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(λ, µ)q-statistical convergence for double sequences

Sabiha Tabassum∗ and Noor Ali Ahmed Abdullah Al Amodi

Abstract. In this article, we define q-analogue of (λ, µ)-statistical convergence

for double sequences. q-analogue of (λ, µ)-statistically Cauchy and pre-Cauchy is

also defined. The necessary and sufficient condition for (λ, µ)q-statistically Cauchy

is also given.

1. Introduction

Let λ = (λn) be a non-decreasing sequence of positive numbers tending to ∞
such that

λn+1 ≤ λn + 1.

The generalized de la Valée-Pousin mean is defined by

tn(x) :=
1

λn

∑
k∈In

xk,

where In = [n− λn + 1, n]. A sequence x = (xk) is said to be (V, λ)-summable to a

number L if

tn(x) → L as n → ∞.

If we take λn = n, then the above summability-reduces to (C, 1). We write

2020 Mathematics Subject Classification. 40B05, 40H05, 54A20.
Key words and phrases. Statistical convergence, q-analog, de la Valée-Pousin mean

∗Corresponding author

This work is licensed under the Creative Commons Attribution 4.0 International License. To view

a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

.
65



66 TABASSUM AND AL AMODI

[C, 1] := {x = (xn) : ∃ L ∈ R, lim
n→∞

1

n

n∑
k=1

|xk − L| = 0}

and

[V, λ] := {x = (xn) : ∃ L ∈ R, lim
n→∞

1

λn

∑
k∈In

|xk − L| = 0}

for the sets of sequences x = (xk) which are strongly Cesaro summable and strongly

(V, λ)-summable to L i .e. xk −→ [C, 1] and xk −→ [L, λ] respectively. The sta-

tistical convergence was first introduced by Fast [10] and later on studied by many

authors see [5, 11, 12, 21, 22]. A sequence x = (xk) is said to be statistically

convergent to the number L if for every ε > 0

lim
n→∞

1

n
|{k ≤ n : |xk − L| ≥ ε}| = 0, (1)

where the vertical bars indicate the number of elements in the enclosed set. In this

case, we write S − limx = L or xk → L(S) and S denotes the set of all statistically

convergent sequences.

Definition 1.1. [16] A sequence x = (xn) is said to be λ-statistically convergent

or Sλ-convergent to L if for every ε > 0

lim
n→∞

1

λn

|{k ∈ In : |xk − L| ≥ ε}| = 0.

In this case we write Sλ − limx = L or xk → L(Sλ), and

Sλ := x : ∃ L ∈ R, Sλ − limx = L.

The quantum calculus or a q-calculus is the generalization as well as modifica-

tions of the classical calculus. Over the last twenty years, the subject of q-calculus

has served as a connection between mathematics and physics. In recent past there

is a substantial increase of research in field of q-calculus because of its applications

in many fields such as number theory, combinatorics, special functions basic hyper

geometric functions mechanics, theory of relativity and other sciences-quantum the-

ory.

The q-statistical convergence is also applied in Approximation theory and Summa-

bility also see [20] , q-statistical convergence has been generalized to double q-

statistical convergence [4, 15, 19]. q-calculus has been studied by many researchers,

for instance see [1, 2, 3, 13]

Definition 1.2. [18] The q-analog of real numbers is given by

[r]q =


1− qr

1− q
, if q ∈ R+ − {1} ;

r, if q = 1.
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The formal definition of q-analog is that ”Analog of a theorem, identity or ex-

pression is a generalization involving a new parameter q that returns the original

theorem, identity or expression in the limit as q −→ 1 .”

This concludes a fact that q-analog of something is not a unique expression as we

just need to satisfy the limiting condition of 1 and also that above equation is not

a definition but an example of many q-analog of numbers. For example rq can also

be a q-analog of numbers as many others. The prior q-analog is the best one to the

real numbers

Definition 1.3. [18] Let K ⊆ N. For q ≥ 1, the q-density of K is given by

δq(K) = δCq
1
(K) = lim

n→∞
inf(Cq

1χK)n.

Definition 1.4. [18] A number sequence x = (xk) is said to be q-statistically

convergent to L, if for every ϵ > 0, δq(K) = 0, where K = {k : k ≤ n : |xk−L| ≥ ϵ}.

The set of all q-statistically convergent sequences is denoted by Sq.

Definition 1.5. [17] A double sequence x = (xst) is said to be statistically

convergent to the number L

if for every ϵ > 0, δ2(K) = 0, where

K = {(s, t) : s ≤ p and t ≤ r : |xst − L| ≥ ϵ}. (2)

Definition 1.6. [19] A double sequence x = (xst) is said to be q-statistically

convergent to L, if for every ϵ > 0, δ2q (K) = 0, where

K = {(s, t) : s ≤ p and t ≤ r : |xst − L| ≥ ϵ}. (3)

The set of all q-statistically convergent double sequences is denoted by Stq2. Let

λ = (λr) and µ = (µs) be a two non-decreasing sequences of positive numbers, each

tending to ∞ such that

λr+1 ≤ λr + 1 , λ1 = 1 ,

µs+1 ≤ µs + 1 , µ1 = 1.

Let Ir = [r − λr + 1, r] , Is = [s − µs + 1, s] and Ir,s = Ir × Is. The generalized

double de la Valée-Pousin mean is defined by

tr,s(x) :=
1

λrµs

∑
k∈Ir

∑
l∈Is

xk,l.

Definition 1.7. A double sequence x = (xk,l) is said to be (V, λ, µ)-summable

to a number L if

P − lim
r,s

tr,s(xk,l) → L as r, s → ∞.

If λr = r and µs = s then (V, λ, µ)-summability reduces to (C, 1, 1)-summability.

We write
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[C, 1, 1] := {x = (xk,l) : ∃ L ∈ R, P − lim
r,s→∞

1

rs

r,s∑
k=1

|xk,l − L| = 0}

and

[V, λ, µ] := {x = (xk,l) : ∃ L ∈ R, P − lim
r,s→∞

1

λrµs

∑
k,l∈Ir×Is

|xk,l − L| = 0}

for the sets of double sequences x = (xk,l) which are strongly Cesaro summable and

strongly (V, λ, µ)-summable L i .e. xk,l −→ [C, 1, 1] and xk,l −→ [L, λ, µ] respec-

tively.

Definition 1.8. A double sequence x = (xk,l) is said to be (λ, µ)- statistically

convergent or Sλ,µconvergent to L if for every ϵ > 0

P − lim
r,s→∞

1

λrµs

|{(k, l) ∈ Ir,s : |xkl − L| ≥ ϵ}| = 0.

i.e., the set K(ϵ) = {(k, l) ∈ Ir × Is : |xk,l − L| ≥ ϵ} has (λ, µ)-density zero.

That is S(λ,µ) − limx = L or xkl → L(S(λ,µ)).

2. Main Results

Definition 2.1. We defined a matrix which is the q-analog of a matrix say A

which is equivalent to the [V, λ]− summability and it is given as follows

vnk(q
k) =


qk−1

[λn]q
, if k ∈ In,

0, otherwise.

The summability associated with this matrix is the q-analog of (V, λ)-summability

and it is as follows

[V, λ]q = {x = (xn) : ∃L ∈ R, lim
n→∞

1

[λn]q

∑
k∈In

|qk−1xk − L| = 0}

Definition 2.2. Define a matrix which is the q-analog of a matrix say B which

is equivalent to the [V, λ, µ]− summability and it is given as follows

vrskl(q) =


qk+l−2

[λr]q[µs]q
, if k ∈ Ir and l ∈ Is

0, otherwise.

The summability associated with this matrix is the q-analog of (V, λ, µ)-summability

and it is as follows

[V, λ, µ]q = {x = (xkl) : ∃ L ∈ R, P − lim
r,s→∞

1

[λr]q[µs]q

∑
k,l∈Ir,s

|qk+l−2xkl − L| = 0}
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Definition 2.3. Let [λ]q = ([λr]q) and [µ]q = ([µs]q) be a two non-decreasing

sequences of positive numbers tending to ∞ such that

[λr+1]q ≤ [λr]q + 1, [λ1]q = 1.

[µs+1]q ≤ [µs]q + 1, [µ1]q = 1.

Such sets are denoted by ∧2
q.

Definition 2.4. The q-analog of generalized de la Valée-Pousin mean is given

as follows

[vrs(x)]q =
1

[λr]q[µs]q

∑
k∈Ir

∑
l∈Is

qk+l−2xk,l

where Ir = [[r − λr + 1]q, [r]q] and Is = [[s− µs + 1]q, [s]q].

Definition 2.5. Let K ⊆ N. For q ≥ 1, the (λ, µ)q-density of K is given by

δ(λ,µ)q(K) = P − lim
r,s→∞

inf(vrskl(q
kl)χK)rs.

Definition 2.6. A double sequence x = (xkl) is said to be (λ, µ)q-statistically

convergent to L if for every ϵ > 0, δ(λ,µ)q(K) = 0, where K = {k ∈ Irand l ∈ Is :

|xkl − L| ≥ ϵ}| = 0.

Such set is denoted by S(λ,µ)q

Proposition 2.1. If M and N are two subsets of N such that M ⊂ N , then

δ(λ,µ)q(M) ≤ δ(λ,µ)q(N).

Proposition 2.2. If M ⊆ N, then δ(λ,µ)q(M) + δ(λ,µ)q(M
c) = 1.

Proposition 2.3. The q-analogs given in Definitions 2.2, 2.4, 2.5 and 2.6 is

valid.

Proof: When q → 1, [λr]q → λr ,[µs]q → λs and qk+l−2 → 1. Thus we get

vrskl(q
kl) → vrskl =


1

λrµs

, if k ∈ Ir and l ∈ Is,

0, otherwise.

vrskl-summability is actually equivalent to [V, λ, µ]-summability. We get

lim
q→1

vrskl(q
kl) = vrskl. (4)
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Also,

lim
q→1

[vrs(x)]q = lim
q→1

1

[λr]q[µs]q

∑
k∈Ir
l∈Is

qk+l−2xkl

= lim
q→1

1

λrµs

∑
k∈Ir
l∈Is

xkl

= vrs(x). (5)

Next,

lim
q→1

δ(λ,µ)q(K) = lim
q→1

{ lim
r,s→∞

inf(vrskl(q
kl)χK)rs}

= lim
r,s→∞

inf(vrsklχK)rs

= δ(λ,µ)(K). (6)

Equations (4), (5) and (6) justifies Definitions 2.2, 2.4 and 2.5. Since (λ, µ)q-

density reduces to (λ, µ)-density when q → 1, from the definition it is clear that

(λ, µ)q-statistical convergent will become (λ, µ)-statistical convergence. Thus Defi-

nition 2.6 is also justified.

Remark 2.7. (i): If [λr]q = [r]q and [µs]q = [s]q , the (λ, µ)q-statistical conver-

gence would become q-statistical convergence.

(ii): If λr = r, µs = s and q → 1, the (λ, µ)q-statistical convergence would become

statistical convergence.

Theorem 2.4. Let x = (xkl) be a real double sequence. Then x is (λ, µ)q-

statistically convergent to L if and only if there exists a subset K = {(k, l)} ⊆
N× N, k, l = 1, 2, ........, such that δ(λ,µ)q(K) = 1 and lim

k,l→∞
(k,l)∈K

xkl = L.

Proof. Let x = (xkl) to be (λ, µ)q-statistically convergent to L . For n =

1, 2, ..... we assume

Kn = {(k, l) ∈ N× N : |xkl − L| ≥ 1

n
},Mn = {(k, l) ∈ N× N : |xkl − L| ≤ 1

n
}.

Then

δ(λ,µ)q(Kn) = P − lim
r,s

∑
k,l∈Kn

qk+l−2

[λr]q[µs]q
= 0.

It is clear that U1 ⊃ U2 ⊃ ... ⊃ Ui ⊃ Ui+1 ⊃ ... and

δ(λ,µ)q(Un) = P − lim
r,s

∑
k,l∈Un

qk+l−2

[λr]q[µs]q
= 1. (7)

Now we will prove the convergence of (xkl) to the limit L in Un. In contradiction

let (xkl) does not have the limit L . Then there must exists an ϵ > 0 such that



(λ, µ)q-STATISTICAL CONVERGENCE FOR DOUBLE SEQUENCES 71

|xkl − L| ≥ ϵ for infinitely many (k, l)′s. Let Uϵ = {(k, l) : |xkl − L| < ϵ}, and
ϵ > 1

n
(n = 1, 2, ...).Then

δ(λ,µ)q(Uϵ) = P − lim
r,s

∑
k,l∈Uϵ

qk+l−2

[λr]q[µs]q
= 0.

also, Un ⊂ Uϵ. Hence

δ(λ,µ)q(Un) = P − lim
r,s

∑
k,l∈Un

qk+l−2

[λr]q[µs]q
= 0.

δ(λ,µ)q(Un) = 0, which is a contradiction to our assumption, therefore xkl is conver-

gent to L.

Conversely, let there exists K = {(k, l)} ⊆ N× N, k, l = 1, 2, ..., such that

δ(λ,µ)q(K) = 1 and lim
k,l→∞(k,l)∈K

xkl = L. Then ∃ n0 ∈ N such that |xkl − L| <

ϵ,∀ k, l ≥ n0. Now,

Kϵ = {(k, l) ∈ N× N : |xkl − L| ≥ ϵ} ⊆ N× N− {(k, l) > n0}.

Thus

δ(λ,µ)q(Kϵ) = P − lim
r,s

∑
k,l∈Kϵ

qk+l−2

[λr]q[µs]q
= 0.

This concludes the proof of the theorem. □

Let m(λ,µ)q denote the set of all (λ, µ)q -statistically bounded double sequence of

real numbers.

Theorem 2.5. The set m(λ,µ)q is closed linear subspace of the normed space l2∞.

Proof. Let x(kl) = (x
(kl)
rs ) ∈ m(λ,µ)q and x(kl) −→ (xrs) ∈ l2∞. Since x(kl) ∈

m(λ,µ)q , there exist real numbers Ckl such that

st(λ,µ)q − lim
r,s

x(kl)
rs = Ckl (k, l = 1, 2, ...).

As x(kl) −→ X, for every ϵ > 0 there exists n0 ∈ N such that

|x(mn) − x(kl)| ≤ ϵ

3
∀ m ≥ k ≥ n0, n ≥ l ≥ n0.

where |.| denote the norm in l2∞. According to Theorem 2.4, there exists subsets U

and V of N× N such that δ(λ,µ)q(U) = δ(λ,µ)q(V ) = 1 and

lim
r,s−→∞
(r,s)∈U

xrs = Ckl, lim
r,s−→∞
(r,s)∈V

xrs = Cmn.
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Also, δ(λ,µ)q(U ∩V ) = 1, i.e.,it is a infinite set, we can choose (u, v) ∈ U ∩V such

that

|x(mn)
u,v − Cmn| ≤

ϵ

3
and |x(kl)

u,v − Ckl| ≤
ϵ

3
For each m ≥ l ≥ n0 and n ≥ k ≥ no, we have

|Cmn − Ckl| ≤ |Cmn − x(mn)
uv |+ |x(mn)

uv − x(kl)
uv |+ |x(kl)

uv − Ckl|

<
ϵ

3
+

ϵ

3
+

ϵ

3
= ϵ.

Thus (Ckl) is a Cauchy sequence of real numbers and hence convergent. Let

lim
k,l

Ckl = C. We shall prove the (λ, µ)q-statistical convergence of x to C. Now x(kl)

is converging to x = (xrs) . Thus ∀ ϵ > 0, ∃ N1(ϵ) such that

|x(kl)
rs − xrs| <

ϵ

3
∀(r, s) ≥ N1(ϵ).

Also,C(kl) → C. Thus ∀ϵ > 0,∃ N2(ϵ) such that

|Crs − C| < ϵ

3
∀(r, s) ≥ N2(ϵ).

Further, x(kl) is a (λ, µ)q-statistical convergent to Ckl. So there exists A =

{r, s} ⊂ N× N such that δ(λ,µ)q(A) = 1 and for each ϵ > 0,∃ N3(ϵ)such that

|x(kl)
rs − Ckl| <

ϵ

3
∀(r, s) ≥ N3(ϵ), (r, s) ∈ A.

Let max {N1(ϵ), N2(ϵ), N3(ϵ)} = N4(ϵ).Then for a given ϵ > 0 and for all (r, s) ≥
N4(ϵ), (r, s) ∈ A

|xrs − C| ≤ |xrs − x(kl)
rs |+ |x(kl)

rs − Crs|+ |Crs − C|
= ϵ.

Thus x = (xrs) is (λ, µ)q-statistically convergent to C as δ(λ,µ)q(A) = 1. Hence

x ∈ m(λ,µ)q □

Theorem 2.6. The set m(λ,µ)q is nowhere dense in l2∞.

Proof. Every closed linear subspace of a linear normed space, which is different

from the space itself , is nowhere dense in it. Using theorem 2.5, it suffices to proof

that m(λ,µ)q ̸= l2∞. Consider a sequence x = (xmn) such that

xmn =

{
1, if m and n are even;

0, otherwise.
(8)

Clearly x is not a (λ, µ)q-statistically convergent sequence but x ∈ l2∞(E). Hence

m(λ,µ)q ̸= l2∞. □
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3. (λ, µ)q-Statistically Cauchy Sequence

Definition 3.1. Let x = (xrs) be a real double sequence . It will (λ, µ)q-

statistically Cauchy if for a given ϵ > 0, ∃ U = U(ϵ) and V = V(ϵ) such that ∀ r, j ≥
U , s, k ≥ V , δ(λ,µ)q(K) = 0, where

K = {(r, s) : r ≤ j and s ≤ k : |xrs − xjk| ≥ ϵ}.

Theorem 3.1. A real double sequence x = (xrs) is (λ, µ)q-statistically convergent

if and only if it is (λ, µ)q-statistically Cauchy.

Proof. Consider the double sequence x = (xrs) to be (λ, µ)q-statistically con-

vergent to L. For every ϵ > 0,

δ(λ,µ)q(K1) = P − lim
j,k

∑
r,s∈K1

qr+s−2

[λj]q[µk]q
= 0,

where K1 = {(r, s) : r ≤ j and s ≤ k : |xrs − L| ≥ ϵ}. We choose U and V so that

|xUV − L| ≥ ϵ. Now let

K2 = {(r, s) : r ≤ j and s ≤ k : |xrs − xUV | ≥ ϵ}

K3 = {(r, s) : r = U ≤ k and s = V ≤ j : |xUV − L| ≥ ϵ}
Then K2 ⊆ K1 +K3. Thus

δ(λ,µ)q(K2) = P − lim
j,k

∑
r,s∈K2

qr+s−2

[λj]q[µk]q

≤ P − lim
j,k

1

[λj]q[µk]q
(
∑

r,s∈K1

qr+s−2 +
∑

r,s∈K2

qr+s−2).

= δ(λ,µ)q(K1) + δ(λ,µ)q(K2)

= 0.

Therefore x is (λ, µ)q-statistically Cauchy.

Conversely consider the sequence x as (λ, µ)q-statistically Cauchy. Suppose that

x is not (λ, µ)q-statistically convergent. Thus there exist U and V such that

δ(λ,µ)q(K2) = P − lim
j,k

∑
r,s∈K2

qr+s−2

[λj]q[µk]q
= 0.

Hence by Proposition 2.1

δ(λ,µ)q(K
c
2) = δ(λ,µ)q({(r, s) : r ≤ j and s ≤ k : |xrs − xUV | ≥ ϵ}) = 1.

Let |xrs−L| < ϵ.Then |xrs−xUV | < 2|xrs−L| < ϵ. As x is not (λ, µ)q-statistical

convergent,

δ(λ,µ)q(K1) = P − lim
j,k

∑
r,s∈K1

qr+s−2

[λj]q[µk]q
= 1.
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Therefore,

δ(λ,µ)q(K1)
c = δ(λ,µ)q{(r, s) : r ≤ j and s ≤ k : |xrs − L| < ϵ} = 0.

Thus

δ(λ,µ)q{(r, s) : r ≤ j and s ≤ k : |xrs − xjk| < ϵ} = 0.

So, δ(λ,µ)q(K2) = 1, we reached at a contradiction. Hence x is (λ, µ)q-statistically

convergent. □

4. (λ, µ)q-Statistically Pre-Cauchy Sequence

Statistically pre-Cauchy sequence was first introduced by J. Connor et al. [6]

. Further the concept was generalized to double sequence and consequently its

q-analog was defined by M. Mursaleen et al. [19]

Proposition 4.1. The necessary and sufficient condition for double sequence

x = (xrs) to be(λ, µ)q-Statistically convergent is that there exists U ⊂ N such that

its (λ, µ)q-density is 1 and for a given ϵ > 0, there is a V ⊂ U such that U \ V is

finite and

V × V ⊂ {(r, s, j, k) : |xrs − xjk| ≥ ϵ}. (9)

Definition 4.1. Let x = (xrs) be a real double sequence. It is said to be (λ, µ)q-

statistically pre-Cauchy if for a given ϵ > 0,

lim
m,n

∑
r,s

1

[λm]2q[µn]2q
|{(r, s, j, k) : r, j ≤ m and s, j ≤ n : |xrs − xjk| ≥ ϵ}| = 0.

Theorem 4.2. If the double sequence x = (xrs) is (λ, µ)q-statistically convergent.

Then it is also (λ, µ)q-statistically pre-Cauchy.

Proof. Let x = (xrs) be a (λ, µ)q-statistically convergent sequence and let the

set U is same as in Proposition 4.1. For a given ϵ > 0, select a subset V of U so that

U \ V is finite and

V × V ⊂ {(r, s, j, k) : |xrs − xjk| ≥ ϵ}.
For each (m,n) ∈ N× N,

[δmn
(λ,µ)q(V)]

2 = lim
m,n

1

[λm]2q[µn]2q

∑
r,j≤m

∑
s,k≤n

(qr+s−2)2χV×V

≤ lim
m,n

qr+s−2

[λm]2q[µn]2q
|{(r, s, j, k) : r, j ≤ m and s, j ≤ n : |xrs − xjk| ≥ ϵ}|.

Since P − lim
m,n

δm,n
(λ,µ)(V) = 1, it follows that

lim
m,n

qr+s−2

[λm]2q[µn]2q
|{(r, s, j, k) : r, j ≤ m and s, j ≤ n : |xrs − xjk| ≥ ϵ}| = 1



(λ, µ)q-STATISTICAL CONVERGENCE FOR DOUBLE SEQUENCES 75

which shows that the sequence x is (λ, µ)q-statistically pre-Cauchy. □

Theorem 4.3. A bounded double sequence x = (xrs) is (λ, µ)q-statistically pre-

Cauchy if and only if

lim
m,n

1

[λm]2q[µn]2q

∑
r,j≤m

∑
s,k≤n

qr+s−2|xrs − xjk| = 0. (10)

Proof. Let

lim
m,n

1

[λm]2q[µn]2q

∑
r,j≤m

∑
s,k≤n

qr+s−2|xrs − xjk| = 0

For each ϵ > 0 and n ∈ N, we have

1

[λm]2q[µn]2q

∑
r,j≤m

∑
s,k≤n

qr+s−2|xrs−xjk| ≥ ϵ

(
1

[λm]2q[µn]2q
|{(r, s, j, k) : |xrs−xjk| ≥ ϵ}|

)
≥ 0.

(11)

Using squeeze theorem of limits, we get that x is (λ, µ)q-statistically pre-Cauchy.

Conversely let x is (λ, µ)q-statistically pre-Cauchy and sup
m,n

|xm,n| = B < ∞. For

a given ϵ > 0 and for every m,n ∈ N,
1

[λm]2q[µn]2q

∑
r,j≤m

∑
s,k≤n

qr+s−2|xrs−xjk| ≤
ϵ

2
+2B

(
1

[λm]2q[µn]2q
|{(r, s, j, k) : |xrs−xjk| ≥

ϵ

2
}|
)
.

(12)

Using the fact that x is (λ, µ)q-statistically pre-Cauchy, we can have V ∈ N such

that for all n > N
ϵ

2
+ 2V

(
1

[λm]2q[µn]2q
|{(r, s, j, k) : |xrs − xjk| ≥

ϵ

2
}|
)

< ϵ. (13)

From equation 12 and 13, we get

1

[λm]2q[µn]2q

∑
r,j≤m

∑
s,k≤n

qr+s−2|xrs − xjk| = 0. (14)

Conversely, let t = (tr,s) = r2s2 be a double sequence, define the sequence x by

xr,s = r4s4 if xr,s = tr,s and xr,s = 1, otherwise. We will show that converse does

not hold for x. Since δ2(λ,µ)q{r, s : xr,s ̸= 1} = 0, x is (λ, µ)q-statistically convergent

to 1. From the previous result it will also be (λ, µ)q-statistically pre-Cauchy. Now

qr+s−2 1

t2r,s
|xtr,s−1 − xtr,s | = qr+s−2 1

r4s4
|1− r4s4| → 1

as r, s −→ ∞. Thus

lim sup
m,n

1

[λm]2q[µn]2q

∑
r,j≤m

∑
s,k≤n

qr+s−2|xrs − xjk| ≥ 1.

□
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