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Common fixed point results for quadruple maps
with weak compatibility in complex b-metric
spaces with a practical application

A. M. Saddeek* and G. M. Ahmed

ABSTRACT. In this paper, we present common fixed-point theorems for quadruple
mappings that satisfy various types of contractions using weakly compatible map-
pings in complete complex-valued b-metric spaces. Additionally, we provide an
illustrative example to demonstrate the main theorems and discuss an application
to linear nonhomogeneous systems under suitable conditions.

1. Introduction

In 1922, Banach [3] established a fixed-point theorem for contraction mappings
in metric spaces. Subsequently, various authors (see for example [6, 11, 16]) have
proven numerous fixed-point theorems, and several generalizations of Banach’s the-
orem have been developed. The concept of a complex-valued metric space was
initially introduced in 2011 by Azam et al. [2] as a part of a broader generalization.
In 2014, Rao et al. [15] extended this notion to what is now known as the complete
complex-valued b-metric space.
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Numerous authors in [1, 5, 7, 8, 17, 18, 19] have established various fixed-
point theorems in both complex-valued metric spaces and complex-valued b-metric
spaces, employing different conditions on the mappings.

Recently, Mukheimer [14] demonstrated the uniqueness of a common fixed-point
in complete complex-valued b-metric spaces. Similarly, in a very recent paper, Bar-
man et al. [4] established common fixed-point theorems using Hardy and Rogers-
type (see [9]) contraction conditions in complete complex-valued b-metric spaces.
Their results extend those proven in Ali [1]. In 1996, Jungck [10] introduced the
notion of weakly compatible mappings. Since then, various authors have derived
numerous compelling fixed-point theorems concerning weakly compatible mappings
under different contraction conditions.

This paper aims to establish common fixed-point theorems for quadruple weakly
compatible mappings that satisfy various contraction conditions in complete complex-
valued b-metric spaces. The results presented herein unify, extend, and improve
those found in Barman et.al [4], Ali [1], Marzouki et.al [13], LV and Feng [12],
Mukheimer [14], and Banach [3]. Finally, we provide an application to determine
the existence and uniqueness of a common solution for two systems of linear non-
homogeneous equations with positivity constraints.

2. Preliminaries

Let N, R, and C represent the sets of all positive integers, real numbers, and
complex numbers, respectively. For any ¢y, co € C, we write ¢; < ¢y if and only if
Re(e1) < Re(ez) and Im(cy) < Im(cy). Note that for any ¢;, co € C, the relation
¢1 = ¢o holds if any of the following conditions is satisfied:

(1) Re(c1) = Re(ca) and  Im(cy) = Im(ca),

(17) Re(cy1) < R(c2) and  Im(cy) = Im(cy),

(1i1) Re(c1) = Re(cy) and  Im(cy) < Im(cs),

(iv) Re(c1) < Re(cy) and  Im(cy) < Im(cs).

We will denote ¢; 3 ¢; if ¢; # c2 and at least one of the conditions (i), (4i¢), or
(1v) is satisfied. Additionally, we will use the notion ¢; < ¢g if only condition (iv) is
satisfied. Consequently:

(DIf 0 =c1 3 cg, then |c| < e,

(2)If ¢; < g, and cg < ¢3, then ¢ < ¢,

(3)If 0=<¢; =29, then |c1| < e,

(4) If a,b € R and a < b, then ac =< be, for all ¢ € C.

Definition 2.1. [15] A complex-valued b-metric on a non-empty set M is a
mapping, p : M x M — C, satisfying the following conditions for all u,v,w € M:
(1) 0 = p(u,v),

(77) p(u,v) = 0 if and only if u=v,
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(”Z> p(u,v) = p(v,u),
(iv) p(u,v) < rp(u,w) + p(w,v)], where r> 1.

Subsequently, the pair (M, p) is denoted as a complex-valued b-metric with a
coefficient r > 1.

Definition 2.2. [15] Let (M p) be a complex-valued b-metric space, and {u,}
be a sequence in Ml with u € M. Then:

(i) The sequence {u,} is said to converge to w if lim,, o p(tn, u) = 0.

(i) The sequence {u,} is a Cauchy sequence if lim,, ;00 P(Um, up) = 0.

(iii) The metric space (M, p) is considered a complete complex-valued b-metric
space when every Cauchy sequence in M converges.

Remark 2.3. If » = 1 in the Definition 2.1, then the pair (M, p) is referred as
complex-valued metric space (see [2]).

The following lemmas attributed to [2], play a crucial role in our analysis.

Lemma 2.1. Let (M, p) be a complex-valued b-metric space, and consider a
sequence {u,} in M. The sequence {u,} converges to u if and only if

Tim |p(up, w)| = 0.

Lemma 2.2. Let (M, p) be a complez-valued b-metric space, and let {u,} be a
sequence in M. The sequence {u,} is a Cauchy sequence if and only if

lim [ (p(un, Unm)| = 0.

n,Mm—00

We conclude this section with the following necessary definitions:

Definition 2.4. [10] Let S and T be two self-maps on a set M. The mappings
S and T are said to be weakly compatible if STu = T'Su where Su = Tu for some
u € M.

Definition 2.5. [20] The max function corresponding to the partial order rela-
tion = is defined as follows for all ¢;, ¢o, ¢c3 € C:
(1) max{cy, ca} = ¢y if and only if ¢; < ¢
(17) If ¢; = max{cy, c3}, then either ¢; < ¢y or ¢; = c3;
(77i) max{cy, ca} = co if and only if either ¢; = ¢ or |e1| < |eal.

3. Rational-Type Common Fixed-Point

In this section, we establish a common fixed-point theorem for quadruple self-
maps that satisfy a rational-type contraction with weak compatibility in a complete
complex-valued b-metric space. We discuss the consequences of this theorem.
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Theorem 3.1. Let (M, p) be a complete complex-valued b-metric space with a
coefficient r > 1. Consider self-maps F, G, S, and T : M — M that satisfy the fol-
lowing condition:

p(Fu, Gv) 2kip(Sv, Tu) + k; max {p(S'U, Tu), p(Tu, Fu)p(Sv, Gv) }

1+ p(Fu,Gv)
+ ks min {p(T'u, Gv), p(Sv, Fu)}, (1)

for all u,v € M, where
r(ky 4+ ko) +1r%ks < 1, k; >0, i=1,23. (2)

If the following conditions hold:

(i) FML C SM and GM C TM,

(ii) Either SM or TM is a complete subspace of M,

(it ){F, T} and {G, S} are weakly compatible.

Then there exists a unique common fixed-point for F,G,S and T in M.

PROOF. Let uy be an arbitrary point in M, and using condition (7), we define
the sequences {u, } and {v,} in M as follows:

Vop = Su2n+1 = FUQn and Von+1 = TU2n+2 = Gu2n+1 for all n= 0, 1, 2, e (3)
If vy, = Vo 11, for some n, then wuy, 1 is a coincident point of S and 7'. Similarly,
if Vo1 = Voo, for some n, then Fug,, o = Tus, o, implying that wug,.o is a

coincident point of F' and 7. Now, let’s assume that vy, # vy,,1, for all n. Then,
by condition (1), we have:

P(Vap, Vant1) = p(Fugn, Gugptr)

T ) F n S n 7G n
= k1p(SU2n+17 Tu2n) + ko max {p(SU2n+1, Tu2n)7 ,0( o o2 )p( et 02 +1)}

1+ p(Fugp, Gugni1)
+ ks min {p(Tugn, Guapi1), p(Suoni1, Fu,)}

p(v2n—17 Uzn)P(U2m U2n+1) }
1+ p(van, Vont1)

=k1p(van, Von—1) + ko max {P(Wm Von—1),

+ ks min {p(van—1, Von+1), P(V2n, Vo) }

= (k1 + k2)p(von—1, Von).
Similarly,

P(Va—1,V2,) = (k1 + ka)p(vV2n—2, Van—1).



COMMON FIXED POINT RESULTS FOR QUADRUPLE MAPS 51

Thus, for any n € N,
|p(Vn, Unt1)| < (K1 + k2)[p(vn—1,va)]
(k1 + k2)2|P(Un—2, Vp—1)|

A IA
&

< (k1 + k2)"|p(vo, v1)|-

Now, considering n, m € N where m>n, we have:

|p(Vn, Vnm) | <r[[p(Vn, Vnsa| + [p(Vnt1, V)]
<r|p(Vn, Vg1)] + 7P (Vnt1, Vng2) | + 77| p(Unsa, Vgm) |
<1 p(Vn, Vng1)| + 7210(Vng 1, Vng2)| + 72| p(Vnt2, Unys)]
+ 72| p(Un 3, Vngem )| < -+ (5)
<r|p(n, vng1)| + 72 p(Vn11, Vnga)| + 7% p(Vnga, Vnys)| + - -
+ " p(ngm—25 Vngm—1)] + 7" p(Ontm -1, Vngm)|
By using (4) in the right hand side of (5), we find that
|0(vn; Vngm)| < 7(R1 + ko)™ p(vo, vi)| + 12 (k1 + k2)" | p(vo, v1)]
+ 12 (k1 + k)" p(vg, v1)] 4+ -
1 (R k)2 p (g, 1) | ™ (R k)™ p(g, w1
= r(ky + ko) "[1 4+ r(ky + ko) + (r(ky + k2))?
e (R k)T A (r (R k)™ o (v, 1)

1 — (r(ky + ko)
1-— T(kl + kg

m

)
) |p(vo, v1)]

= 7“(]{31 + kz)n
r

< —————— (k1 + k)" i ki +k 1.

< 1—r(k1+k2)( 1+ k)" p(vo, v1)|, since r(ky + ko) <

Combining this with lim,, (k1 4+ k2)" = 0, we can deduce that

lim  |p(vp, Vpym| = 0.
m,n—o00

Therefore, according to Lemma 2.2, the sequences {u,} is a Cauchy sequence in
(M, p). If SM is a complete subspace of M and FM C SM] there exists v* € SM such
that lim,, . p(von,v*) = 0. Consequently, we can find u* € M such that v* = Su*.
We assert that v* = Gu*. The inequality,

HP(GU*, UQ’VL)| + |p(7}2n, U2n+1)|]

|p(GU*, van )| <7
< rlrllp(Gu’, v7)[ + [p(v", van)l] + 7l p(v2n, vania) ],

implies that the sequence {p(Gu*,vo,11)} is bounded, and similarly {p(Gu*,vs,)}
is bounded. Thus, there exists a strictly increasing function n : N — N such that
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{p(Gu*, vaym)) } and {p(Gu*, vaymy4+1)} are convergent. Now, using (1) and (3), we
obtain

(S, Gu) Zrlp(Su", vagy) + Pl G’
(S vasoy) + 1 (0 Pz, Gu))
=rp(Su”, vapny) + Tk1p(SUu", Tugym))
P(T U2y Ftiay(ny) p(SU*, Gu*)}
1 + p(Fugym), Gu*)
+ rks min {p Tugy(ny, Gu*), p(Su”* 7Fu217(n))}
=rp(v”, Vay(n)) + rk1p(V", Vap(n)-1)

p(UQn(n)—lv UQn(n))ﬂ(U*v GU*> }
1+ p(vgn(n), Gu*)

—+ T’kg min {p(UQn(n)—h GU*), p(?}*7 v277(n))}
'_<Tp(’U*, UZn(n)) + Tklp(v*; U2n(n)—1)

P(V2q(n)—1, Van(n) ) p(0" GU*)}
1+ p(UQn Gu )

+ rks min {T[p(UZn(n)—lvv*) + p(v*, Gu™)]p(v” 7U2n(n))} :

+ rky max {p(Su*, Tuoymn));

+ rky max {p(v*, Van(n)—1):

+ rko max {p(v*, Van(n)—1)>

Letting n — oo, we obtain lim,,_,, |p(Su*, Gu*)| = 0. Hence |p(Su*, Gu*)| = 0,
implying v* = Su* = Gu*.

Since GM C TM, there exists a point w € M such that v* = Tw. Furthermore,
using (1), we deduce that:

p(Fuw,v") = p(Fuw, Gu)

= k1p(Su*, Tw) + ky max {,O(SU*, Tw), p(Tw, Fw)p(Su*, Gu*) }

1+ p(Fw, Gu*)
+ ks min {p(Tw, Gu™), p(Su*, Fw)}
= 0.

Hence, |p(Fw,v*)| = 0, which implies that v* = Fw. Consequently, this leads to
v*=Fw=Tw; hence, v*=Su*=Gu*=Fw=Tw . Because {G, S} is weakly compati-
ble, it follows that GSu* = SGu*, thereby implying Gv* = Sv*.
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Now, let us prove that v* is indeed a fixed-point of G. If Gv* # v*, then according
to (1):

p(v*, Gv*) = p(Fw, Gv")

= k1p(Sv*, Tw) + ky max {p(Sv*, Tw), p(Tw, Fw)p(Sv*, Gv*) }

1+ p(Fw, Gv¥)
+ ks min {p(Tw, Gv*), p(Sv*, Fw)}
= (kl + k’z + k?g)p(l)*, G’U*)
=< p(v*, Gv*).
This implies that |p(v*, Gv*) < |p(v*, Gv*)|, which is a contradiction. Therefore,
v* = Gv*. Hence, v* = Gv* = Sv*.
Similarly, due to the weak compatibility of { F, T}, we observe that v*=Fv*=Tv*.
Indeed, since

p(Fv*,v*) = p(Fv*, Gv")

Tv*, Fo*)p(Sv*, Go*
= k1p<Sv*7TU*) + k'2 rnaX{p(SU*,TU*), p( v,Tv )’0<SU 7GU )}

1+ p(Fv*, Gv*)
+ k3 min {p(Tv*, Gv*), p(Sv*, Fv*)}
= (k1 + kg + kz)p(v™, F'o*).

This implies that |p(v*, Fv*)| < |p(v*, Fv*)|, a contradiction. Thus, v* = Fv* =
Gv* = Sv* = Tv*, and v* is a common fixed-point of F', GG, S, and T

In a similar manner, it is evident that v* is the common fixed-point of F', G, S,
and T wherever TM is complete. Finally, to establish the uniqueness of v*, let us
suppose that v and vj; v} # vy are common fixed-points of F', GG, S and T'. Using
(1), we obtain

p(vy, v3) = p(Fvy, Gvy)

T * F * * *
< Fap(Sv3, To}) + by max {p<5vz,Tv1‘>, P, Foi)pl5vs. G””}

1+ p(Fvj, Gvs)
+ kg min {p(Tvy, Gvy), p(Svy, Fop)}
= (k1 + ks + k3)p(v7, v3)
< plvr,v3).
That is, |p(vi,v3)| = 0. Therefore, v; = vj. This concludes the proof of our
theorem. O

Remark 3.1. If r > 1 in condition (2) of Theorem 3.1, the following inequalities
hold:
3
ki+ ko 4+ rks < 1, T<k1+k2) < 1, rky < 1, rky < 1, 7“3]{31 < 1, and Zk‘l < 1.

i=1
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Following Remark 3.1, we can derive the, subsequent corollaries from Theorem
3.1.

Corollary 3.2. [4] Let (M, p) be a complez-valued b-metric space with constant
r>1. Let ;G : M — M satisfy:

p(Fu, Gu) Zkip(u, v) + ky max {p(u,v), plu, Fu)p(v, GU)}

1+ p(Fu,Gv)
+ k3 min {p(u7 GU), p(U, FU)}
for all u,v € M, where k; € [0,1), i = 1,2,3 satisfy (k1 + ko) + ks < 1. If M is a
complete space, then F and G possess a unique common fixed point.
Remark 3.2. If (M, p) is a complex-valued b-metric space with constant r > 1,
Corollary 3.2 implies Corollary 2 in [4] when setting F' = G. Furthermore, Corollary

3 in [4] is deduced by choosing F' = G and setting k3 = 0. Moreover, Theorem 1 in
[1] follows when both F'=G and k; = k3 = 0.

Corollary 3.3. [13, Theorem 3.1] Suppose (M, p) is a complex-valued b-metric
space with a constant r > 1, and let F,G : Ml — M satisfy the condition:

1
p(Fu,Gv) = —p(u,v), forallu, v € M.
r
If M is a complete space, then F' and G possess a unique common fixed-point.

Corollary 3.4. [5, Theorem 2.1] Suppose that (M, p) is a complez-valued b-
metric space with a constant r > 1. Let F': Ml — M be a mapping satisfying:

p(Fu, Fv) = kip(u,v), for all u,v € M,
ki € (0,1) and rky < 1. If M is a complete space, then F' has a unique fized-point.

This result signifies a Banach fixed-point theorem in a complete complex-valued
b-metric space.

4. Hardy and Rogers-Type Common Fixed-Point Theorem

In this section, we establish a common fixed-point theorem for quadruple self-
maps satisfying a Hardy and Rogers-type contraction with weak compatibility in a
complete complex-valued b-metric space. We discuss the consequences of this result.

Theorem 4.1. Let F, G, S, and T be self-mappings of a complete complez-
valued b-metric space (M, p) with a coefficient r > 1. Suppose that for all u,v € M,

p(Fu, Gv) = k1p(Sv, Tw) + kap(Fu, Tu) + ksp(Gv, Sv) + kap(Tu, Gv) + ks p(Sv, Fu)
(6)

where,
5

Zk‘i<a, ra <1, a€(0,1) and r (ks +rky) < 1. (7)

=1
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If the conditions (i) — (iii) of Theorem 3.1 hold, then there exists a unique com-
mon fized-point of F, G, S, and T in M.

PrOOF. Following the proof of Theorem 3.1, we can construct sequences {u, }
and {v,} in M, defined by equation (3), with v, # wvg,41 for all n € N. Thus,
according to condition (6), we have:

P(V2n; Vant1) = p(Fuign, Guonis)

= k1p(Sugni1, Tusy) + kep(Fugy,, Tusy,) + k3p(Guopi1, Stuzni1)
+ kyp(Tugyn, Guani1) + ksp(Suznit, Fusy,)

= k1p(Van; Van—1) + k2p(Van, Von—1) + k3p(Vani1, van)
+ kap(van—1, Vant1) + k5p(van, van)

= (k1 + k2)p(van—1, va2n) + kap(van, Vant1)
+ kar[p(van—1,v2n) + p(V2n; Vont1)]

= (k1 + k2 + 7ka) p(van—1, v25) + (k3 + 7ka) p(van, V211,

which implies

(Vap, Vo) i+ ko + 1k (v Van) = ap(v Vo)
P\V2n, Vont1) D 1 — ks — kg P\V2n—1, V2pn P\V2n—-1,V2n ),
where o = % < 1. Therefore, for all n € N,

p(vn7 vn+1) = an,O(UQ, ’Ul).

Now, we assert that the sequence {v,} is a Cauchy sequence in (M, p). Let’s
consider m, n € N such that m > n.

By utilizing assumption (iv) of Definition 2.1 and employing the condition ra < 1
along with the same argument used in the proof of Theorem 3.1, we obtain:

ra’

|p(vnavn+m)| < |p(UOaU1>|-

T 1—-ra

Since 0 < a < 1, it follows that o™ — 0 as n — oo. Therefore, |p(v,, Vpim)| —
0 as m,n — oo. Consequently, according to Lemma 2.2, the sequence {v,}, is
Cauchy in (M, p). Furthermore, as in the proof of Theorem 3.1, if we consider SM
as a complete subspace of M, and FM C SM, there exists v* € SM such that
p(va, v*) — 0 as n — oo. Thus, we can find v* € M such that v* = Su*. We claim
that v* = Gu*. The inequality

|p(Gu™, van41)| < r[[p(Gu™, van)| + [p(V2n; Vant1) ]
< r[rllp(Gu”, )| + p(0%, v20)]] + 7|p(V2n, Vant)]

implies the sequences {p(Gu*,va,41)} and {p(Gu*,va,)} are bounded. Therefore,
there exists a strictly increasing mapping 7 : N — N such that {p(Gu*,vgn(n))}
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and {p(Gu*, vay(n)11)} are convergent. Now, once again using assumption (i) from
Definition 2.1, in conjunction with (3) and (6), we derive:

p(Su", Gu™) X r[p(SU, Vo) + Py, G
= 1rp(Su*, Vay(n)) + 1TP(Fignny, Gu™)
= rp(Su*, vaym)) + rlk1p(Su*, TUgym))
+ kap(Fugy(ny, Tusymy) + ksp(Gu®, Su™)
+ kap(TUzy(ny, GU™) + ksp(Su™, Fugym))]
= rp(v”, Vap)) + rk1p(v", vay(m)-1)
+ kzP(UQn(n), U2n(n)—1) + ksp(Gu™, v™)
+ kap(Vann) -1, GU”) + ks p(07, Vay(n) )]
= (07, vag) + rk1p(V", Vo)1)
+ kQP(U%(n), U2n(n)—1) + ksp(Gu™, v™)
+ kﬂ“[ﬂ(vzn(n)ﬂ, v*) + p(v*, Gu*)] + ksp(v”, U2n(n))]-
As n — o0, together with the assumption r(ks 4+ rky) < 1, this implies that
nh_)rgo lp(Su*, Gu*)| = 0.

Thus, |p(Su*, Gu*)| = 0, which means v* = Su* = Gu*. Since GM C TM, there
exists w € M such that v* = Tw. Furthermore, utilizing (6), we infer that:

p(Fw,v*) = p(Fw, Gu")
= k1p(Su*, Tw) + kop(Fw, Tw) + k3p(Gu*, Su*)
+ kap(Tw, Gu*) + ksp(Su™, Fw)
= (k2 + ks)p(Fw,v") < p(Fw,v").

A contradiction since ko + k5 < 1. Hence, |p(Fw,v*)| = 0, implying v* = Fw.
Consequently, this leads to: v* = Fw = Tw; thus, v* = Su* = Gu* = Fw = Tw.
Since {G, S} is weakly compatible, it follows that GSu* = SGu*, thereby implying
Gv* = Sv*.

Now, let us prove that v* is indeed a fixed-point of G. If Gv* # v*, then according
to (6):

p(v*, Gv*) = p(Fw, Gv™)
= kip(Sv*, Tw) + kep(Fw, Tw) + ksp(Gv*, Sv™)
+ kap(Tw, Gv*) + ksp(Sv™, Fw)
= (k1 + kg + k5)p(v*, Gv*) < p(v*, Gv*),
a contradiction since ky + ks + k5 < 1. This implies that [p(v*, Gv*)| = 0. Therefore,
v* = Guv*. Hence, v* = Gv* = Sv*. Similarly, due to the weak compatibility of
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{F, T}, we observe that v* = Fv* = Tv*. Indeed, since
p(Fv*,v*) = p(Fv*, Gv")
= k1p(Sv*, Tv*) + kop(Fv*, Tv*) + k3p(Gv*, Sv*)
+ kyp(Tv*, Gv*) + ksp(Sv*, Fv™)

= (kl + ks + k5>p(FU*7U*)7
this implies that |p(Fv*, v*)| < |p(Fv*,v*)|, a contradiction since (ky + kyq + ks5) < 1.
Thus, v* = Fv*, and v* is a common fixed-point of F,G, S, and T. In a similar
manner, it is evident that v* is the common fixed-point of F, G, S and T wherever

TM is complete. Finally, to prove the uniqueness of v*, let us suppose v; and v3,
where v} # v}, are common fixed-points of F;G, S and T. Using (6), we obtain:

p(v1,v3) = p(For, Gvy)
= k1p(Svy, Tvy) + kap(Fvy, Tvy) + ksp(Guy, Svy)
+ kyp(Tvy, Guy) + ksp(Svs, Foy)
= (k1 + ka + k5)p(v7, v3) < p(v1, v3),
a contradiction since ky + k4 + ks < 1. Thus, |p(v],v5)] = 0. Therefore, vi = v}.

This concludes the proof of our theorem. O

Remark 4.1. When F' =G, S =T = I, in Theorem 4.1, we obtain the following
Hardy-Rogers fixed-point for single-valued mappings in a complete complex-valued
b-metric space.

Corollary 4.2. Let (M, p) be a complete complex-valued b-metric space with a
coefficientr > 1, and let F' : Ml — M be a self-map satisfying the following condition:

p(F'LL, FU) = klﬂ(“a ’U) + k‘zp(U, F’LL) + k3p<U, FU) + k4p(u> FU) + k5p<vv FU),
for all u,v € M, where k; > 0 satisfies the condition (7). Then F has a unique
fixed-point in M.

Remark 4.2. This result has been established in [4, Theorem 2|, under the
restriction

ki1 4+ rko + ks + 2rky + rks < 1.

Remark 4.3. If S=T =1, FF = G and ky = k3 = k4 = k5 = 0 in Theorem
4.1, we obtain the significant outcome of the Banach fixed-point theorem for single-
valued mappings in a complete complex-valued b-metric space [14, Theorem 2.1],
as indicated in Corollary 3.4 above.

Corollary 4.3. Let (M, p) be a complex-valued b-metric space with a coefficient
r>1, and let F': Ml — M be a self-map satisfying the following condition:

p(FU, FU) = klp(uav) + kgp(u,Fu) + kSp('UvF,U)7
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for all u,v € M, where k; > 0 and r(ky + ko) + k3 < 1. Then F has a unique
fixed-point in M.

Remark 4.4. This Corollary, established by [4, Corollary 8|, under the restric-
tion ky + rky + k3 < 1, introduces the Reich fixed-point theorem for single-valued
mappings in the context of complete complex-valued b-metric space. For the corre-
sponding result in complete b-metrics, refer to [12].

Remark 4.5. If we set ' = G,S =T =1, k1 = ks = k3 = 0, and k; =
ks = k in Theorem 4.1, we obtain the following Chatterjea fixed-point version of the
single-valued mappings in a complete complex-valued b-metric space.

Corollary 4.4. [4, Corollary 7| Let (M, p) be a complete complez-valued b-metric
space with a coefficient v > 1, and let F' : M — M be a self-map satisfying the
following condition:

p(Fu, Fv) < k[p(u, Fv) + p(v, Fu)],
for all u,v € M, where k > 0 and 2rk < 1. Then F' has a unique fized-point in M.
Remark 4.6. If weset F =G, S=T =1, ki =ky;=k;=0,and ks =kys =k

in Theorem 4.1, we obtain the following Kannan fixed-point version of single-valued
mapping in a complex-valued b-metric space.

Corollary 4.5. [4, Corollary 6] Let (M, p) be a complete complex-valued b-metric
space with a coefficient v > 1, and let ' : Ml — M be a self-map satisfying the
following condition:

p(Fu, Fv) < kp(u, Fu) + p(v, Fv)),
for all u,v € M, where k > 0 and 2rk < 1. Then F has a unique fixed-point.
To illustrate Theorems 3.1 and 4.1, we present the following example:

Example 4.7. Consider the set M = [0, 00) endowed with the complete complex-
valued b-metric function p(u,v) = ilu — v|? for all u,v € M with r = 2. Define the
mappings F', G, S, T : M — M as follows:

U u u u
Fu—§, Gu—1—8, SU—E 3

We observe that FM C SM and GM C TM. The sets FM, GM, SM, and TM
are complete subspaces of M. For each uw € M, we have F'T'u = 5z = TFu and
GSu = 155 = SGu. Therefore, the pairs {F, T} and {G, S} are commuting mapping
and hence are weakly compatible.

Furthermore, conditions (1) and (6) are satisfied. Indeed, for all u, v € M, we

have:

, Tu =

?

F =i|Fu— 2 =
p(Fu, Gv) = i|Fu — Gv| 394

‘U o 2u|27
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» g _ ¢ 2
p(Sv, Tu) = 1|Sv — Tul|* = %|v—2ul :

y
p(Tu, Fu) = i|Tu — Ful? = 8—iyu\2,

p(Sv, Gv) = i|Sv — Gu|* = 82—1]1)]2,

)
p(Tu, Gv) = i|Tu — Gv|* = —|v — 6ul?,

324

1 2
S, Fu) = i|Sv — Ful? = —|v — —ul?.
p(Sv, Fu) =i|Sv ul 36|U 3u]

We also have:

p(Tu, Fu)p(Sv, Gv)

max {,O(S’U,TU), } = p(Sv,Tu) = 32—6|v — 2ul?,

1+ p(Fu,Gv)
since
p(Tu, Fu)p(Sv,Gv) _ ggrlul?|vl®
1+ p(Fu,Gv) 1+ g0|v — 2uf?
Additionally,
min {p(Tu, Gv), p(Sv, Fu)} = p(Tu, Sv),
since
p(Tu, Gv) = ?)Zﬂw — 6ul* = £|3v — 6ul* = ;—6|v — 2ul?,
and
1 2 1
Sv. Fu) = — v — Zul? < —|v — 2ul?.
p( /U7 u) 36|U SU/’ — 36|v /U/’

This implies that condition (1) holds. Furthermore, since

44 7
F T _ 2 o 2
p(Fu, Tu) + p(Gv, Sv) 81|u| +81|v|
7 7
__2 2 o 2
81‘ ul +81’U’
7 7
o2 L
81| u| +81| vl
—<i|v—2u\2+i|v—2u|2
- 81 81 ’

it follows that condition (6) is also satisfied. Therefore, all conditions of Theorems
3.1 and 4.1 are satisfied, and F, G, S and T have a unique common fixed-point at 0
in ML
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5. Application to Linear Nonhomogeneous Systems with Positivity
Constrains.

Linear nonhomogeneous systems of equations are crucial for modeling a wide
range of real-world phenomena in fields such as engineering, physics, biology, eco-
nomics, and control systems.

In this section, we apply the results from Corollary 3.3 to investigate the condi-
tions necessary for a unique common solution to two systems of linear nonhomoge-
neous equations encountered in various practical contexts.

Consider the following systems of equations:

Au=1b and Bu =, (8)
where A = [a;;] and B = [bj;] are nxn matrices, aji, by, € R, 1 < j, k < n, and

u = (u,...,u,)" and b= (b, ...,b,)" are n-dimensional vectors in C".

The solutions to these systems correspond to two vector subspaces of C", denoted
as U and V. Any vector u € U NV is a common solution to both systems given in
equation (8).

Theorem 5.1. Let M = C", and define the complex metric p(u,v) as

plu,v) = V14 (Z’uj —Uj\2> :

Here u = (uy,...,u,)T and v = (vq,...,v,)T are n—dimensional vectors in M,
with u; = 0 and v; > 0, for all 1 < j < n. Assume that aj;, b, € R such that

bjr > ajr, >0, for all 1 < j, k < n. Suppose that o, and B;, are defined as

j
fan i G#k b ik

Qjk = Lo Bik = L
ajk+1 Zf j:k7 b]k‘+1 Zf ]:ka

and set a = max;<; j=<n k. Let b= (by, ..., bn)T be an n—dimensional vector in M
such that b; = 0, for all 1 < j <n. If

1.

no < (5)37

then the two systems given in (8) have a unique common solution.

PrOOF. On M, we define the mappings ' : M — M and G : M — M by
Fu=(A+1u—band Gu= (B+ I)u—b.

To establish that the two linear systems Au = b and Bu = b have a unique com-
mon solution, it is sufficient to show that F' and G satisfy the contraction condition
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stated in Corollary 3.3. We have

D=

p(Fu,Gv) = V1 +i (Z |(Fu); — (Gv)j|2>

n n %
=1 + 1 (Z | Zozjkuk — Bjkvk|2) s

j=1 k=1

ik if j#k bjk if j#k
Qjl, = L and B = e
a;r+1 if j=Fk, by +1 if j=k.

Since bji, > aj, > 0, for all 1 < j, k < n, it follows that

1
) VT (3213 aton
=1 k=1
n 2 n n %
2 . 2
( 1 1glj,élif§najk> V1+i <ZZ | — v )

j= j=1 k=1

PN

1
n 2
— (naQ)%\/l +1 (nz lug, — Uk|2)
k=1
— nap(u,v),
where o = max; , aj,. Thus, we have
p(Fu, Gv) = nap(u,v).

Therefore, F' and G satisfy the contraction condition stated in Corollary 3.3 with
r = /2. By applying Corollary 3.3, we conclude that the linear systems in (8) have
a unique common solution, thereby completing the proof. 0

Conclusion

This paper introduces fixed-point theorems for quadruple mappings that sat-
isfy various contraction conditions using weakly compatible mappings in complete
complex valued b-metric spaces. An example illustrates the practical application of
these theorems. The findings advance and refine previous research, offering a com-
prehensive framework for understanding quadruple weakly compatible mappings.
Additionally, we present an application to determine the existence and uniqueness
of a common solution for two systems of linear nonhomogeneous equations under
positivity constraints.
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