ ayp

Thne p(q, q) = 0, implies that
p(g; TiTe...Tyw) < ajp (p(g, mw)) + asp (p(g, Tw)) -
From ¢ (t) < t, for all ¢ > 0, we obtain
p(q; TiT2...Tp1w) <ajp(q, iw) + azp(q, Tw)
< (a1 + a3) p(g, mw).
Since 0 < aj + a3 + a3 + a; < 1, the given inequality is satisfied if
p(q, T172.. T_qw) = 0. (16)

Using equations (15) and (16), we have ¢ = 7 7y...7,—qw. Then ¢ = mw = nw =
.. = T,w from which we have

q=T17T2..Tp—1W = THW.
By the weakly compatibility of 71, 79, ..., 7,, we have

(T1T2 Tno1) ToW = Ty (T1 T2 T 1W) .
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Then,

(1720 Toe1) Tow = (T1T2...Tno1) ¢ = Ty (T1 T2 T W) = Tyq.

Thus ¢ is a coincidence point of 71, 79, ..., 7,. Consider

P(T1eTn-1q,q) =p(T1T2e . T-1q, T1 To... Tp—1W)
=p(T172... Th_1q, W)
<at (p(Tnq, Taw)) + a3 (max {p(7ng, Taw), p(TpW, TiT2...Tuo1W) })
+ agp (min {p(7nq, Taw), p(Tng; T1 T2 Ta-1q) })

2
p(Tng, T Tn-1q) [1 + / p(Tag, Thw) p(Tyw, Tl---Tn—lw]
(1 + p(Tug, Tw))”

+ ayp

From m7y...7,_1¢ = 7,q and T, w = q,

P(TiTa.. Tao1q, @) <ajp (p(11q,q)) + asp (max {p(11q,q), p(¢,q9)})
+ a3y (min {p(11q,q9), (114, 71q) })

p(11q, 71q) [1 + v p(11q,9)p(q; qr

(1+ p(niq,9))*

+ayp

From p(q,q) = 0, we have

p(T172-..Tn-14,q) < ajp (p(114,9)) + a5 (p(114,9)) -
Since ¢ (t) < t, for all ¢ > 0, we obtain
p(T179...Tno1q, q) <aip(Tiq, q) + a3p(T1q, q)
<(ay + a3) p(114, ).
Since 0 < aj + a3 + a3 + a; < 1, the given inequality is satisfied if
p(T172...Th1q,q) = 0. (17)
Similarly,
(g, 1. Tn—1q) =p(T1 T2 T W, T1 T2 T—1q)
=p(Tw, M T2...Th_1q)
<ajp (p(Taw, 7aq)) + asp (max {p(T,w, 7uq), p(Tag; 172 Tn-14) })

+ a;gp (mln {p(ana an)a P(an, 7_17_2-~-7—n—1w)})

2
p(ana 7—1~-~7—n—1w) [1 + \/p(an> TnQ)ﬂ(ﬂmQa 7—1-~-7—n—1(]]
(1+ p(Taw, 7aq))*

+ ayp
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Since T17...Th_1w = T,w = ¢ and 7,q = T1q, we have

(e 7o To1q) <aip (p(miw, Tiq)) + azp (max {p(nw, m19), p(119,719)})

+ azp (min {p(m1w, 719), (1w, ¢)})
2

plrw,q) |1+ v/o(rw ria)p(rg, ma
(1+ p(riw, mq))

+ ayp

p(q, 172 Tno1q) <ajp (p(q, T1q)) + asp (max {p(q, T1q), p(T1¢, T10)})

+ azp (min {p(q,719), p(¢,q)})

p(a,q) [1 + v/plq, 19)p(T19, T1q
(1+ p(q. m1q))

+ajp

Since p(q,q) = 0,

p(q, 1T Tn1q) < ajp (p(q, 71q)) + a5 (p(q, 1q)) -

Since ¢ (t) < t, for all t > 0, we obtain

p(q, 172 Taz1q) <aip(q, 11q) + a3p(q, T1q)
<(aj + a3) p(q, 1q)-

Since 0 < aj + a3 + a3 + a; < 1, the given inequality is satisfied if
p(q, TlTQ...Tn,1Q) = 0. (18)

Using equations (17) and (18), we have ¢ = 7y 7...7,_1¢q. Thus, ¢ = 1 79...7,_1q =
Tnq. Therefore, ¢ is a common fixed point of 77...7,_1 and 7,, in X.

Next we show that ¢ is unique in X. Let r be another common fixed point
of mm...7,—1 and 7, in X. So, mir = wr = ... = 1,_1r = T,r = r, that is,
TiTo...Tn_1" = T,r = 1. Consider,

p(q, ) =p(T1T2..Ty_1q, T1 T2 Tp_1T")
SCLTQO (p<7_nQ7 an)) + a;@ (max {p(TnQ7 TnT)a p(TnT7 7—17—2'-'7_117171)})
+ CL;QO (mln {p(an7 an)a p(ana 7—17—2--~Tn—IQ)})

2
o(Tnq, T1 T2 . Th-1q) [1 + \/p(an, Tn?) p(T0Ts 7172...Tn_17’]
(1 + p(7ag, Tar))?

+ayp
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Since T179...Th_1q = Toq = q and 7,7 =T,

p(g,r) <ajp (p(g, 7)) + asp (max{p(q,7), p(r,7)})
+ azp (min {p(q,7), p(q,9)})

p(q,9) [1 + v/ p(q,7)p(r, 7“}2

(1+ plg,7))*

+ ayp

From p(q, q) = 0, we have

plg,r) < ajp (p(q, 7)) + azp (p(q, 7)) -
Since ¢ (t) <t, for all t > 0, we obtain
plg,r) <ajp(q,r) + azp(q,r)
< (ay +a3) p(g, 7).
Since 0 < aj + a3 + a3 + a; < 1, the given inequality is satisfied if
p(g,r) = 0.
Similarly,
p(r,q) =p(TiTo .. Tn_1T, TI T2 Tn_1q)

<aje (p(1,r, T0q)) + ase (max {p(7.r, 7q), P(Taq, T1T2... Th-1q) })

+ aje (min {p(7,7, 7.9), p(T0T, T1 T2 Tro17) })

2
P(Tnry T1To T 1T) [1 + \/p(TnT, Tnq) pP(Tng, T1T2...Tn_1q]

+ak
¥ L+ p(rr 700)°

Since T T9...T,_17 = T, =1 and T,q = ¢,

19

p(r,q) <aie (p(r,q)) + aze (max {p(r,q), p(q,q)}) + aze (min {p(r, q), p(r,7)})

o) [1 4 /ol ayolara]

(14 p(r,q))?

+ayp

Since p(q,q) = 0, we have
p(r,q) < ajp (p(r,q)) + ase (p(r,q)) -

Since ¢ (t) < t, for all ¢ > 0, we obtain

p(r,q) <aip(r,q) + a5p(r,q)
<(aj +a3)p(r,q).
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Since 0 < aj + aj + a3 + a; < 1, the given inequality is satisfied if
p(r,q) = 0. (20)
From equations (19) and (20), we conclude that r = ¢. So, ¢ is a unique common
fixed point of 71,79, ..., 7, in X. O
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