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Cauchy additive functional equation with quality
and certainty of the approximation in generalized
Z-numbers

Elumalai Sathya and Mohan Arunkumar*

ABSTRACT. In this paper, we provide the generalized Ulam-Hyers stability of the
Cauchy additive functional equation F(X +Y) = F(X) + F(Y) with quality and
certainty of the approximation in generalized Z-numbers in the sense of Rassias
and Gavruta.

1. Introduction

In many practical problems, the fuzzy probability approach can be an important
component of decision-making. In the real world, we consider various aspects of
uncertainty that are not always well represented in fuzzy sets of information uncer-
tainty. To overcome this problem, Zadeh introduced the Z-number (Z-N) in 2011
[23]; for more on the subject, see Aliev et al. [4] and Allahviranloo et al. [5]. A Z-N
is an ordered binary of the form (A, B), where the first component shows the fuzzy
value and the second shows the uncertainty of the first. Based on the Z-N theory,
we provide a model which considers both certainty and quality for the solution of a
Cauchy additive functional equation.
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In 1940, Ulam [22] at the University of Wisconsin projected the following sta-
bility problem:

“When is it true that a function, which approximately satisfies a functional
equation, must be close to an exact solution of the equation? ”

In 1941, Hyers [12] provided a favourable answer to the question of Ulam for
Banach spaces. In 1950, Aoki [6] was the second author to treat this problem
for additive mappings. In 1978, Th.M. Rassias [19] get a head in extending Hyers
Theorem by weakening the condition for the Cauchy difference controlled by (||z||P+
lly|[?), p € [0,1), to be unbounded. In 1982, J.M. Rassias [18] switched the factor
l|z||P + [|ly][? by ||z||P|ly||?, for p,q € R. A generalization of all the above stability
results were obtained by P. Gavruta [11] in 1994 by swapping the unbounded Cauchy
difference by a general control function ¢(z,y). In 2008, a special case of Gavruta’s
theorem for the unbounded Cauchy difference was obtained by Ravi et al., [20] by
considering the factor ||z||* + [|y||** + ||z||?||y]|[F.

One of the most famous functional equation is the Cauchy additive functional
equation

F(X+Y)=F(X)+F(Y) (1)

having solution F(X) = ¢ X. The functional equation (1) was first treated by
Legendre (1791) and Gauss (1809). In 1821, it was first solved by A.L. Cauchy in
the class of continuous real-valued functions. It is often called a Cauchy additive
functional equation in honour of A. L. Cauchy, see [15]. Stability analysis in the
sense of Ulam-Hyers can be used to find an approximate solution for a wide selection
of functional equations, we refer to [1, 4, 5, 7, 8, 10, 13, 14, 15, 16, 17, 21].
Now, we present the result due to Diaz and Margolis [9] for fixed point theory.

Theorem 1.1. [3] Let (2, A) be a complete generalized metric space (GMS) and
=:Q — Q such that for all x,y € Q,

d(Zz,Zy) < Ld(z,y), L € (0, 1).
Then, for each given x € (), either
d(Z"z,Z"z) = 00, ¥ n >0,
or there exists a natural number ng such that
(FPC1) d(=Z"z,=""x) < oo, for alln > ny ;
(FPC2) lim, o E"x = y*;

(FPC3) Y* is the unique fized point of Z in the set Q* = {y € Q : d(E™x,Y) < co};
(FPC4) d(Y,y*) < £5d(Y,Zy), for all Y € Q.
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2. Basics of Generalized Z-number (GZ-N)

Now, we recall the basics of Generalized Z-number (GZ-N) as given in [3]. Let
©; = [0, 1], and let zg, be given as follows:

01
To, = dlag 0, = :dlag[ﬁl, ,Gn],ﬁl,--- ,Qne@l
On

We write diag[0y, - - - ,0,] =< diag[k1, - , kn], when 6; < k; foreveryi=1,--- n.

Definition 2.1. A mapping ® : zg, X g, — Te, is called a generalized con-
tinuous t-norm (GCTN) if for all p,k,w,y, kn, w, € ze,,1 = diag[l,---,1] the
following conditions are satisfied:

(GCT1) w® 1 = w;

(GCT2) w® Kk = Kk ® w;

(GCT3) wd® (kP w) = (w®K) ® w;

(GCT4) p <k and w < y imply that p® @w <X K R y;

(GCT5) If lim, o £, = K and lim,,_,, @, = w, we have lim,, o (k, ® w,) = K R w@.

In this paper, we choose the minimum t-norm ®;; = ze¢, X re, — Te, Which is
defined as follows:

w®yk = diaglwy, - -+, wy|®ydiag(ky, - -, k] = diagmin{w;, k1 }, -+, min{w,, K, }|.

Definition 2.2. Let p € R and p € (0,1], and let K =R or C. If X is a vector
space over K, A fuzzy set R, : X x (0,00) = O is a p— fuzzy norm (p—FN) on X
if and only if we have

(p—FN1) X, (z,¢) =1, if and only if 2 = 0 for ¢ € (0, c0);

(p—FN2) X (vz,() =X, (:c, %), for each v # 0 € K, all x € X and for ¢ € (0,00) ;
(p—FN3) R (x+y,(+6) > N, (z, () ®u(Y,9), for all z,Y € X and for ¢,0 € (0,00) ;
(p—FN4) ng-noo N, (z,¢) =1, for any ¢ € (0,00).

A p—Banach FN space is a complete p—FN space.

We now use the concept of probability distribution functions to measure the
certainty of a vector [2], where we put

[0, if¢<o,
EO(O_{Lifg>o.

Definition 2.3. Let p € (0,1) and let K=R or K= C. A p—random normed
space (p—RNS) is a triple (X, ®u, ®'), where X is a vector space over K, &' is a
continuous t—norm and “u is a mapping from X into D' such that the following
conditions hold:

(p—RNS1) “u.(¢) = go(¢) for all ¢ > 0 if and only if 2 = 0;
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(p—RNS2) “uq »(C) =¥ ,ux(| <| ) for all z € X and a # 0;

(p—RNS3) “pypiy(C+0) > Ppp(C) & Puy (6) for all z,y € X and ¢, > 0, where p,
denotes the value of ¥ at a point z € X.

Definition 2.4. Let p € R and p € (0,1) and let K =R or K = C. We define
a matrix-valued function Z : X x Rt — zg, with

Z(x,¢) = diag[Ry (2, C), "2 (C), Ro (2, O) ® “11(C)]

and call it a generalized Z-number (GZ-N), when for all z,y € X and (,6 > 0,
a # 0, the following conditions are satisfied:

(GZN1) Z ~( ,¢) = diag[1,1,1] = 1 if and only if z = 0;
(GZN2) Z(o x,() = Z(x,l \@) for all z € X and o # 0;
(GZN3) Z(z +y,C +8) = Z(x,() @ Z(Y,9).

The above conditions are verified in [3].

Definition 2.5. Let (X, Z) be a GZ-N. A sequence {z,} in X is said to be
convergent to a point x € X if, for any ¢ > 0 and A > 0, there exists a positive
integer N such that Z(x, —x,{) >1— X, for alln > N.

Definition 2.6. Let (X, Z) be a GZ-N. A sequence {z,} in X is called a Cauchy
sequence if, for any ¢ > 0 and A\ > 0, there exists a positive integer N such that
Z(xy — Ty, () > 1=\ foralln >m > N.

Definition 2.7. Let (X, Z) be a GZ-N. A GZ-N (X, Z) is said to be complete
if every Cauchy sequence in X is convergent to a point in X.

In order to investigate the generalized Ulam - Hyers stability of the functional
equations (1) in GZ-N, for that, suppose that F' : F; — F» where F; be a p — N
left C— module and F3 be a p — N left Banach C— module.

3. Measure of the Quality and the Certainty of the Approximation of
the Solution of Functional Equation (1) with GZ-N

Theorem 3.1. Let F' : F; — F5 is a function satisfying the inequality
Z(F(X+Y) = F(X) = F(v).c) = A((x,v).c) 2)
where

A((X7 Y)7C> = diag |:A1((X7 Y)7C)7A2<<X7 Y),C)),Al((X, Y),C) ® AQ((X7 Y)7C)
(3)
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with Ay - FEXRT — 01, Ay : F2 — DT for all X, Y € Fy and C > 0. If there exists
L = L(I) be a function have the properties

Y Y 1
- — ©C) - -
A ((Y,Y),c) ~ A ((2 2) ,c) AP Y, P Y),PPC) = A <(Y,Y), - c) ,
(4)
for allY € Fy and C > 0, then there ezists a unique additive mapping G(Y') : F; —
Fy satisfying the functional equation (1) and

~ 1-L
Z(F(Y) - g(y),c> = A ((Y Y), (D—_I) c) (5)
where A : F§ — [0,00) be function with the condition
lim A ((P[DX, PPY) ,Pf"’C) —1 (6)
and
2 I=0;
Fr= { L I=1 @)

forallY € Fy and all C > 0.

PRroOOF. Assume a set
X =A{p/p: FL — F, p(0) =0}

and introduce the generalized metric on the above set X as
. = 1
dlpa) = int {IK € (0.00): Z) = 1), = A (1) e €) o ®

for all Y € F; and all C > 0. It is easy to see that (X, d) is complete (See Theorem

3.1 of [3]). Define a function 7' : X — X by
1
Tp(Y) = Fp(PIY), for all Y € Fj. 9)
1
Now p,q € X, Y € F; and all C > 0, we have d(p,q) < K. This implies that

Z(p(Y) ~ 4(Y),€) = A(Y,Y), 3 ©).
Hence,

Z (ip(PIY) — iq(PIY),C) = A ((PIY, PrY), Pf% c)

Pr P
1

- —C).

= A ((Y, V), 55 c)

This implies that

Z(Tp(Y) = Tq(Y)C) = A <(Y, Y), ELK c) ,
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and so

d(Tp,Tq) < L K,
i.e., T is a strictly contractive mapping on X with Lipschitz constant £. Changing
(X,Y) by (Y,Y) in (2), we arrive

Z(F(QY)—QF(Y),C)zA((Y,Y),C), VY € F,C>0. (10)

The above inequality can be rewritten by using (GZN2) as
~ (F(2Y 1
7 ( <2 ) ~F(Y). 55 c) - A <<Y,Y>,C> .

P (F(2Y)

Then

> —F(Y),C) tA((Y,Y),%’ c), (11)

forall Y € F1,C > 0.
With the help of (4), it follows from (11) for the case I = 0 it reduces to

Z(TF(Y) - F(Y),C) = A ((Y Y)% c) .
Then
d(TF,F)
for all Y € F1,C > 0. Replacing Y =
~ Y Y Y
_ il - _
7 (F(Y) 2F<2),C> - A ((2 2),6) ., YYeFR,C>0. (13
With the help of (4), it follows from (13) for the case I = 1 it reduces to
Z(F(Y)—~TF(Y),C) = A ((Y Y),C) .

L=L0T < o0, (12)

<
¥ in (10) and using (GZN2), we have

Then
d(F,TF)<1=L"" < o, (14)
for all Y € F;,C > 0. Combining the above two cases, we arrive
d(F,TF) < L' (15)

Therefore (FPC1) of Theorem 1.1 holds. By (FPC2) of Theorem 1.1, it follows
that there exists a unique fixed point G(Y') of T in X such that

Z (g(y) g B

D—oo PID

,c):1, VY € F,C>0. (16)

Now, to show that 75(Y') satisfies (1), changing (X,Y") by (PP X, PPY) and using
(GZN2) in (2), we reach

Z(%{F(PID(X + Y)) - F(PIDX> - F(PIDY> }c) - A((PID X, pP Y),PIDPC)
I (a7)
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for all X,Y € F; and C > 0. Approaching D — oo and using the definition of
G(Y), (6), (GZN1) in the above inequality, we see that G(Y') satisfies the functional
equation (1) for all X,Y € F;. Again by (FPC3) of Theorem 1.1, G(Y") is the unique
fixed point of T in the set
Y={G(Y)e X :d(F,G(Y)) < oo},
such that
d(F(Y) = G(Y)) < K A(Y,Y).
Finally by (FPC4) of Theorem 1.1, we obtain
1
d(F,G) < —— d(F,G).
(F.G) < 1= d(F,Q)
This implies that
)lel
1-L

d(F,G) <
which yields

L1
this completes the proof of the theorem. O

Z(FOﬁ—{HY)C)§/4<OCY)(1_£)C).

From the above theorem, we have the following corollaries concerning some sta-

bilities of (1).

Corollary 3.2. Let E be positive number and F : F; — Fy be a function
fulfilling the inequality

SIS

- C C N
Z(F(X+Y)—F(X)—F(Y),C> = diag (E,e ’E®€%)’ (18)
for all XY € Fy and C > 0. Then, there ezists a unique additive mapping G(Y) :
Fi1 — F satisfying the functional equation (1) and

20 — 1| C ~pooge |29—1]C T
%’6 W,%@ew)7 (19)

Z(g(v) - Fv).C) = diag(
forallY € Fy and C > 0.

PROOF. From (4), we see
~ ~ Y Y cC -+ C
/ — / _ — = di — —
Z(A(Y,Y),C)—Z(A(2,2>,C> d1ag<E,€ ,E®e

Z'(A(PY,PY), P} C)
o (pPPc -G PPC W) 1
—dlag< 7 oe ! ,Té@e E =7 A(Y,Y),ZC , (21)

for all Y € F; and C > 0. It follows from (5), (20) and (21):

SIS
SIS

) @

and
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For I = 0:
1
_pe_ — _op
L=P%= 9 = 2%,
Then
1— 1—-27%
L1i-1 (2-%)1-0
Hence,

Z(F(v) - g(v),c) = diag (M ;e (2P-1¢ @ew;c) |

E ’ ’ E
For I = 1:
1 1
E = — = — = 2@
Py 5
We have,
1-L 1—2¥
L1-1 (2¢)1-1
Therefore,

— 2% e ON — 2% ey
Z(F(Y)—g(y),c) - diag ((1—2)6 e B M@eﬁz”).

E ’ ’ E
U

Corollary 3.3. Assume that E is a positive number and J is a real number with
J#1. Let F: Fi — F5 be a function fulfilling the inequality

Z(F(X +Y) = F(X) - F(¥),C)

14 _{\IX\IéZ\IYI\é} 14 _AXIgHIYIIZY
i dlag E 76 E I £ ®6 % )
7+ UL+ Y12y 7+ UXIE + Y12y
(22)

for all XY € Fy and C > 0. Then, there ezists a unique additive mapping G(Y) :
Fi1 — Fy satisfying the functional equation (1) and

Z(g(Y) . F(Y),C)

2 J 2 J
Y]] Y]]
o2l ¢ = o2’ ¢ TN
> diag 270 e 2T0F 2708 ®e 27vE
- 29-279] C | 2 11yy1’ Tle=2l0iC 2y ’
270 F QJH Hp 270 F QJH Hp

(23)
forallY € Fy and C > 0.
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PROOF. From (4), we see
7 (a(vr).c) =7 (a(3.3) )

c v c adl
= diag 2 ,€ E L, —Lt __®e
=Y 5+ allYI;

and

Z'(A(PY,PY), Py C)

- 2|17 - 2|1
| N TR e NG
= diag P ¢ J,e T T e ; ®e
e +2Y[] 5 +2Y[l]
~ 1
_ 7 A(Y,Y),— ¢,
(407) z¢)

for all Y € F; and C > 0. It follows from (5), (24) and (25):

For I =0,

_ 1 _
L= (P = 27w 2.
Thus,
(1-£) _ (1-2%%)  (22-2%)
L-1 (2]@7@)170 - 9Jp :
Hence,
Z(F(Y) - g(Y),c)
2 2y
“ di —(WQ_JQWJE) ¢ B <2s%{fJ@§OC —(22_]2;;) ¢ ® B (2?wifJ@f)c
Z dag | 5o ouey ¢ € PR ey ¢ € e
Er Yl Em + wlY Il
For I =1:
1 1
L= = — 99=Jp
(P e

Then

(1 — E) (1 — 2"_‘]‘)) (2‘]p — 2")
L1-1 o (Zp—Jp)l—l o 9Jp :

29

(24)

(25)
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Zvig Zvig
@7P-29) ¢ ~em ¢ @7P-29) ¢ ~ ey ¢
- d1ag 7 2708 e : QL;PE) = 279F e ¢ 2;505')
= (279—20) C | 2 J’ T(@fe—29)C | 2 J
e twllYIl e T llYY

O

Corollary 3.4. Assume E is a positive number and J is a real number with
J # % Let F : Fi1 — F5 be a function fulfilling the inequality

7 (F(X 1Y) - F(X) - F(Y), c)
C

>~ diag e B , L ®e
<%+{||X||é||y||é} S+ {IXNINY N2y

xZIvigy c {|X|é|Y|g}>
- < - <
)

(26)

for all XY € Fy and C > 0. Then, there ezists a unique additive mapping G(Y) :
Fi1 — Fa satisfying the functional equation (1) and

Z(g(Y) _ F(Y),c)

rdladir v’
|26 2279 C __22J e |20 —227¢| C ,%’%
) 1 |29 —227¢| ¢ —— |20 —227¢| ¢
> diag 2200k e 22798 22J0 —2Jem
L ‘2@_22]@' C 1 Y 2J’ Y |2gy_22Jp| C 1 Y 27
Smp— tarllYIZ e Y3
(27)
for allY € Fy and C > 0.
PROOF. From (4), we see
~ ~ Y Y
7 <A(Y,Y>,C) —7(a(i 1) ¢
272
. vy’ . _grlvig’
. = C = C
=< dia £ e E =57 ®e B
8| TS iviE ATy

(28)
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and

Z' (AP, Y,PY),PYC)

2J 2J
| e}y e e e
= dlag (PI-2)e ¢ 2J>€ E " (Pi)e ¢ . ®e E
—5 +||Y||p IT—FHYHP
~ 1
:Z/<A<Y,Y),ZC), (29)
for all Y € F; and C > 0. It follows from (5), (28) and (29):
For I =0
1
_ (pl-2Jyp _ _ o2Jp—
L=(p )”—m—Q o
This implies that
(1=£)  (1—2v9) (20— 29)
i1 - (2270—) 10 - 927
Hence,
Z(F(Y)-g(v).C)
_1 2J 1 2J
e - @o_227%) ¢ B
t diag v 2279 Z pE1 , € 22Jp R » o Z PEl e = 2200
wrp - + 2|V oy VI
For I =1,
;C = 1 = 1 = (21—2J>@‘

This implies thst
1-£) Q-7 (@0 —-2)

L-1r ((2172‘7)@)171 - 922Jp
Hence,
Z(F(Y)-6(v).C)

276 _op PrIvIg 270 g0 ¢ A iviz
@ 2J_p2 ) c - (2?Tp—2p) ¢ % T (227p—29) C
— diag 2> PE e 2T 2270 F e 2705

- @) ¢ Ly PE)C Ly

22Jp B 22J © 22Jp B 22J ©
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Corollary 3.5. Let E be a positive number and J be a real number with J # %
Let also F : F1 — F» be a function fulfilling the inequality

Z(F(X +Y) - F(X) - F(Y),c)

c XN Ay IR X ivigy
>~ diag -z €
S HIXNY + Y1} + {IXT2IY 7Y ’
C {HXH2J+HYH2J}+{HXH ReIFS;

E
®e
5 H X+ IV + XY

(30)

for all XY € Fy and C > 0. Then, there ezists a unique additive mapping G(Y) :
Fi1 — Fy satisfying the functional equation (1) and

Z(g(Y) _ F(Y),c)

S Sy
2@722”0 c 22J © 2p722‘]p c 22J ©
% - |2p722J@| c % - ‘2@722Jp‘ c
b dlag 220k ’e 2JpF , 2270 B @ e 2Jp R
T\ EEE A B+ I
22Jp 1 22J 22Jp R 22J
(31)
forallY € Fy and C > 0.
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