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Contact problem in thermo-elastic viscoplastic
materials with damage

Ahmed Hamidat

ABSTRACT. In this paper, we consider a quasi-static contact problem with a sim-
plified Tresca model of slip-dependent coefficient of friction in nonlinear thermo-
elastic-viscoplastic materials with damage. An inclusion of the parabolic type
describes the evolution of the damage. We derive a variational formulation of the
problem and prove the existence of a unique weak solution. The proof is based
on classical existence and uniqueness results for parabolic inequalities, differential
equations, and fixed point arguments.

1. Introduction

Scientific research and recent papers in mechanics can be crystallized into two
main parts: one devoted to the laws of behavior and the other to boundary conditions
imposed on the body, our own contributions to this area are documented in the
sources [10, 11,12, 13, 14, 15, 16]. The boundary conditions reflect the interaction
of the body with the outside world. Constitutive laws with internal variables are
used in various publications to model the effect of internal variables on the behaviour
of real bodies like metals, rocks, polymers, and so on, where the deformation rate
depends on the internal variables. Some of the internal state variables considered
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by many authors include the spatial distribution of dislocations, the work-hardening
of materials, the absolute temperature, and the damage field. See, for example, the
references [2, 18, 19, 20] for the cases of hardening, temperature, and other internal
state variables, and the references [7, 8] for the case of the damage field.

New in this paper is the study of the quasi-static evolution of damage in thermo-
electroelastic materials, with frictional contact conditions in which the frictional
coefficients depend on the slip according to Tresca’s model. For this, we use thermo-
elastic-viscop-lastic materials. For this, we consider a rate-type constitutive equation
with two internal variables of the form

o(t) = As(a(t)) + Be(u(t)) + /0 G (a(s) — Ae(u(s)),e (u(s)),0(s), a(s)) ds,

in which w, o represent, respectively, the displacement field and the stress field where
the dot above denotes the derivative with respect to the time variable, § represents
the absolute temperature, « is the damage field, A and B are nonlinear operators
describing the purely viscous and the elastic properties of the material, respectively,
and G is a nonlinear constitutive function which describes the viscoplastic behavior of
the material. Also the differential inclusion used for the evolution of the temperature
field is

0 — koAO = V(o — As(w)), e (u), 6, a) +q.

In modelling the contact, we impose S is a given function, and consider the
Tresca’s model, i.e., the contact surface is given, taking into account that the friction
coefficient varies during the slip process. Our model of slip-dependence is considered
in geophysics and solid mechanics, corresponding to the dependence of the friction
coefficients on the slip u., i.e., u = p(|u,|). More precisely, the model of the contact
reads

o, < Su(lu.),
0u =5, 3 Jow] < Sullus]) = itr = 0,
lo-| < Su(lu,]) = 3IX >0 such that — Ao, = 4.,

such type of contact conditions was considered in various papers, see, for instance,
4, 9, 22].

In this work, we consider a version of a quasistatic contact problem with a slip-
dependent coefficient of friction for elastic-viscoplastic materials with damage and
thermal effects. The rest of the paper is organized as follows. In Section 2, we
introduce some essential preliminaries. In Section 3, we present the mechanical
problem, list the assumptions on the data, and give the variational formulation of
the problem. In Section 4, we present the proof of the Theorem 4.1.
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2. Preliminaries and Notations

In this section, we present the notations and some preliminary material which
are necessary for the study of our problem, see reference [6]. We denote by S? the
space of second order symmetric tensors on R%(d = 2,3), while “” and ||.|| will
represent the inner product and the Euclidean norm on S? and R? respectively. Let
Q2 C R? be a bounded domain with a regular boundary I' and let v denote the unit
outer normal on I'. Everywhere, the indices 7, j run between 1 and d, the summation
over repeated indices is implied and the index that follows a comma represents the
partial derivative with respect to the corresponding component of the independent
spatial variable.

We use the standard notations for Lebesgue and Sobolev spaces associated with
) and I" and introduce the spaces

H=LQ)'={u=(u)|we L}, H={u=(u)|e(u)eH},
H={o=(0y)]oyj=0;€L*(Q)}, Hi={oc€H|Dive € H}.
The operators of deformation ¢ and divergence are defined Div as follows

1 .
e(u) = (ei(w)),  ey(u) = 5 (wij + i), Dive = (i)

The spaces H, Hy, H and H; are real Hilbert spaces with the canonical inner

products defined as follows

(U,U)H = /UZUIdSL’ V'u,,’v € H7 <u7 U)Hl = (U,U)H + (5(”),€(U))H,VU,U € H17

(o, 7))y = /UijTijd$VU,T €EH, (o, 7))y, = (o, 7))+ (Dive,Divr)y,o, 7 € H;.

The associated norm in the space H, Hy, H and H;, is denoted by ||.||x, ||| #:
|1l and ||.||3,, respectively. For every v € H;, we also use the notation yv for
the trace of v on I' and we denote by v, and v, the normal and the tangential
components of v on I' given by

V,=V-V, UV,=v—U,U. (1)

The normal and tangential components of stress field o on the boundary are
defined by
o,=(ov) v, o,=0v—o,V. (2)
When o is a regular function, the following Green is type formula holds,
(0,6 (v))y + (Dive,v)y = /a’u.vda Vv € H. (3)
r

Let Hp = (H2(I'))* and ~ : H; — Hp be the trace map. We denote by V' the
closed subspace of H; defined by

V={veH :yv=0onT,}.
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Since meas (I'); > 0, Korn’s inequality holds, there exists a positive constant C,
depending only on 2 and I'y such that

le()lln = Cellvl[mye, Yo eV
We define inner product on V' by
(w,v)v = (e(v),e())n, |vlv = lle(®)lln, Vv,0 €V, (4)

and let |||y be the associated norm. It follows that ||.|[ 41 (g« and ||.[|y are equivalent
norms on V' and therefore (V, (, )y ) is a real Hilbert space. Moreover, by the Sobolev
trace theorem, there exists a constant Cy, depending only on €2, I'; and I's, such
that

[0]l 20 < Collvllv, Vv eV (5)

Let T' > 0, for every real Banach space V' we use the notations C'(0,7; V) and
C1(0,T;V) for the space of continuous and continuously differentiable functions
from [0, 7] to V, respectively; C(0,7;V) and C'(0,7;V) is a real Banach space
with the norm

V) = t)|lv-
IFllcozv) = mas 172

V) = t F(t)]v.
Ifllovoirar = mas 1@+ max [ F(0)]v
Now let’s assume the following:

The operator A : V — V'’ satisfies

(a) There exists a constant m,4 > 0 such that

(Aup — Aug, ug — )y > m|jug — u2||%/, Yu,uy €V,
(b) There exists a constant L > 0 such that
|Awy — Aus|ly, < L|lur — usly, Vuy, ug € V.

(6)

The functional j : V x V' — R satisfies:

(a) For all j(u,.) is convex and s.c.i. on V,
(b) There exists a constant m; > 0 such that
J (1, v2) = j (w1, 1) 4 J (U2, v1) — j (U2, v2)
< mj flur — wslly flvr —valy, Yy, ug,v1,v2 € V.

(7)

The operator B : V — V' satisfies there exists a constant Lz > 0 such that
|Buy — Busl|,, < Lp [|[ur —uslly,, Yui,us €V. (8)
The f function satisfies
feCO,1;,V). 9)
The initial values

ug € V. (10)
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In the section 3 of the paper, we will use an abstract result on quasi-variational
evolutionary inequalities. This result concerns problems of the following type.

Problem P;. Find u such that
(Aa(t), v —a(t))y + (Bu(t),v — u(t))v + j(u(t), v) — j(u(t), a(t)) 1)
> (£(t),v —a(t))v,
u(0) = uo. (12)
Theorem 2.1. Let (6)-(10) satisfied. Then
(1) There exists a unique solution u € C*([0,T]; V') to the problem p;.

(2) If uy and wy are two solutions of problem py corresponding to the data
f1,f2€C([0,T];V), then there exists ¢ > 0 such that

[91 () = aa(®) ]|y, < e ((lF1(2) = F2(O)lly + [[ua(t) —ua(®)lly), Ve €[0,T]. (13)

The proof of the above theorem, we use an abstract existence and unique result
which may be found in [17].

Problem P,. Find «a(t) € K such that

(@(t), ¢ = a(t))viv +ald(t), ¢ — alt) = (¢(t), ¢ — alt) L), (14)
a(0) = ap. (15)

Let V and H be real Hilbert spaces such that V' is dense in H and the injection
map is continuous. The space H is identified with its own dual and with a subspace
of the dual V' of V. We write V. C H C V' and we say that the inclusions above
define a Gelfand triple.

The following is a standard result for parabolic variational inequalities (see, e.g.,
[21].

Theorem 2.2. Let V. C H C V' be a Gelfand triple. Let K be a nonempty,
closed, and convex set of V.. Assume that a(.,.) : V x V — R is a continuous and
symmetric bilinear form such that for some constants A\ and 7,

a(o, o) + 9l = Alally,, VaeV.

Then, for every ag € K and ¢ € L*(0,T; H), there erists a unique function
a € HY0,T; H) N L*(0,T;V), such that a(0) = g, a(t) € K for all t € [0,T],
where a is the unique solution of Problem Ps.

3. Mechanical and Variational Formulations

We give the physical setting of the contact problem. A deformable body occupies
the reference configuration Q C R(d = 2,3), which is a bounded domain with a
smooth boundary I". The body is described by the elastic-viscoplastic constitutive
law with damage. and the process is quasistatic in the time interval of interest [0, 7.
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The boundary 0f2 is divided into three disjoint measurable parts I';, 'y and I's with
meas(I'1) > 0. In addition, we clampe the body on I'; and so the displacement field
vanishes there. Surface tractions of density fy act on I'y x (0,7") and a volume force
of density fs is applied in Q x (0, 7). The body is in contact on I'; with a foundation,
the contact is supposed to be friction-associated to Tresca’s law, in which the normal
stress is prescribed on I's, and the coefficient of friction depends on the slip. We
admit a possible external heat source applied in §2 x (0,7"), given by the function g¢.
The classical formulation of the mechanical problem may be stated as follows

Problem P. Find a displacement field w : Q x [0,7] — R? the stress field
o : Qx[0,T] — S¢ the damage field a : Q x [0,7] — R and the temperature
6 :Q x[0,T] — R such that

o(t) = As(a(t)) + Be(u(t))

in Q x (0,7), 16
/g Az(u(s)), € (u(s)) , 0(s), a(s)) ds, < (0,7) (16)

0 = Dive + fo, in Q x (0,7), (17)
0 — koA = U(o — As(01)), e (u),0,0) +q, in Q x (0,7), (18)
& — kiAo + dpk(a) 2 O(o — As()), e (u),0,a), in Q x (0,7, (19)
u =0, on 'y x (0,7, (20)
ov = fo, on I'y x (0,7, (21)
o,(t) = =585, on I's x (0,7), (22)
o+ ()] < Sp(Ju-(t)]),
0 (B)] < Silfu-(0)]) = (1) = 0. sk 0 )
o+ ()] < Sp(u-(t)]),
= JA >0 such that — Ao, (t) = u.(t),
ko?—i-Bﬁ—O onI' x (0,7, (24)
g—j =0, onI'x (0,7), (25)
’U,(O) = Uy, 9(0) = 90, 04(0) = (p, in €. (26)

The equation (16) is the thermo-elastic-viscoplastic constitutive law where A and
B are nonlinear operators describing the purely viscous and the elastic properties of
the material, respectively, and G is a nonlinear constitutive function which describes
the viscoplastic behavior of the material. Equation (17) represents the equilibrium
equation posed on the domain 2. Equation (18) represents the energy conservation
where W is a nonlinear constitutive function which represents the heat generated by
the work of internal forces and ¢ is a given volume heat source. The evolution of
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the damage field is modeled by the inclusion of the parabolic type given by relation
(19) where © is the source function of the damage, (20)-(21) are displacement and
tensile boundary conditions, respectively.

Conditions (22)-(23) characterize the contact boundary conditions.Since S is a
given function, condition (22) states that the normal stress o, is prescribed on I's,
Condition (23) states that if there is a contact, the tangential shear o, cannot
exceed the normal stress S multiplied by the value of the friction coeficient p(|w-|).
(24)-(25) represent, respectively a Fourier boundary condition for the temperature
and a homogeneous Neumann boundary condition for the damage field on I'. In
(26) we consider the initial conditions where wg is the displacement- initially, and
ap the initial damage.

For the study of the mechanical problem (16) -(26) we consider the following
hypotheses. The viscosity operator A : 2 x S; — S, satisfies

((a)There exists L4 > 0 such that
|A(x,e1) — A(x,€2)|| < Laller — €2]], Vei,ea €Sy, aexe .
(b)There exists m4 > 0 such that
(A(x,e1) — A(X,€2)).(e1 — €2) > muller — &2, Ver,es € Sa.
(¢) The mapping x — A(x,€) is Lebesgue measurable on (2,
Ve € Sy.
| (d) The mapping x — A(x,0) € H.

(27)
The elastic function B : 2 x S; x R — S, satisfies
((a) There exists Lg > 0 such that
IB(x,e1) — B(x,€2)|| < Lg|ler — 2], Ve1,e2 € Sy,V a.e x € Q.
(b)The mapping x — B(x, &) is Lebesgue measurable on €, (28)
Ve € S,.
( (¢) The mapping x — B(x,0) € H.
The plasticity operator G : 2 x S; x Sg x R x R — S, satisfies
((a)There exists a constant Lg > 0 such that
HQ (X, o1,€1,01, 041) -G (X, 02, €2,0s, 042)“
< Ly ([loy = ool + ller — el + |62 = baf| + [lar — aal])
Voi,05,€1,690 €Sy, V01,00 € R, Vaj,as € R, ae. x €. (29)

(b) The mapping x — G(x,0,€,0,a) is Lebesgue measurable on (),
Vo,e € S4,V0,a € R.
| (¢) The mapping x — G(x,0,0,0,0) € H.
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The function ¥ : Q x S; x Sg x R x R — R satisfies
((a)There exists a constant Ly > 0 such that
|V (x,01,€1,01,01) — V (X, 09, €2, 02, as)||
< Ly ([lor = o2f| + [[er — &2l + [[61 = b2 + [[or — az])
Voi,09,€1,60 €Sy, V01,00 € R, Vaj,ar € R, a.e. x €. (30)
(b) The mapping x — ¥(x,0,€,0,a) is Lebesgue measurable on (2,
Vo,e € Sg, V0, € R.
| (¢) The mapping x — ¥(x,0,0,0,0) € L*(Q).

The function of the damage source © : 2 x S; X Sy x R x R — R satisfies

((a)There exists a constant Lg > 0 such that
1O (x,01,€1,01,a1) — O (X, 09, €, 05, )|
< Lo ([lor = o2f| + [[e1 — &2 + [[61 = b2 + [[or — az])
Voi,05,€1,60 €Sy, V01,00 € R, Vai,as € R, ae. x €. (31)
(b) The mapping x — O(x,0,€,0,a) is Lebesgue measurable on (2,
Vo,e € S4,V0,a € R.
| (¢) The mapping x — O(x,0,0,0,0) € L*(Q).

The coefficient of friction satisfies

((a) p: T3 xRy — R,

(b) There exists L, > 0 such that

(e, ) —p(x, )| < Lyllr—ref, Vri,me € Ry, ae. @ el (32)
(¢) The mapping @ — u(x,r) is Lebesgue measurable on I's, Vr € Ry,

| (d) The mapping @ — p(x,0) € L* (T3).

We assume that the body forces, surface tractions, volume heat source and the

functions a and m, satisfy

fo€C0,T,H), f,eC(0,T,L*T3)%), qeL*0,T,L*Q)). (33)
Uy € V, 90 € V, ag € K. (34)
B>0, k>0, i=0,1. (35)

(36)

SeL>®(3) and S >0 a.e. on ;. 36

We define the mapping f : [0,7] — V by

(f(t),u)V:/QfO(t>-udx+ [ ft)-vda, VoeViee©T). (37
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Note that condition (33) implies that
feC,1;V).

We define the bilinear form a; : V- x V — R, (i =0, 1).

a0(C, €) = ko /Q VC-Vede + B /F ceds.

(6.6 =k [ V¢ Veds
Q
Now let j : V x V — R, the mapping defined by

Jju,v) = [ Sp(|lu,|)|v,|da.

I's

(41)

By a standard procedure based on Green’s formula we can derive the following

variational formulation of the contact problem (16)-(26).

Problem PV.
o(t) = As(u(t)) + Be(u(t))

+/0 G (o(s) — As(tu(s)), e (u(s)) ,0(s), a(s)) ds.

(o(t), e(v —u(t))n + j(u(t), v) — j(u(t), w(t))

> (f,(v—u(t))y, YveV,telo,T].
)

(0(1),v) () + ao(6(t), v) = (4(t), w) 20y +

)
W(o — As(u)(1)), = (u(t)) . 6(1). (1)), v) 20

(
alt) € K, (a(t),¢ — a(t)) (g + alalt), ¢ — at))

> (8(0 — As(u(t)), = (u(t) ,6(1), alt)), ¢ — a(t)) 12,

V¢ e K,te|0,T],
u(0) = ug, 60(0) =6y, «a(0)= ay.

Our main existence and uniqueness result for Problem PV is the following.

4. Existence and Uniqueness

Now, we propose our existence and uniqueness result.

(42)

(43)

(44)

(45)

(46)
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Theorem 4.1. Assume that (27)-(41) hold, Then there exists a unique solution
(u,0,0,a) to problem PV. Moreover, the solution has the regqularity

cH0,T;V). (47)
o€ C(0,T;H). (48)
0 € W (0,T; L*(Q)) N L*(0,T; L*(9)). (49)
o€ WH2(0,T; L*(Q)) N L*(0,T; H' (). (50)

Quartet (u, o, 0, ) which satisfy (42)-(46) are called a weak solution of the con-
tact problem P. We conclude that, under the assumptions (27)-(41), the mechanical
problem (16)-(26) has a unique weak solution satisfying (47)-(50).

The proof of Theorem 4.1, is carried out is several steps and is based on the
following abstract result for evolutionary quasi-variational inequality.

We denote by C' a constant whose value may change from line to line when no
confusing can arise.

Let n € C(0,T;#H) be given and consider the following variational problems.

Problem P,. Find a displacement field u,, : [0,7] — V/, such that

(Ae(@y(2)), £(v = @y(1)))3 + (Be(uy (1)), (v — (1)) )2 + (1(2), v = A (2))y,
+J (uy(t), v) = J (uy(t), @y (t)) = (f v —U,(t))y
a.e. tE(O,T) for all v € V,

u,(0) = uy. (52)
We have the following result for P,

Lemma 4.2. There is a unique solution u, € C*([0,T]; V) to the problem (51)-
(52). Moreover, if w,,, and u,, Are two solutions of the problem (51)-(52) corre-
sponding to the data n,n2 € C([0,T];H), then there exists ¢ > 0 such that

[[@1 () = Ao ()]l < e ([lm(t) = n(®)lly + lwa(t) —wa(®)lly), Ve [0, 7] (53)

Proor. We will apply Theorem 2.1 in the Hilbert space V' endowed with the
scalar product (.,.)y and the associated norm |||y defined by (4). We use the Riesz-
Fréchet representation theorem to define the operators A:V —V, B:V — V and
the function f : [0,7] — V by equalities
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For all u,v € V and ¢t € [0,7]. It follows from the assumptions (27)-(28), we
have
(Auy — Aus, uy — us)y, = (A (u1)) — A(e (u2)), € (u1) — € (u2))y
> malle (ur) =& (us)ll3 = C lluy — uolfy, .
And according to Korn’s inequality, it comes
(Auy — Aug, uy — ug)y > C llug — UZH%/-
Also for all ui,us € V and v € V we have
[(Auy — Aug, v)y || = [[(A (e (u1)) — Ale (u2)) , e(v)) 5,
< [[A (e (ur)) — Ae (u2))lly, lle(0) 2,
< Lalle (ur) — e (ua) Iy [le(v) I3
< Lafur —wfly [lv]v.

So
[Auy — Auglly, < Clluy —uz ]y, -

Similarly, we find
[Bui — Busl|y, < C'flur — ualfy, .

Then the operators A and B satisfy the conditions (6), (8), respectively. We use
(5) to see that the functional j defined in (41) satisfies the condition (7) (a). By
means of (32) and (5) once again we obtain

J(ur,v2) = j(ur, v1) + j(uz, v1) — j(uz2, v2)
< cflur(t) = ua(t)||v [|v1(t) — va(t)[|v-
For all uq,us,v; and vy € V, which shows that the functional j satisfies the
condition (7) (b) on V. Moreover, using (33) it is easy to see that f defined by
(37) satisfies f € C(0,7;V) and, taking into consideration that n € C([0,7];H),
we conclude from (56) that f € C'(0,7;V). Finally, note that (41) shows that the

condition (10) is also satisfied. Now using (54)-(56) we notice that Lemma 4.2.
Is a direct consequence of Theorem 2.1 .(1), (2), which completes the proof. O

(57)

For ¢ € C(0,T; L*(f2)), we consider the following variational problem.
Problem Py. Find the temperature 6, : [0, 7] — L*(2) which is solution of the

variational problem
(9¢(t),v>L2(Q) +ag (05(t),v) = (6(t) + (1), v) 12y Vv € LA(Q), ace. t € (0,T),
(58)
9¢(0) = 90, in €. (59)

Lemma 4.3. For all ¢ € C(0,T; L*(Q2)), there exists a unique solution 6, to the
auziliary problem Py satisfying (49).
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PROOF. See [11]. O

For A € L*(0,T; L*(Q2)), we consider the following variational problem.

Problem P,. Find the damage field ay : [0, 7] — H*(Q),
ax(t) € K, (ax(1),€ = ax(t)) 2 (q) + a(aa(t),§ — ax(?))
> (A1), —an(t)) 21y, V€ € K, aet €(0,T),
ay (0) = ayp. (61)

(60)

Lemma 4.4. There exists a unique solution ay to the auxiliary problem Py
satisfying (50).

PROOF. The inclusion mapping of (H*(Q), || - (o)) into (L2(), ]l - [|z2@) is
continuous and its range is dense. We denote by (H'(2))" the dual space of H'(£2)
and, identifying the dual of L?*(2) with itself, we can write the Gelfand triple

HY(Q) C L*(Q)  (H'(Q)).

We use the notation (.,.) 1 (q)yxmi (o) to represent the duality pairing between
(H'(Q)) and (H'(2)). We have

(a7§)(H1(Q))’xH1(Q) = (047§)L2(Q)7 Va € L2(Q)a§ € Hl(Q)»

and we note that K is a closed convex set in (H'(f2)), using the definition (40) of
the bilinear form a, for all ¥, € H'(Q), we have a(¥,s) = a(s,?¥) and

|a(?, )] < kol VOl Vella < clldllavells o @-
Therefore, a is continuous and symmetric. Thus, for all ¥ € H*(2), we have
a(d,9) = ko[ VO3,
SO
a(0.9) + (ko + D92y = ko (IVO + 1913200 )
which implies
a(9,9) + col||19|]%2(9) > cl||19|]%11(9) with ¢g = ko + 1 and ¢; = ky.

Finally, we use that condition ay € K, and we use a standard result for parabolic
variational inequalities ( see [3], p. 124), we find that there exists a unique function
a € Wh2(0,T; L*(Q)) N L*(0,T; HY(Q)), such that a(0) = ap, a(t) € K for all
t € [0, 7] and for almost all ¢t € (0,7T)

(@x(t), s — Oé)\)(Hl(Q))’le(Q) +a(ax(t),s —ax(t)) = (At), s — aA<t))L2(Q) 5
for all ¢ € K. OJ
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Problem P, ;. Find the stress field 0,4 : [0; 7] — H which is a solution of
the problem

Tnon(t) = B (e (uy(1)))
: (62)
n / G (@ on(s):e (un(s)), Bu(s), an(s)) ds, vt € [0,T).

Lemma 4.5. There exists a unique solution of Problem P, 4\ and it satis-
fies (48). Moreover, if w,,, 04, and o,, 4, 5, represent the solutions of problems
Puis Pois Py, and Py, 4.5, , respectively, for i = 1,2, then there exists C > 0 such
that

2
”0-771#)1,)\1 (t) - 0-7727032,)\2( )”H <C (Hum( ) u7I2<t>HV

[ (I 6) = )+ 100 5) = o () ey + s (5) = s (517 ).

(63)
PROOF. Let the mapping Z :C (0, T;H) — C(0,T;H), given by
YR
> Tpoalt) = Ble(uy(1)))
(A (64)

+/0 G (Tnoa(s) — Ale(uny(s))),e(uy(s)), 04(s), ar(s)) ds.

Let oy, 40, = 05 € WY (0,T;H), i =1,2and t; € (0,T), we use the as-
sumption (29) and the HOlder inequality, we find

20'1 tl ZO’Q tl

7,6\ 7,0,A

We have more

Z <Z o1 (t1)> - Z (Z o5 (t1)>
7,0,A \1,¢,A 7,0,A \1,0,A
Z (o] tl Z (D) tl

< I3T /
7,¢,A 7,6\

to
<L4T2/ / loa(s —02()]]Hdsdt2

We generalize the inequality above by recurrence, we obtain for all ¢y, ts, ..., t, €
[0,77.

< LgT/O Hlou(s) — aa(s)lds.  (65)

2

H

dt2

(n) 2

(n) t1 to tn
Y oi(tn) = > oa(tn)]| < LgnTn/ / / o1 (s) — oa(s) |5, dsdt, ... dt
0 0 0

0,0, 7,62 -
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Thus, we can deduce by integrating with respect to [0, T'] the following inequality

2

(n) (n) 2n2n

Lg T
Y or—) oo < oy — o3, - (66)
n,$,A 7,6\ 5

Then from (66), for n sufficiently large, the operator Zfﬁi \» 1s a contraction on
space C (0,T;H) and according to the Banach fixed point theorem, there is a single
element o, 4, € C(0,7;#) such that 27(7"(;)\ O = Opon, Which represents the
unique solution of problem P, 4 » . Moreover, if u,, , 04, @y, and o, ¢, »,, represents
the solutions of problem P, ,Py,, Py, and P, 4, 5, respectively.

For i = 1,2. designate u,, = w;, 0y, ¢, \, = 04,04, = 0;, an, = ;. We have

oi(t) = B(s(ui(t)))—k/o G(oi(s) — A(e(0;(s))), e(u;(s)), 0:(s), ai(s)) ds, a.e. t € (0,T),

we use the assumption (28)-(29)), we find

loa(t) - az<>uﬂ<c(uul<>—u2< 12+ / lors(s) — ora(s)|I ds
/ lur(s) — ws(s)|2 ds + / 161(5) — 0()]1 22y s

+/0 e (s) = aa(s)llz2(q ds) |

We use the Gronwall argument in the resulting inequality to deduce (63). 0

We now consider the operator
A:C0,T;H x LA2(2) x L? () — C(0,T;H x L*(Q) x L*(Q)),
defined by

A6, 0) (8) = (A" (1,0, ) (£) , A% (1,6, 0) (£) , A% (1,6, 1) (1)) (67)

and
AL (1,6, 0) (1) / G (0ppn (1 (5)) B (5). () . (68)
A?( BN (1) = U (0apns € (t(3)) . B(5), 0 (5)). (69)
A3 (1,6, 0) (1) = © (@gnr2 (y(5)) . g(5), 02 (5)) (70)

We have the following result.
Lemma 4.6. The mapping A has a fized point (n*, ¢*, \*) € C(0,T; H x L*(Q) x

L*(Q)),
such that A (n*, ¢*, \*) = (n*, ¢*, \*) .



A FRICTIONAL CONTACT PROBLEM 15

PROOF. Let (n1, ¢1, 1), (2, 2, Aa) € C (0, T;H x L*(Q) x L? (Q)). We use the
notation w,, = u;, ,, = u,,0,, =6, and a,, = q, for i = 1,2. using (29)-(31), we
have

A (1 X1, @1) (8) = A (1, xas @1) (D)l r2) <220y

< L [ (lors() = 0a(6) + s 5) — sty
1101(5) = 82(5) ey + s () = a2(5) | o ) s
+ Lu (lo1(t) = oa(B)lly, + (1) = wa(1)ly (71)
+161(5) = 02(5) | (0 + lloa(5) = @2(5) | 2o

+ Lo (llo1(t) — o2(t)[l5, + llui(t) — u2(t) Iy,

+1101(5) = 02(3)l 2 + llaa(5) = @2(5) (0 )

so we obtain
[A (71, @1, Ar) (8) = A (s @1, M) (D)l 20y x 2200
<C([loi(t) = o2(t)]| + lui(t) — ua(t)]
+[01(8) = 02(8) || 220) + llaa(t) — a2(®)l|z2(e)

t (72)
+/0 (lo1(s) = oa(s)lly + lur () — w2ty
101(5) = Ba(3) |y + Nl () = a2(5) | o ds)
This implies that
A (1, é1, A1) () — /} (11, 015 A1) (D)l 120 < 22(0)
SO/O (loi(s) = oa(s)ll + lui(t) — ua(t)|ly, (73)

F1161(5) = 62() gy + llen(s) = a2(5) | g ) s

We use estimate (63) to obtain

1A (1, @1, An) (8) = A (1, @1 M) (D)l 2y e 22() < C/O (e (t) = wa(®)ly,

F[101(s) = O2(5) ]| L2 () + llaa(s) = az(S)HLz(m> ds.
(74)

t

On the other hand, since u; (t) = /uZ (s)ds + ug, we know that for a.e. ¢t €

(0.7). ’
() — un(B)]2 < / i (s) — gaa(s) | ds, (75)
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and using this inequality in (53) yields
t
[ 41 (£) — wa(t) ||y, < C (||"71(t) —1,5(0)|l5, +/ |t1(s) — wa(s)]y, ds) - (706)
0
Next, we apply Gronwall’s inequality to deduce
/ |1 (s) — wa(s)]|y ds < c/ Im.(t) —my(t)]|,, ds, for all t € [0;T7, (77)
which also implies, using a variant of (75), that
t
i () —ua(s)lly, < C/ 77, (s) = ma(s)|3,ds, ae. t€[0,T].  (78)
0

For the temperature, if we take the substitution ¢ = ¢1,¢ = ¢ in (58) and
subtracting the two obtained equations, we deduce by choosing v = 6, — 5 as test
function and ¢ € [0, 77, such that

161(t) — 92(t)||%2(9) + Cl/o 164 () — 02(15)”%2 o
< [ 16166) = x5l 10065) = 56y s

We find
1026) = 00+ [ 16106) = 060y s < € [ 16106) = a5l
From this inequality, combined with Gronwall’s inequality, we deduce that

t
161(1) = 02(t) |72y < C/O 91(s) = Ga(5)[1 720y ds: (79)
Form (60), deduced that
(G — g, 004 — Oéz)Lz(Q) + a1 (q — g, 1 — )
< (A1 — Ay, q — ag)Lz(Q) , a.e. t€(0,7).

integrate inequality with respect to time, using the initial conditions a4 (0) =
as (0) = ap, and inequality a (a1 — ag, a1 — ap) > 0, we find
¢
3l (8) = a2 (8) 7200y < C/(>\1 (s) = A2 (), a1 (s) — 2 (8)) 20,
0

which implies

o () = a2 ()
<c /w1 A2ﬂmmw+/m1-wmnm
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This inequality combined with the Gronwall inequality leads to
[aa (t) — ao (t)||2L2(Q) < C/ [A1 (s) = A (S)HQL?(Q) ds vt €[0,T7]. (80)

Using (74), (78), (79) and (80), we find

HA (7717 (bla )‘1) - A (7727¢27 )\Q)H'HXLQ(Q)XL?(Q)
< C ||<771 — T2, gbl - A27 >\1 - M2)||H><L2(Q)><L2(Q) .

Reiterant cette inegalite m lead time a

(81)

m m 2
[A™ (1, &1, A1) — A™ (02, b2, M)l o0, 12 () < 22(9)
Om m

2
(11— n2, 01 — B2, M — M) [0 120w 12() x L2 () -

Thus, for m sufﬁmently large, A™ is a contraction on C'(0,T; H x L*(2) x L*(£2).
Hence, Banach’s fixed point theorem shows that A admits a unique fixed point

(", 0", \") € C(0,T; H x L*(Q) x L*(Q)). 0
Now we have every thing that is required to prove theorem 4.1.

Existence. Let (7%, ¢*,\*) € C(0,T;H x L*(2) x L*(2)) be the fixed point of
A defined by (68)-(70) and denote
U = Uy, g = A€<u) + O px % \* - (82)
0= 9(;5*, O = Oy*. (83)
We prove that (u, o, 0, «) satisfies (42)-(46) and (47)-(50). Indeed, we write (60)
forn* =mn, ¢*, A" = X and use (82)-(83) to obtain that (42) is satisfied. Now we
consider (51) for n* = n and use the first equality in (82) to find

(Ae(u(t)),e(v —u(t)))y + (Be(u(t)), e(v — a(t))w + (07(1),e(v — a(t)))y
+J (a(t),v) = j (a(t), a(t) = (f, v —at)y,y
a.e. t€(0,7), forallveV.
(84)
The equalities A (n*, ¢*, )\*) =n*, A2 (n*, 0", \*) = ¢* and A3 (%, ", \*) = \*
combined with (68)-(70) and (82)-(83) show that for all v € V/,

(1) H_(/ G (0(5). (uls)) B(s) (o) dslo)) . (59

H
¢"(t) = W (o (t),e (u(t),0(t), at)). (86)
A1) = O (a(t),e (u(t),0(t), at)) .- (87)
We now substitute (85) in (84) and use (42) to see that (43) is satisfied. We
write (58) for ¢ = ¢* and use (83) and (86) to find that (44) is satisfied.
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Also, we write (60) for A = A\* and using (83) and (87) to find that (45) is

satisfied. Next (46), and regularities (47), (48), (49) and (50) follow Lemmas 4.2,4.3
and 4.4. The regularity o € C(0,T;H) follows from Lemma 4.5.

Uniqueness. The uniqueness of the solution is a consequence of the uniqueness

of the fixed point of operator A.
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