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(A, u),~statistical convergence for double sequences

Sabiha Tabassum™® and Noor Ali Ahmed Abdullah Al Amodi

ABSTRACT. In this article, we define g-analogue of (A, u)-statistical convergence
for double sequences. g-analogue of (A, u)-statistically Cauchy and pre-Cauchy is
also defined. The necessary and sufficient condition for (A, u),-statistically Cauchy
is also given.

1. Introduction
Let A = (\,) be a non-decreasing sequence of positive numbers tending to oo
such that
)\n—f—l S )\n + L

The generalized de la Valée-Pousin mean is defined by
1
to(z) := " > Tk,
n keln
where I,, = [n — A\, + 1,n]. A sequence z = () is said to be (V, A)-summable to a
number L if

to(x) = L as n — oo.

If we take A\, = n, then the above summability-reduces to (C,1). We write
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R
[C) 1] :—{x—(xn):EILER,JLHC}OE;M,C—M—O}

and

VA ::{xz(xn);aLeR,T}E&A—th—u —0)
kely,

for the sets of sequences z = (x) which are strongly Cesaro summable and strongly
(V, A)-summable to L i .e. zy — [C,1] and x, — [L, \] respectively. The sta-
tistical convergence was first introduced by Fast [10] and later on studied by many
authors see [5, 11, 12, 21, 22|. A sequence x = (xj) is said to be statistically
convergent to the number L if for every ¢ > 0

lim l|{l{:§n:|xk—L|25}|:O, (1)

n—oo N,

where the vertical bars indicate the number of elements in the enclosed set. In this
case, we write S — limxz = L or z;, — L(S) and S denotes the set of all statistically
convergent sequences.

Definition 1.1. [16] A sequence = = (z,,) is said to be A-statistically convergent
or Sy-convergent to L if for every ¢ > 0

.1
Jim )\—n\{k €l,: |z, —L| >¢e}|=0.

In this case we write Sy, — limz = L or xy — L(S)), and
Sy:=x:3dLeR,S,—limx = L.

The quantum calculus or a g-calculus is the generalization as well as modifica-
tions of the classical calculus. Over the last twenty years, the subject of g-calculus
has served as a connection between mathematics and physics. In recent past there
is a substantial increase of research in field of g-calculus because of its applications
in many fields such as number theory, combinatorics, special functions basic hyper
geometric functions mechanics, theory of relativity and other sciences-quantum the-
ory.

The g-statistical convergence is also applied in Approximation theory and Summa-
bility also see [20] , g-statistical convergence has been generalized to double ¢-
statistical convergence [4, 15, 19]. g-calculus has been studied by many researchers,
for instance see [1, 2, 3, 13]

Definition 1.2. [18] The g-analog of real numbers is given by
1—4q"

[rlg = 1—q’
T, if g =1.

if g e R™ — {1} ;
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The formal definition of g-analog is that ” Analog of a theorem, identity or ex-
pression is a generalization involving a new parameter q that returns the original
theorem, identity or expression in the limit as ¢ — 1.7
This concludes a fact that g-analog of something is not a unique expression as we
just need to satisfy the limiting condition of 1 and also that above equation is not
a definition but an example of many g-analog of numbers. For example 7?7 can also
be a ¢g-analog of numbers as many others. The prior ¢g-analog is the best one to the
real numbers

Definition 1.3. [18] Let K C N. For ¢ > 1, the ¢-density of K is given by
0g(K) = dca(K) = lim inf(CYxk)n-
1 n—00

Definition 1.4. [18] A number sequence x = (zj) is said to be g-statistically
convergent to L, if for every € > 0, 0,(K) =0, where K = {k: k <n:|xy—L| > €}.

The set of all g-statistically convergent sequences is denoted by S,.

Definition 1.5. [17] A double sequence x = (x4) is said to be statistically
convergent to the number L
if for every € > 0, §?(K) = 0, where

K={(s,t):s<pandt<r:|ry — Ll >¢€}. (2)

Definition 1.6. [19] A double sequence x = (z4) is said to be g-statistically
convergent to L, if for every e > 0, (52(K ) =0, where

K={(s,t):s<pandt<r:|rg — L| >¢€}. (3)

The set of all g-statistically convergent double sequences is denoted by Sti. Let
A= (\.) and pu = (us) be a two non-decreasing sequences of positive numbers, each
tending to co such that

M <A+1, =1,
Psr1 < ps+ 1, =1

Let I, = [r— A+ 1,7, Iy =[s — ps + 1,s] and I, ; = I, x I;. The generalized

double de la Valée-Pousin mean is defined by

trs(x) = o> Ty

Arbbs kel iel,

Definition 1.7. A double sequence x = (zy,) is said to be (V, A, u)-summable
to a number L if

P —limt, s(zg,) — L as r,s — oo.
r,s

If \, =7 and ps = s then (V, A\, p)-summability reduces to (C, 1, 1)-summability.
We write
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.S

1
(C,1,1):={x=(zx)): ILER, P— lim —> |ay, — L| = 0}

r,8—X0 'S
k=1

and

1
Vi :={z=(2x)):ILER, P— lim > ok — LI =0}
oo Arbls kel xIs
for the sets of double sequences x = () which are strongly Cesaro summable and
strongly (V, A\, p)-summable L i .e. zp; — [C,1,1] and x5, — [L, A, p] respec-
tively.

Definition 1.8. A double sequence z = () is said to be (A, u)- statistically
convergent or Sy ,convergent to L if for every ¢ > 0
1
P — lim
7,800 \p.[Lg

i.e., the set K(e) = {(k,l) € I, x I, : |vg; — L| > €} has (A, p)-density zero.

{(k,1) € L5 : |wg — L] = €}[ = 0.

That is S\ ) — limx = L or xy — L(S()\,,u))-

2. Main Results

Definition 2.1. We defined a matrix which is the g-analog of a matrix say A
which is equivalent to the [V) A\] — summability and it is given as follows

qkfl

Unk(qk) = [/\n]q 7
0, otherwise.

if kel,,

The summability associated with this matrix is the g-analog of (V, A)-summability
and it is as follows

1
V,A, ={z = (z,): 3L € R, lim

> gt — LI =0}

9 keI,

Definition 2.2. Define a matrix which is the g-analog of a matrix say B which
is equivalent to the [V A, u] — summability and it is given as follows

¢H=2
——F, ifkel.andl € I
Urskl(q) - [)‘T]q[NS]q
0, otherwise.

The summability associated with this matrix is the g-analog of (V, A, xt)-summability
and it is as follows

1
V,\ g ={z=(zx): 3L ER, P~ lim > g e — L = 0}

7,800 [ T]q[l’bs]q klel,,s
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Definition 2.3. Let [\, = ([\],) and [u], = ([us)g) be a two non-decreasing
sequences of positive numbers tending to oo such that

[)\H—l]q < [)‘T]q + 1, P‘l]q =1

[s+1lg < g + 1, []g = 1.

Such sets are denoted by AZ.

Definition 2.4. The g-analog of generalized de la Valée-Pousin mean is given
as follows

1 k-2,
[vrs()]q = m Z Z q k.l

9 kel, lels

where I, = [[r — A\, + 1], [1]4] and Iy = [[s — us + 1], [s]4]-
Definition 2.5. Let K C N. For ¢ > 1, the (A, u),-density of K is given by

5(A,u)q (K) =P — lim inf(vs (™) XK )rs-

T,8—00

Definition 2.6. A double sequence z = (zy,;) is said to be (A, u),-statistically
convergent to L if for every € > 0, ¢ ), (K) = 0, where K = {k € L,and | € I, :
|~Tkl — L| > 6}| =0.

Such set is denoted by Sy ),

Proposition 2.1. If M and N are two subsets of N such that M C N, then
e (M) < 6021, ().

Proposition 2.2. If M C N, then 6, (M) + 6 ), (M€) = 1.

Proposition 2.3. The g-analogs given in Definitions 2.2, 2./, 2.5 and 2.6 is
valid.

Proof: When ¢ — 1, [\]; = A ,[is]y = As and ¢"772 — 1. Thus we get

, if kel.andl € I,
kl) — Upskl = )\r,U/s f

0, otherwise.

Urskl (q

vrsi-summability is actually equivalent to [V, A, u]-summability. We get

: kly _
(lll_rg Urskl(q ) = Urski- (4)
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Also,
1
lim[v,(7)], = lim ———— ¢t 22y,
tiylo ()l =l T 2
I€],
1. 1 Z
= lim x
a1 Arfls kel !
Iel.
= v,s(). (5)
Next,

lin} Soum, (K) = Em{ lim inf(vrea(q"™)xr)rs}
q—

q—1 r,s—oo

= lim inf<vrsleK)7's
7,5—00

= O (K)- (6)
Equations (4), (5) and (6) justifies Definitions 2.2, 2.4 and 2.5. Since (A, pt),-
density reduces to (A, u)-density when ¢ — 1, from the definition it is clear that

(A, 1) -statistical convergent will become (A, p)-statistical convergence. Thus Defi-
nition 2.6 is also justified.

Remark 2.7. (i): If [\, = [r], and [us], = [s], , the (A, u),-statistical conver-
gence would become g-statistical convergence.
(ii): If A, = r,us = s and ¢ — 1, the (\, p),-statistical convergence would become
statistical convergence.

Theorem 2.4. Let x = (xy) be a real double sequence. Then x is (A, p)g-
statistically convergent to L if and only if there exists a subset K = {(k,1)} C
NxN, k,l=1,2,...... , such that d(x ), (K) =1 and kllgnoo xi = L.

(k,HeK

PROOF. Let © = (xy) to be (A, u),-statistically convergent to L . For n =
1,2,..... we assume

1 1
K, ={(k,l) ENXN: |z — L] Zﬁ},an{(k,l)eNxN: |z — L gg}.

Then ls
g

0 K,) =P —lim — =0.
g (Kn) k;{ olalslq
It is clear that U; D Uy D ... D U; D U;y1 D ... and
k+1—2
S, (Un) = P — lim d

o Do, v

Now we will prove the convergence of (xy;) to the limit L in U,,. In contradiction
let (xy;) does not have the limit L . Then there must exists an € > 0 such that
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|ziy — L| > € for infinitely many (k,1)’s. Let U, = {(k,l) : |z — L| < €}, and
€>2(n=1,2,..).Then

g2
S, (Ue) = P —lim — =0.
oD S [Arlqltes]q
also, U, C U,. Hence
¢H-2
Snge(Un) = P —1im > ——— =0.

dau),(Un) = 0, which is a contradiction to our assumption, therefore xy; is conver-
gent to L.
Conversely, let there exists K = {(k,l)} € NxN, k,l = 1,2,..., such that

S, (K) = 1 and lim xg = L. Then 3 ng € N such that |z — L| <
k100 (k) EK

€,V k,l >ng. Now,

Ke=A{(k,)) e NXN: |z — L] > ¢} SN xN—{(k,1) > no}.

Thus
it
S, (Ke) = P —lim —— =0.
(A e A [Ar]qlts]q
This concludes the proof of the theorem. O

Let my ), denote the set of all (A, i), -statistically bounded double sequence of
real numbers

Theorem 2.5. The set m(y ), is closed linear subspace of the normed space 2.

PROOF. Let (") = (a:ﬁ’;l)) € mpy, and 2™ — (z,5) € 2. Since 2" €

M), » there exist real numbers Cy; such that
St —hmx =Ch (k,1=1,2,..).
As x(y — X, for every € > 0 there exists ng € N such that
|$(m") —x(kl)| < § Vm>k>ng,n>12>ng.

where |.| denote the norm in 2. According to Theorem 2.4, there exists subsets U
and V' of N x N such that dx ), (U) = dxu), (V) =1 and

rslin Lrs = Ck:l) ,hmoo Trs = Cmn-

(7‘ s)eU (r,s)eV
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Also, 6y, (UNV) =1, ie.it is a infinite set, we can choose (u,v) € U N Vsuch

that
€ €
|371(L“Z}") — Con| < 3 and ]:Cg“f,) —Crl < 3
For each m > 1 > ng and n > k > n,, we have

|Omn - C’kl| < |Omn - mi?")l + |x(mn) - xv(ﬁ}l” + |xq(ﬁ;l) - Okll

uv

<e+e+e
3 3 3
=e.

Thus (Cy) is a Cauchy sequence of real numbers and hence convergent. Let
l}fr? Ci = C. We shall prove the (A, p),-statistical convergence of x to C. Now (kD)

is converging to & = (z,5) . Thus V € > 0,3 N;(¢) such that
1) — ] < 5 () = Nife).
Also,Cjy = C. Thus Ve > 0,3 Ny(e) such that
C, — C| < % Y(r, 8) > Ny(e).

Further, z(*) is a (), u),-statistical convergent to Cj. So there exists A =
{r,s} € N x N such that d(y ), (A) =1 and for each € > 0,3 N3(e)such that

20D — O] < % V(r, 8) > Ny(e), (r, s) € A.

Let max {N;(€), No(€), N3(e)} = Ny(€).Then for a given € > 0 and for all (r,s) >
Ny(e), (r,s) € A

|2ps — C| < s — x£§1)| + |x1(f§l) — Crs| +1Crs = C
=€

Thus z = (z,5) is (A, p)s-statistically convergent to C' as .y ), (A) = 1. Hence
T € M), 0

Theorem 2.6. The set myy ), is nowhere dense in 2.

PROOF. Every closed linear subspace of a linear normed space, which is different
from the space itself , is nowhere dense in it. Using theorem 2.5, it suffices to proof
that m ), # (2. Consider a sequence & = (,,,,) such that

1, if m and n are even;

Tomn = (8)
0, otherwise.

Clearly x is not a (A, u),-statistically convergent sequence but = € [ (F). Hence
M\ u)q 7§ lgo 0
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3. (A, p),~Statistically Cauchy Sequence

Definition 3.1. Let = (x,5) be a real double sequence . It will (A, u),-
statistically Cauchy if for a given e > 0, 3U = U(e) and V = V(e) such that ¥V r, j >
U, s,k >V, 00, ) =0, where

K:{(Tas):rgjandSSk:|$rs—$jk|26}.

Theorem 3.1. A real double sequence x = (,5) is (X, p),-statistically convergent
if and only if it is (A, p)4-statistically Cauchy.

ProOOF. Consider the double sequence z = (z,5) to be (A, u),-statistically con-
vergent to L. For every ¢ > 0,

r+s5—2

S, (K1) = P — lim d —0,

S [Ailalrnlg
where Ky = {(r,s) :r < jand s <k : |zx,; — L| > €}. We choose U and V so that
|xyy — L] > €. Now let

Ky={(r,s):r<jand s <k: |z, — xyp| > €}
Ky={(r,s):r=U<kands=V <j:|uy—L|>¢e}

Then Ky C K + K3. Thus

qr+372
S, (K2) = P —lim _
o ik et Dylalil,

1
<P—lim———(Y ¢t Y ¢,
e 2 T 2

= 00w, (K1) + 00a ), (K2)
—0.

Therefore x is (A, p),-statistically Cauchy.
Conversely consider the sequence x as (A, p),-statistically Cauchy. Suppose that
x is not (A, p),-statistically convergent. Thus there exist & and V such that

qr+s—2
5(/\,,u)q(K2) =P —lim =0.

i [Ailalrnlg
Hence by Proposition 2.1
6()\7H)q(K§) = 50\,#)(1({(7“,3) cr<jand s <k:|r,s —xyy| >€}) =1

Let |z.s — L] < e.Then |z,s — zyy| < 2|2,s — L] < €. As z is not (A, u),-statistical

convergent,
r+s—2
q

S, (K1) = P —lim — =1
et i 2;( lolilq
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Therefore,
S, (1) = 0, 1(r,s) :r < jand s < k: |z, — L] < e} =0.

Thus
o l(rys):r <jand s <k:|x.s —xj] <€} =0.
S0, d(au), (K2) = 1, we reached at a contradiction. Hence x is (A, j1)-statistically
convergent. [

4. (A, p),-Statistically Pre-Cauchy Sequence

Statistically pre-Cauchy sequence was first introduced by J. Connor et al. [6]
Further the concept was generalized to double sequence and consequently its
g-analog was defined by M. Mursaleen et al. [19]

Proposition 4.1. The necessary and sufficient condition for double sequence

r = (x,5) to be(\, pu),-Statistically convergent is that there exists U C N such that

its (A, p)g-density is 1 and for a given € > 0, there is a V C U such that U \'V is
finite and

VxVCA{(rs,j.k): |vs — x| > €} 9)

Definition 4.1. Let x = (x,5) be a real double sequence. It is said to be (A, pt),-
statistically pre—Cauchy if for a given € > 0,

hmz |{Tsj,k):r,jgmands,jgn:|xrs—xjk|26}|:()'

Theorem 4.2. If the double sequence x = (,5) is (A, p),-statistically convergent.
Then it is also (X, p)q-statistically pre-Cauchy.

PROOF. Let z = (z,5) be a (A, pu),-statistically convergent sequence and let the
set U is same as in Proposition 4.1. For a given € > 0, select a subset V of U so that
U\ 'V is finite and

VxVCA{(rs,jk): |t — x| > €}

For each (m,n) € N x N,

[0, W)]? = lenr} P Z Z R S PY
'un 9 rj<msk<n
r4+s—2
. q
<lim ————
man [Am]g[pnlg

Since P — l1m 5?:( (V) =1, it follows that

{(r,s,7,k):r,j <mands,j <n:|zs— x| > €}

r+s—2
. q
lim

man(r,s,j?k) cryj<mand s, j <n:laes — x| >} =1
) mq nq
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which shows that the sequence z is (\, p),-statistically pre-Cauchy. O

Theorem 4.3. A bounded double sequence x = (z,5) is (X, p),-statistically pre-
Cauchy if and only if

hm Z Z ¢ 32 — | = 0. (10)
q rj<m s,k<n
PRrROOF. Let
hm Z Z 2|2 — ] =0
q rj<m s,k<n
For each € > 0 and n € N, we have

Z S gl > 6([ T PAE SH{(r 8,5, k)« |zps—ag] > eH) > 0.

q rj<m s,k<n
(11)

Using squeeze theorem of limits, we get that x is (A, pt),-statistically pre-Cauchy.
Conversely let = is (A, u),-statistically pre-Cauchy and sup |z,,,| = B < co. For

m,n
a given e > 0 and for every m,n € N,

Z Z g 2|$TS_$]k| < +28([)\ ] i n]q|{(7“ S, J, k) o |zrs—xin] > §}|).

’un 9 rj<msk<n
(12)

Using the fact that x is (A, p),-statistically pre-Cauchy, we can have V € N such
that for all n > N

€ 1 , €
5t ZV(MH(T, S, Jy k)t |xps — x| > §}|> < €. (13)

From equation 12 and 13, we get

2 Z Z q 22 — 0| = 0. (14)

ﬂ'n 9 rj<ms,k<n

Conversely, let t = (t,5) = r?s* be a double sequence, define the sequence z by
Tps = rist if ZTrs = tps and x, s = 1, otherwise. We will show that converse does
not hold for x. Since 5()\7%1{7‘, staps # 1} =0, x is (A, p),-statistically convergent
to 1. From the previous result it will also be (A, u) -statistically pre-Cauchy. Now

1
£

r4+s—2 — qurs 2 4|1 4| =1
T S

|xtr,rl — T,

as r,s —» oo. Thus

limsup Z Z g2 — x| > 1.

m, q rj<m s,k<n
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