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Lie symmetry analysis, power series solutions and
conservation laws of time fractional coupled
Boussinesq-Whitham-Broer-Kaup equations

Jicheng Yu* and Yuqgiang Feng

ABSTRACT. In this paper, the Lie symmetry analysis method is applied to time-
fractional coupled Boussinesq-Whitham-Broer-Kaup equations, an important physics
model. The obtained Lie symmetries are utilized to reduce the system of fractional
partial differential equations with Riemann-Liouville fractional derivative to the
system of fractional ordinary differential equations with Erdélyi-Kober fractional
derivative. Then the power series method is applied to derive explicit power series
solutions for the reduced system. In addition, the new conservation theorem and
the generalization of Noether operators are developed to construct the conserva-
tion laws for the equations studied.

1. Introduction

The coupled Boussinesq-Whitham-Broer-Kaup equations are important mathe-
matical physical equations for describing the physical properties of shallow water
waves in the field of fluid dynamics. The equations are firstly derived by Sachs in
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[23] and given by
Up + vy + vty =0,
{ Vg + Ugga + (W0), =0, @
where u(t, z) and v(t, x) are the velocity and the height of the free wave of the fluid
in the trough, respectively.

As a generalization of classical calculus, fractional calculus can be traced back
to the letter written by L’Hospital to Leibniz in 1695. Since then, it has gradu-
ally gained the attention of mathematicians. Especially in recent decades, it has
developed rapidly and been successfully applied in many fields of science and tech-
nology [24, 22, 9, 15]. Therefore, it is very important to find the solution of the
fractional differential equation. So far, there have been some numerical and analyt-
ical methods, such as Adomian decomposition method [3], finite difference method
[16], homotopy perturbation method [17], the sub-equation method [38], the varia-
tional iteration method [18], Lie symmetry analysis method [7], invariant subspace
method [6] and so on. Among them, the Lie symmetry analysis method has received
increasing attention.

Lie symmetry analysis method was founded by Norwegian mathematician Sophus
Lie at the end of the nineteenth century and then further developed by some other
mathematicians, such as Ovsiannikov [21], Olver [20], Ibragimov [10, 11, 12] and
so on. As a modern method among many analytic techniques, Lie symmetry analysis
has been extended to fractional differential equations (FDEs) by Gazizov et al. [7]
in 2007. It was then effectively applied to various models of the FDEs occurring in
different areas of applied science (see [4, 5, 8, 19, 25, 26, 27, 28, 29, 30, 31, 32,
33, 34, 35, 36, 37)).

In this paper, the Lie symmetry analysis method is extended to the following
time-fractional coupled Boussinesq-Whitham-Broer-Kaup equations:

Diu 4 v, + vy, =0,

{ D + gy + (uv) =0 )
t TITT T )

with 0 < o < 1. As we all know, there are many types of definitions for fractional
derivatives, such as Riemann-Liouville type, Caputo type, Weyl type and so on. In
[1], Emrah Atilgan et al. studied the conformable fractional derivative version of
(2) by using the auxiliary equation method. In [2], Shuangqing Chen et al. also
studied the conformable fractional derivative version of (2), but they employed the
complete discrimination system for the polynomial method.

However, this paper adopts the Riemann-Liouville fractional derivative defined
by

1 iftﬂds, n—1l<a<nmneN

JDFf(tx) = Dy oI f(t,x) = { gz}?)tdg) a (t—s)o—rT1 D
t ) ) -

for ¢ > a. We denote the operator (Dy* as D' throughout this paper.
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This paper aims to find all Lie symmetries for Eqgs. (2) by using the Lie symme-
try analysis method and reducing Egs. (2) to time-fractional ordinary differential
equations. Then explicit power series solutions and conservation laws for Eqs. (2)
are obtained. In addition, convergence analysis and numerical simulation are given
in this paper for the power series solutions.

This paper is organized as follows. In Section 2, Lie symmetry analysis and
reduction of Egs. (2) are studied. In Section 3, power series solutions, convergence
analysis and numerical simulation for Egs. (2) are presented. The conservation laws
of Egs. (2) are obtained in Sections 4 and the conclusion is given in the last section.

2. Lie symmetry analysis and reduction of Egs. (2)

Consider time fractional coupled Boussinesq-Whitham-Broer-Kaup equations
(2), which are assumed to be invariant under the one-parameter (€¢) Lie group of
continuous point transformations, i.e.,

t" =t+er(t,z,u,v)+o(e), 2" =uz+€e(t,z,u,v)+ o(e),
u =u+en(t,z,u,v)+oe), v =v+e(t,x,u,v)+ o(e),
D& = Dfu+ en™* +o(e), D&v* = DM+ (™" + o(e),
Dyu™ = Dyu+en® +o(€),  Dpv* = Dyv+ eC® + o(e),
D2.u* = D?u+ en™ 4+ o(e), D2v* = D?v + (™ + o(e),
Dyu = Dyu+en™ +o(e),  Div' = Dgv+e(™ + o(e),
where 7, £, n and ( are infinitesimals and n®t, (*! n* (%, n**, (**, n*** and (*%°

are the corresponding prolongations of orders «a, 1, 2 and 3, respectively.
The corresponding group generator is defined by

0 0 0 0
X = T<ta T,u, U)a + §(t7 T, u, U)% + n(tu T, u, U)% + C(tv T,u, U)% (4>
So the prolongation of the above group generator X has the form
. 0 0 0
X=X a,t o t T . 5
pr i a e T ow T o T G, T (%m )

where
n™ =D (n) + 7D{ (uy) — D (we) + €D (uy,) — D (€u,)
0% u 9. v 0"y

o (nu — aDy(T)) e e T (1 e U hpe )
o0 a ”
Bt ( ) o (”H)D?H(T”D? (w) + i + p (6)

£ ()50 £ (rere

n=1 =
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with
oo n m k-1
- @\ () (W) 9t gy
o ; m=2 2 =0 <n> <m> <7") FT(n+1—a) otm otr—mouk’
o) n m k—1
_ a\ (n) (k) te(—v) omkr gromey
n=33:3°5 ()0 G are e o oo
9°¢ v 0%, 0w 0%,
at 7 > o . _
C _3150‘ + (gv aDt(T>) ote v ote + (CU ot u ot )
= [a\ 0", Q " on
! Z[(n> ot (n + 1) Dyt (D" () + s+ poa
n=1
(N O"Cu g = (aN -, o
n=1 n=1
with
00 n m k—1
= a\ (n\ (k) (w9 9n R
M3 = ; ~ ; —~ (n> (m) (7‘) k:!l“(n +1 - Oz) otm  gtr—myk’
oo n m k—1
. o n k tn*a(_v)r 8mkar 8n7m+kg
Mg = ;m:ﬂcZ? g (n) (m) (T‘> k:!F(n +1 - Oz) otm  Gtn—myk’
and

773: = DI(T’) - utD:t(T) - Ug;Dx(f),
("= Do(¢) — v Dy (1) — v Dy (€),

N = Dy(n") — g Dy (T) — g Do (),
(" = D) = 0 Do () — 022 Do (§),
17 = Dyp(N™) = Uaar Da(T) = Uz Da(€),
¢ = Dy(C™) = 020t Do (T) — V0 D (),

where Dy, D, are the total derivative with respect to ¢, x respectively.

Remark 2.1. The infinitesimal transformations (3) should conserve the struc-
ture of the Riemann-Liouville fractional derivative operator, of which the lower limit
in the integral is fixed. Therefore, the manifold ¢ = 0 should be invariant with re-

spect to such transformations. The invariance condition arrives at

T(t, x,u,v)|4=o = 0.

(14)
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Remark 2.2. From the expressions of u1, o, p3 and pg, if the infinitesimals 7,
¢ be linear with respect to the variables v and v, then py = ps = pu3 = g = 0, that
is,

0? 0? 0? 0>
n_On_O0¢_0% (15)
ou?  Ov?  Ou? Ov?

The one-parameter Lie symmetry transformations (3) are admitted by the system

(2), if the following invariance criterion holds:

prX (Df‘u + v, + uum) 2y =0, (16)
prX (Df‘v 4 Uy + (uv)r) l2) =0,

which can be rewritten as

(na’t + ¢+ un® + an) l2) = 0, (17)
(€ ™ - uC” + v + uaC 4 vn) o) = 0.

Putting n®t, ¢*' n*, (* and 7" into (17) and letting coefficients of various
derivatives of u and v to be zero, we can obtain the over-determined system of
differential equations as follows:

Tw:Tu:Tv:&:gu:&):nv:Q (18)
()5 (%) =0. new, (19
(‘;‘) ‘?;i” - (n i 1) D7) =0, neN, (20)
Cu + n— u(&z - Oth) = 07 (21)
Cv — T — (61‘ - Cm—t) = 07 (22)
n—u(é —ar) =0, (23)
C_U(Cv _nu_l'gx —047',5) = 07 (24)
N — Cv - 3531: +an = O, (25)

O O Oy

_ (=0, 2
52 Y hm  Uh +un, + ¢ =0 (26)
0“C 0“Cy 9%Cy
e~ g VTV +ul + 1 (27)
Solving these equations altogether, with the conditions (14) and (15), we can

obtain infinitesimals as follows:

2c
E=cx+cey, T=—t n=—cu, (=-2v, (28)
o'
where ¢; and ¢y are arbitrary constants. So the system (2) admitted the two-
dimension Lie algebra spanned by

0 2 0 0 0 0
X1 —x%—i-at&—u%—ZU%, X2_8_1‘7 (29)
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with [Xl,XQ] = —XQ.
The characteristic equation corresponding to the group generator X; is
dr adt du dv
e == (30)
x 2t —u  —2v
from which, we obtain the similarity variables zt~2, ut? and vt®. So we get the
invariant solutions of the system (2) as follows:

u(t,z) =t72 f(w), v(t,z)=1t""g(w), (31)

with w = 2t7%.

Theorem 2.1. The similarity transformations u(t,z) = t72 f(w), v(t,z) =
t=*g(w) with the similarity variable w = xt~2 reduce the system (2) to the system
of fractional ordinary differential equations given by

1

(PY 5" F)(w) + F(w)f'(w) + ¢'(w) =0,

[e3

(7’%_2‘”’“9)(@ + f(w)g'(w) + g(w) [ (W) + f"(w) =0,

where (Py") is the left-hand Erdélyi-Kober fractional differential operator defined by

(32)

m—1

d
i) = L+ i - ™)), w0, 650, >0

=0
[+l ifkgN,
| ok, if k€N,
where
ﬁ [ (s — 1)Lty (wss)ds,  if k>0,
%b(w)’ Zf k=0,
1s the left-hand Erdélyi-Kober fractional integral operator.

(5™ ) (w) = {

PrOOF. For 0 < a < 1, the Riemann-Liouville time fractional derivative of
u(t, z) can be obtained as follows:

u 0 . ar 1 t e e
T = @) = 5[y [ =9 e has),

Assuming r = £, we have

Because of w = zt~ 2, the following relation holds:
0 o a d

tort(w) = tr(=5)t Y (W) = —Jw—U(w).
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Hence, we arrive at

Oy P nw)] = e # 0= Su Sy P W) = E e )
Similarly, the Riemann-Liouville time fractional derivative of v(t, z) is
TU Pl g) ),
Meanwhile,
Ve + utty = % (g () + f(w) '),
Ugge + (W) =t (f"(W) + f(W)g' (W) + g(w) f'(w))-
This completes the proof. O

3. Power series solutions, convergence analysis and numerical simulation

Next we use the power series method to derive the power series solutions of the
reduced equations (32). Let us assume that the solutions have the following form:

w) = Zakwk, g(w) = Zbkwk, (33)
k=0 k=0

where a; and b, are determined later. Then

f(w) = Z(k + Dagrw®, ¢'(w) = Z(k’ + Dby, (34)
k=0 k=0
Flw) = (k+2)(k+ Dareaw®, ¢"(w) =Y (k+2)(k+ Dbow®,  (35)
k=0 k=0
Fw) = (k+3)(k+2)(k + Dagesw”, ¢"(w) =Y (k+3)(k+2)(k + 1)bgesw”.
k=0 k=0
(36)
From the definition of the left-hand Erdélyi-Kober fractional integral operator,
we get
-2 m—a« 1 > —a—1 —(1=324m a
(Kl% 2’ f)(w) :m/l (8 — 1)m 18 (1 32 + )f(CUS?)dS
- __ 1\ym—a—1 7(173—°‘+m -
F( )/ (s —1) 2 Z apwts’
k=0
> & 3a _ ka
apw [ / s — 1)ty (=F-F4m ds]
> —/ -1
Because of Beta function B(p, q) = fol 2P~1(1—x)7"ds, assuming t = +, we have

1 o0
B(p.q) = / 21— @) de = / (t — 1)1 1= Praqy,
0 1
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So
e ma > Bl—-92—-tm_—q) X T(1-92- k)
IC12 2 w) = ok 2 20 _ 2 2 ok
( o )(@) ;k I'(m — «) ;I’(l—%"—%a+m)k
With m = [a] + 1 = 1, we get
3a s, 3o a d 1
P @ = [T~ 24— Sy i
3=0
3a a d o=T(1—2-— k)
=(1—— —sw—)( 22~ aw”) (37)
2 2 dw ;F(Q—%—%)

Similarly,

Substituting (33)-(38) into the system (32) arrives at the following equations:

00 F(l _ (k—i—l)a) i oo . )
1 — (k—|—23)a)akw = Z |: Z (TL + l)aman—Hw + (k' + 1)bk+1}w s
2

I k=0 m+n=~k

io L

o0 F(l (k+2) )
Z F(l (k+4 Z [ Z n+1 am n+l+bman+l) (k+3)(k+2)(k+1)ak+3}w
k=0 = m+n=k

Equating the coefficients of different powers of w arrives at the following system:

r'(1—
NG (k+2)a
FEI—(k§4)a§bk = —(kf + 3)(k + 2)([€ + 1)ak+3 — Zern:k(n —+ 1)(ambn+1 + bman+1),
(39)
from which, we can obtain the explicit expressions of a; and b;. For & = 0, we have
_ _Ia-9)
bl — Wao — Qpayq, (4())
as = —3 |:1_1:‘((11_20(;)) bo + boal -+ a0b1:| .
For k =1, we have
_ 1| P(1—a)
b2 = _5[ (- 2a>a1 +ai + 2%“2] (41)

ra-
F(l aa)

bl —+ 2(()0@2 + a161 + a0b2)]

Q
N
|
N
—
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For k = 2, we have

as = —55 [F(i :%,a by + 3(asbo + azby + arbs + aobS)} ()
For k > 2, we have
br1 = (kjrll) [11:8—:%‘:2; @+ Domini(M+ 1)ama"+1} ’
WUt = TFB) T [FS Z:ZZ bk + 2 n=p(n + 1) (@mbyr + bman“)} '
(43)

In what follows, the convergence analysis of the power series solutions for the

system (32) will be presented. From (40)-(43), we get

|bk+1| S 2(’akz‘ + Zm—i—n:k |am|’an+1’)a
(44)
|ak+3| < |bk| + Zm+n:k(|am||b"+1| + |bm||a’n+1|)

Assuming

= io:ckﬁk, D(@) = io:dkek, (45)

where ¢y = |ag|, dy = |bol, c1 = |a1| ¢2 = |az| and

dk+1 = Q(Ck + Zm—i—n:k Cmcn+1)7 k= 07 17 2. ) (46)
Ck+3 = dk + Zm+n:k(cmdn+1 + dmcn+1)7 k= 0,1,2---,

that is, |ag| < ¢k, |bx| < di, k=0,1,2---, we can get

C(0) = co+ 16 + 26 + Z Crya0™t?
k=0

=co + c10 + o0 + Z (dk + Z (cmdnt1 + dmcn+1))9k+3 (47)

k=0 m+n=Fk

— o+ 10+ e + [D(é’) +5° 3 (Cudss + dmcn+1)0k] 0,
k=0 m+n=~k

D(Q) d0+de+10 +1 _d +QZ |:Ck+ Z Can+1]9k+1

k=0 m+n=~k

— dy+2 [0(9) + Z 3 cmcn+19k] 0.

k=0 m+n=~k
Consider the implicit functional system with respect to the independent variable

(48)

H(0,C,D) = C—cy—c160— 26> — [D(e)+z > (cmdn+1+dmcn+1)0’“]93, (49)

k=0 m+n=~k
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H(O,C,D) = C —co— 10— 6 — [D(@)+Z 3 (cmdn+1+dmcn+1)6k]93, (50)

k=0 m+n=~k

1(6,0,D) = D —dy — 2 [C(@) + i 3 cman@k]@, (51)

k=0 m+n=~k

from which, H and [ are analytic in the neighborhood of point (0,cg,dy) and
H(0,co,dy) =0, 1(0,co,dp) = 0. The Jacobian determinant is

O(H, T)

! =%, D)

£ 0. (52)

Then the two series C' = C'(f) and D = D(#) are analytic in the neighborhood of
(0, co, dp) with positive radius by implicit function theorem, that is, the series f(w)
and g(w) are convergent in the neighborhood of (0, ¢o, dp).

Therefore, the power series solutions of time fractional coupled Boussinesq-
Whitham-Broer-Kaup equations (2) have the form

(k+1)a (k+2)a

u(t,z) =73 f(w) = Zakxkt_ =, w(tx) =t"%(w) = Zbkxkt_ =, (53)
k=0 k=0

where a;, and by, are defined by (40)-(43) with arbitrary initial conditions ag = f(0),
b = 9(0), a1 = f'(0) and ay = 1 "(0).

In Figs. 1-3, we illustrate the power series solutions (53) with different parameter
values. For the given initial conditions ag = by = a1 = as = 1, these figures show
that the difference of fractional order a affects the changes of the velocity wu(t, x)
and the height v(¢, z) of the free wave surface. Therefore, time fractional coupled
Boussinesq-Whitham-Broer-Kaup equations (2) can better reflect the continuous
change trend of the real situation compared with the classical equations (1).

4. Conservation laws of Egs. (2)

In this section, we construct conservation laws of Eqs. (2) by using the general-
ization of the Noether operators and the new conservation theorem [13, 14].
The system (2) is denoted as

Fy = Dj*u + v, +uu, =0, (54)
Fy = DYv + tuyyy + (uv), =0,
of which the formal Lagrangian is given by
L= p(t7 x)Fl + Q(t7 x)F2
(55)

= p(t, ) (Dfu + v, + uug) + q(t, ) (Dfv + Ugge + (U0),),
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FIGURE 1. Numerical simulation of the power series solutions (53)
with ag = by = a; = ay = 1, by = —1.688365219, a3 = 0.01719507718,
by = —1.792597378, ay = 0.2381049175, by = —1.165779206, by =

—0.7563022914 and o = 0.3.
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FIGURE 2. Numerical simulation of the power series solutions (53)
with ag = by = a; = ay = 1, by = —0.9328716540, a3 = 0.1227355057,
by = —1.098229310, ay = 0.4490858001, b

—1.060062402 and o = 0.7.
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—2.545190408, by =

89

where p(t, z) and ¢(t, z) are new dependent variables. The Euler-Lagrange operators

are

50 D
u = au TP gor

+ Z(—l)sDil Dy =
s=1

(56)
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FIGURE 3. Numerical simulation of the power series solutions (53)
with ag = by = a; = ay = 1, by = —0.5915327160, a3 = 0.2082259476,
by = —0.6710885150, ay = —0.00298349118, b3 = —0.8718983963,
by = —0.6852929807 and o = 0.9.

) 0 0 > 0
2 _ 9 Dy N (=1)Dy, - Dy
Sv  Ov + (D7) d(Dgv) + 5:1( )" Diy " Ov, 0, (57)

where (Dg)* is the adjoint operator of D{. It is defined by the right-sided of Caputo
fractional derivative, i.e.,

T n
p(nl_a) /; (t_s)ifnﬂ 2 f(s,x)ds, n—1<a<nmnéeN

(Dta)*f(t?'x> = ?D%f(tI) _{ an<t JI) a=néeN.

The system of adjoint equations to (54) is given by

Fl*:%:<D?)*p_upm_vqg:_qumzoa

(58)

Fy =5 =(Df)'q—p—ug:, =0.

Next we use the above adjoint equations and the new conservation theorem to
construct conservation laws of Egs. (2). From the classical definition of the con-
servation laws, a vector C' = (C*, C*) is called a conserved vector for the governing
equation if it satisfies the conservation equation [D;C*+ D,C?|p, p,—0 = 0. By using
Noether theorem the components of conserved vector can be obtained.

Firstly, from the fundamental operator identity, i.e.,

) )
pTX—{—DtT-I—{—Dxf-I:Wu'£+WU'%+DtNt+DxNx7 (59)

where prX is mentioned in (5), Z is the identity operator and W* = n — 7u; — uy,
Wv = ( — tv; — &v, are the characteristics for group generator X, we can get the
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Noether operators as follows:

0 0
N =17 + Dy~ H (W) Dy — (=)"J(W*, Dy
Z ) a( ) ( ) ( t 8(Dfu)>
(60)
n—1 a a
a—1—k v k _ (_1\n v Dn
+kZ:0< 1) D (W )Dt 8(Da ) ( 1) ‘](W ’ t a(ng))a
) ) , 0 ) ) , 0
— u - v - D
LW (8% D, " iz | D 0um) W (c%x D Toee mﬁvm)
o, O ) 0 )
P Gy ™ o) TV G~ P )
0 0
2 U 2 v
(61)

where n = [a] + 1 and J is given by

J(f,q) = n_a// f_TaH 2ded (62)

The components of conserved vector are defined by C' = N'L, C* = N*L.
Case 1: X;| = xaw + atat — uau — 22’&;
The characteristics of X; are
W" = —u — ztut — Ty, W'=-—2v-— %tvt — 2. (63)

Therefore, for 0 < a < 1,
C* =pD~ ' (W*") + J(W*", p) 4+ qDf (W) + J(W*, q)

— thO‘_l(u + étut + zu,) — J(u+ %tut + Ty, Pr) (64)
— gD (2v + %tvt +av,) — J(2v + 2tvt + 20z, q1),
C* =(up + vq + qua)W" + (p + ug)W" — qu D, (W") + ¢D2(W*")
— (up +vq + Gua) (u + %tut + zuy) — (p+ ug)(2v + étvt +2v)  (65)

2 2
Case 2: Xy = =&

The characteristics of X5 are

W = —u,, W'=—uv,. (66)
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Therefore, for 0 < a < 1,
C' =pDd Y W™) + J(W*¥, p,) + gD * (W) + J(W", q,)
= - tha_l(ux) - J(Uxapt) - qu_l(,Ux) - ‘](U:w Qt)a

C* =(up + vq + qua)W" + (p + ug)W" — ¢, D, (W") + ¢D*(W*)

5. Conclusion

In this paper, we can see that Lie symmetry analysis method is effective for
studying an important model in mathematical physics, namely time fractional cou-
pled Boussinesq-Whitham-Broer-Kaup equations as follows:

Diu+ v, + uu, = 0,
DY + Ugyy + (uv), = 0.

We obtain all Lie symmetries for the equation when 0 < a < 1, and reduce
the corresponding system of fractional partial differential equations to the system of
fractional ordinary differential equations. Furthermore, we derive the power series
solutions for the reduced systems and obtain the conservation laws for every Lie
symmetry. The paper shows that Lie symmetry analysis method and the power
series method provide the direct and powerful mathematical tools to further study
other fractional differential equations in mathematical physics.
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