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Common fixed point results for minimal
—Z-commuting mappings in modular metric spaces

Parveen Kumar, Ljiljana Paunovi¢*, Manoj Kumar, Savita Malik, and Zorica Gajtanovi¢

ABSTRACT. In this paper, we define the notions of Z-conditionally commuting,
=-conditionally compatible, =Z-faintly compatible mappings and Z-reciprocal con-
tinuous mappings in setting of modular metric spaces and then prove common
fixed point theorems for these mappings. In fact our results are generalization of
the results of [2, 13, 18].

1. Introduction

The notion of modular metric space was introduced by Chistyakov with the time
parameter A (say) for the purpose to define the notion of a modular on an arbitrary
set, develop the theory of metric spaces generated by modulars, called modular
metric spaces in [5, 6, 7].This is a generalization of the classical modular spaces like
Orlicz spaces (see [11]).

Throughout this paper N will denote the set of natural numbers. Let 1) be a non
empty set. Throughout this paper, for a function = : (0,00) x ® x & — [0, 00), we
write =, (u,v) = Z(\, u,v) for all A > 0 and u,v € ®.
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Definition 1.1. [3] Let ® be a non empty set. A function = : (0,00) X & x & —
[0,00) is said to be a metric modular on ® if it satisfies, for all u,v,w € ®, the
following condition:

(1) ZEx(u,v) =0 for all A > 0 if and only if u = v,
(2) Ex(u,v) = Ex(v,u) for all A > 0,
(3) Extulu,v) < Ex(u,w) + =, (w,v) for all A, x> 0.

If instead of (1) we have only the condition (1") Z)(u,u) =0 for all u € &, X > 0
then = is said to be a pseudo modular (metric) on ®.

An important property of the (metric) pseudo modular on set ® is that the
mapping A — =, (u,v) is non increasing for all u,v € ®.

Definition 1.2. [3] Let = is a pseudo modular on ®. Fixed ug € ®. The set
Oz = Oz (ug) = {u e ®: =) (u,up) = 0 as A — oo} is said to be a modular metric
space (around ).

Definition 1.3. [11] Let &= be a modular metric space.

(1) The sequence {u,} in ®z is said to be Z-convergent to u € Pz if and only if
there exists a number A > 0, possibly depending on {u,} and u, such that
lim,, 00 Zx (uy, ) = 0.

(2) The sequence {u,} in @z is said to be =-Cauchy if there exists A > 0,
possibly depending on the sequence, such that =y (u,,, u,) = 0asm,n — oo

(3) A subset H of &z is said to be Z-complete if any =-Cauchy sequence in H
is a convergent sequence and its limit is in H.

Definition 1.4. [4] Let = be a metric modular on ® and ®z be a modular metric
space induced by =. If ®z is a =-complete modular metric space and T : &z — Pz
be an arbitrary mapping 7T is called a contraction if for each u,v € ®= and for all
A > 0 there exists 0 < o < 1 such that

Ex(Tu, Tv) < o=x(u,v).

2. Preliminaries

In 1976, Jungck [7] proved a common fixed point theorem for commuting maps
generalizing the Banach’s fixed point theorem. After that Sessa [18] introduced the
notion of weakly commuting maps. Further, Jungck [8] introduced more generalized
commutativity, the so-called compatibility, which is more general than that of weak
commutativity. After then in 1998 , Jungck and Rhoades [9] introduced the notion
of weakly compatible. In 2008, Al-Thagafi and Shahzad[1] weakened the notion
of non-trivial weakly compatible maps by introducing a new notion of occasionally
weakly compatible maps. In 2010 , Pant and Pant [12] redefined the notion of
occasionally weakly compatible by conditional commutativity. In 2012, Pant and
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Pant [17] defined new commutativity notion which is proper generalization of non-
trivial compatibility as well as owc called conditional compatible. In 2013, Bisht,
Shahzad[2] introduce the generalization of compatible and conditional compatible
mappings named as faintly compatible mappings. The study of non-compatible
maps is equally interesting and various fruitful results have been obtained using the
aspect of non-compatibility (e.g. [13, 14, 15]). In 1999, Pant [16] introduced the
concept of reciprocally continuous mappings.

Now we defined minimal =-commuting mappings in setting of modular metric
spaces as follows:

Definition 2.1. Let (®),Z) be Modular metric spaces. Two self-mapping M
and g defined on ®, are called

(D1) Z-commuting mappings if Mgu = gMu for all u € ).

(D2) Z-weakly commuting if Zy(M gu, gMu) < Z\(Mu, gu) for each u in ®,.

(D3) E-compatible if lim,, o =) (M guy, gMu,) = 0, whenever {u, } is a sequence
in ®, such that lim,,_,., Mu, = lim,_,. gu, =t for some t € &, and A > 0.

(D4) ZE-weakly compatible if the pair commutes on the set of coincidence points
i.e. if Mu = gu implies M gu = gMu.

(D5) Z-occasionally weakly compatible if there exists a coincidence point u in
®, such that Mu = gu implies M gu = gMu;

(D6) =-conditionally commuting if the pair commutes on a nonempty subset of
the set of coincidence points whenever the set of coincidences is nonempty;

(D7) Z-conditionally compatible if and only if whenever the set of sequences
{yn} satisfying lim,, ,o. My, = lim, . gy, is nonempty, there exists a sequences
{zn} such that lim,, .o, Mz, = lim,_, g2, =t and lim,, .. Z\ (M gz,, gMz,) = 0;

(D8) =-faintly compatible iff M and g are conditionally compatible and M and
g commute on a non-empty subset of coincidence points whenever the set of coinci-
dences is nonempty;

(D9) Z-non-compatible if (M, g) is not compatible, i.e., if there exists a sequence
{z,} in @, such that lim,,_,.,, Mz, = lim, . gz, =t for some ¢t € ®,, and
lim,, 00 Zx (Mg, gMx,) # 0 or non-existent;

(D10) =Z-reciprocally continuous if lim,, . =) (M gz,, Mt) = 0 and
limy,, 00 25 (gMx,,, gt) = 0, whenever {x,,} is a sequence in ¢ such that lim,, ., Mz,
lim,, .o gz, =t for some t € ®,.

Now we discuss the relations between various minimal commuting mappings in
Modular metric spaces. Every Z-commuting mapping is =-conditionally commuting
mapping but converse need not be true in general.

Example 2.2. Let &, = [0,4] be equipped with the modular metric space
Ex(u,v) = @ Define self -mappings M, g as Mu = 2u — 1,gu = u?. Here M

and g have coincidence point v = 1. Further, M and g are conditionally commuting
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since they commute at coincidence point v = 1 but M and g are not commuting .
=Z-weakly compatible mapping is =-owc but converse is not true in general.

_ [y

Example 2.3. Let &, = [0, 00) with the modular metric space =, (u, v) 3
Define self -mappings M, g as Mu = 2u, gu = u?. Here M and g have two coincidence
point u = 0, 2. Further, M and ¢ are owc since they commute at coincidence point
u =0 but M and ¢ are not weakly compatible as they are not commute at u = 2.
Every Z-owc mapping is Z-conditionally compatible but converse need not be true
in general.

— |u—v

Example 2.4. Let &, = [0, 00) with the modular metric space =, (u, v) 5

Define self -mappings M, g as Mu = u? for all u € ®,, and

u+2if wel0,4U(9,00)
u =
g u+ 12 if e (4,9

Let y,, = {2 + %} be a sequence in @, then lim,,_... My, = 4,lim,_, gy, = 4
lim,, o Mgy, = 16,lim, ., gMy, = 16,lim,_, =\ (M gy,, gMy,) = 0. So, M and
g are =-conditionally compatible and {2} is the only point of coincidence at which
M and g do not commute so M and g are not Z-owec.

Every =Z-compatible mapping is =Z-weakly compatible but converse need not be
true in general.

Example 2.5. Let &, = [2, 8] with modular metric =y : ) x &) — [1,00) be

defined as space =y (u, v) = |u—;v| Define self-mappings M, g as
P . 2 ifu=2
ifu=2oru>
Mu = = i <
U %“if2<u§6, qu 8 if2<u<6
g b u>6

Let y, = {6 + %} be a sequence in ®, then lim,, .., My, = 2,lim,,_ gy, = 2,
lim,, oo Mgy, = %,limn_m gMy, = 2,1im,, .o =5 (Mgy,, gMy,) = % # 0. So, M
and g are not =-compatible. Now M2 = 2 = ¢2 implies M g2 = 2 = gM2. Hence,
M and g commute at coincidence point 2, so M and g are Z-weakly compatible.
=-Compatible mapping and =-conditionally compatible mapping are independent
each other.

Example 2.6. Let &, = [1,6] with modular metric =) : ) x &) — [1,00) be

defined as =y (u,v) = @ Define self -mappings M, g as
My — 3ifu<3 " 6 —uifu<3
"1 6ifu>3"T 1 ifu>3

Let y, = {3 — %} be a sequence in ®, then lim,,_.., My, = 3,lim,,_, gy, = 3,
limy, 00 ngn = 6,lim,, ;o gMyn = 3ahmn—>oo S5 (ngn7gMyn) = % 7é 0. SO, M
and g are not =-compatible.
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Now z, = 3 be a constant sequence then lim,, ,,, Mz, = 3,lim,_,, g2, = 3,
limy, oo Mgz, = 3,1im,,_,oo gMz, = 3, lim,, oo =) (M gz, gMz,) = 0. So, M and g
are =-conditionally compatible .

Example 2.7. Let ®, = [0,1) with modular metric Z, : &) x &, — [1,00) be

defined as = (u,v) = |u—;V| Define self -mappings M, g as Mu = u, gur = % — U.
Let y, = i— 4%} be a sequence in ®, then lim, ,,, My, = i,limn_ﬂ><> 9QYn =

}l, lim,, oo Mgy, = i,limn—m gMy, = i,limn_mo =\ (Mgyn,gMy,) = 0. So, M
and g are =Z-compatible but there does not exists any sequence {z,} in ®, such
that lim,, o Mz, = lim, oo Mz, = t,lim, o =\ (Mgz,,gMz,) = 0. So, M and
g are not =-conditionally compatible. Every Z-compatible mapping is =-faintly
compatible but converse need not be true in general.

Example 2.8. Let &, = [2,5] with modular metric =) : &) x &) — [1,00) be

defined as =y (u,v) = @ Define self -mappings M, g as

. 2 if u=2
5 if  u>4.

Let y, = {4 + }1} be a sequence in @, then lim,, ... My, = 2,lim, , 9y, = 2,
lim, 0o Mgy, = 3,1im, oo gMy,, = 2,lim,, o Zx (M gy,, gMy,) = % # 0. So, M
and g are not =-compatible. Now z,, = 2 be a constant sequence then lim,,_,,, Mz, =
2,limy, 00 920 = 2, limy, 0o Mgz, = 2,limy, 00 gM 2, = 2,lim,, o0 =5 (M g2y, gM z,) =
0 and {2} is the only point of coincidence in which M and g commute. So, M and g
are =-faintly compatible. =-faintly compatible and Z-non-compatible are indepen-
dent of each other.

Example 2.9. Let &, = [1,5] with modular metric =y : ) x &) — [1,00) be
defined as =y (u,v) = @ Define self -mappings M, g as

vy [ 4 if1Su<s [ ifl<u<3
Y11 ifu>3 T u=2 ifu> 3.

Let y, = {3 + %} be a sequence in ¢, then lim,, ... My, = 1,lim, , gy, = 1,
lim, oo Mgy, = 4,lim, oo gMy, = 2,1im, o Zx (Mgy,, gMy,) = % # 0. So,
M and g are Z-non-compatible and there is no point of coincidence of M and g.
Therefore, M and g are not =-faintly compatible.

Example 2.10. Let &) = [0, 00) with modular metric Zy : &, x ) — [1,00) be
defined as =y (u,v) = @ Define self -mappings M, g as Mu = u for all u € ®,,

L_J0 ifuertu{o}
=V 1 ifug It

Let y, = {1 + #1} be a sequence in ®, then lim,, .., My, = 1, lim,,_,o gy, = 1,

limy, o0 ngn = lahmn—wo gMyn = 1a1imn—>oo S5 (ngn>gMyn) = 0. SO, M and g
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are not =-non-compatible. Now z,, = 0 be a constant sequence then lim,,_,,, Mz, =
0,lim, 00 g2n = 0, lim,, oo Mgz, = 0,lim,, oo gM 2, = 0,lim,, o =y (M gz, gM z,) =
0 and {0} is the only point of coincidence in which M and g commute. So, M and
g are =-faintly compatible. Every =-occasionally weakly compatible is =-faintly
compatible but converse need not be true in general.

Example 2.11. Let ) = [0, 00) with modular metric Zy : &, x ) — [1,00) be
defined as =y (u,v) = |u ¥l Define self -mappings M, g as Mu = u?, for all u € ®,,
and

Ju+6  ifuel0,9U(11,00)
B { u+72 ifue(9,11].

Let y, = {3 + %} be a sequence in ®, then lim, .., My, = 9,lim,, .o gy, = 9,
lim,, 00 Mgy, = 81,lim,, o gMy,, = 81,lim,, o =\ (M gyn, gMy,,) = 0. Now z, =3
be a constant sequence then lim, ,, Mz, = 9,lim, ,, gz, = 9,lim,_,,c Mgz, =
81, limy, 00 gM 2, = 81, limy, 00 =5 (M g2,,gMz,) = 0. So, M and g are =-faintly
compatible and {3} is the only point of coincidence at which M and ¢ do not
commute so M and ¢ are not Z-owc.

We have following relations between minimal Z-commuting mappings as given :
D6), reverse implication is not true see Example 2.2.
D7) see Examples 2.6 and 2.7.
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3. Main results

Now we prove common fixed point for minimal commuting maps as follows:

Theorem 3.1. Let (P, Z) be a complete modular metric space. Let M, B, S
and T be self- mappings of @y into itself satisfying the following conditions:
(C1) T(®r) € M(Py),S(2r) € B(Dy)
(Cs)  the pairs (M, S) and (B,T) are =-conditionally commuting,
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(Cs)
[1+ pE1(Mu, Bv)] E5(Su, Tv)
1 [EH(Mu, Su)Z1(Bv, Tv) + Z(Mu, Su)Z3(Bv, Tv)],
<pmax =1 (Mu, Su)=Zs(Mu, Tv)Z,(Bv, Su),
Eo(Mu, Tv)Z,(Bv, Su)Z,(Bv, Tv)
+ m(Mu, Bv) — 0m(Mu, Bv)
where,

=2 = = = =
m(Mu, B'U) = max { “l(Muv B'U), ‘—'I(Mua SU)_,I(BU, TU)) HQ(MUM TU)HI(BU7 SU), }

1 [E1(Mu, Su)=Zy(Mu, Tv) 4+ 21 (Bv, Su)=,(Bv, Tv)]

p > 0 is a real number and () : [0,00) — [0,00) is a continuous function with
O(t)=0<t=0 and O(t) > 0 for each t > 0. Then M,B,S and T have a unique
common fized point in ©,.

PROOF. Let ug be an arbitrary point in ®,. Choose a point u; € ®, such that
vg = Sug = Buy. For the point u;, we can choose a point uy € ®, such that
v1 = Tuy = Mug as T (Py) € M (P,) . Continuing this process, we obtain a sequence
{vp} in @, such that v, = Sug, = Bugys1 and ve, 11 = Tugyi1 = Mug,ie. First,
we show that {v,} is a Cauchy sequence in ®,. There are two cases:

Case 1. If n is even, then from (Cj), putting v = ug,, v = ug,4; in inequality
(Cs3), we get

[1+ pZ1 (Mugy,, Bugny1)] 22 (Stan, Tugn1) <

1 | E1 (Muagp, Sugn) =1 (Bugni1, Tugngr) +
2 = (Mu2n> Suzn) E% (BU2n+1> TU2n+1)
=1 (Mugy, Sugy) 2o (Mugy, Tugnt1) 21 (Bugntr, Sugy)

Eo (Mugy, Tugnt1) Z1 (Bugnt1, Stan) Z1 (Bugnt1, Tugny1)
+m (MUQn’ Bu2n+1) - Q)m (Mu2n7 Bu2n+1)

pmax

where,
m (Mu2n7 BU2n+1)
E% (Mu2m Bu2n+1) 21 (MUQm Suzn) = (Bu2n+17 Tu2n+1) )
= (MU2m TU2n+1) = (BU2n+17 Su2n> )
% [E1 (Mg, Suon) Zo (Mg, Tsn1) +
= (Bu2n+17 Su2n) =1 (Bu2n+1> Tu2n+1)]

= Imax
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[1 4 p=1 (van—1,v20)] =1 (Van, Vant1)

E3 (V2n—1, V2n) E1 (V2n, Vans1) +
Z1 (V2n-1,V20) ET (V2n, V2nt1)
1 (Van—1,V2n) Z2 (V2n—1, Vant1) Z1 (Van, Van) 5
Zo (Von—1, Van+1) E1 (Van, V2n) E1 (Von, Vont1)

+ m (Van—1,V2n) — Om (vap—1, Vay)

1
2 Y

<pmax

[1]

1]

where,
E% (U2n—17 U2n) 21 (U2n—17 U2n) = (U2m U2n+1) )
Za (Von—1,Van+1) E1 (Van, V2n)
5 [Z1 (Van—1,v20) Z2 (21, V2ns1)
+Z1 (Van, Van) Z1 (V2n, Va2nt1)]
On using ag, = Z1 (vap, Vopy1) in (Cs), we have

m (’Ugn,b Ugn) = Imax

[ Qop 120+
oy 10,2 T m (Van—1, Van) — Om (vep_1, V2

0,0

1
[1+ pag, 1] a,” < pmax{ 2

where,

a%n—17 Qopn—109p
m (Ugnfl, 'l}2n> = max 0,
% [on-1Z2 (Van—1, Vany1) + 0]

Now, using triangular inequality and if aw, 1 < ag,. Then after simplification,

|: a2n2a2n+ :|
2 )
QonQon
0, *
0

we get

N =

[1 + pag, 1] a,® < pmax m (Vap—1, Von) — Om (vap_1, v2y)

2
Qop™, Qapion,
where m (van_1, V2n) = max 0, = Q,,2. Then

% [a2n (a2n + a2n)]
[1 +pa2n] 052n2 S pa/2n3 + O52n2 - (Z) (a2n2) 0 Z (Z) (042712)

which is a contradiction. Hence aag,, < ag,_1.

Case 2 . If n is odd, in a similar way, we can obtain asg, 1 < ag,. Therefore,
sequence {as,} is monotone decreasing sequence which is bounded below by 0. So,
there exists r > 1 such that as,, — r as n — oo. Suppose r > 0, then from inequal-
ity (C3), by putting u = ug, and v = ug,1 in (C3), we have
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[1 + pEl (MUQna Bu2n+1)] E% (Su2n7 Tu?n—l—l)

1 =1 (Mugy, Sug,) 1 (Bugny1, Tugny1) +
2| 21 (Mugp, Sus,) 23 (Bugpy1, Tugn+1)
E1 (Mugy, Sugy,) 2o (Mugy, Tugnt1) 21 (Bugnt1, Stay,)

Eo (Mugy,, Tugni1) E1 (Bugpy1, Suz,) Z1 (Bugn 1, Tugn1)
+ m (Muay, Bugyi1) — 0m (Musgy,, Bugyi1),

<pmax

where
m (Muzn, Bu2n+1>
E% (Mu2n7 Bu2n+1> 2 (Mu2m SUzn) =1 (Bu2n+17 TU2n+1) )
— max P (Mu2n7 TU2n+1) = (Bu2n+17 Suzn) )
% [51 (MUZna SuQn) = (Mu2n> TU2n+1)
+Z1 (Bugnt1, Suay) 21 (Bugntt, Tuon11)]
Then
[T+ p=1 (van—1,V20)] 212 (Van, Vans1)
1 [ ET (van—1,v20) Z1 (Van; V2ng1) +
<pmax _ ? 5 (U2n;1, U2n) E% (UQn, Uzn—I—l) ’
=1 <U2n—17 U2n) =2 (Uzn—h Uzn+1) =1 (U2m U2n) )
= <U2n—17 U2n+1) = (U2m U2n) = (U2m U2n+1)
+m (rUanla U2n) - @m (U2n717 U2n)
where

m (U2n—17 Uzn)

_ max{ E% (lUanl? Uzn) 21 (lUanl? Uzn) =1 <U2n7 Uzn+1) , o <U2n717 Uzn+1) =1 (UZna V2n, }
% [El (’U2n717 Uzn) =5 (’U2n71a U2n+1) + = (U2n7 UQn) = (Uzn, U2n+1)]

2

2
l [ Oé2n_ 1 a2n+
’
Qop—109p2

_|_

[1 + pag,_1] az,® <pmax m (Vap—1, Van) — Om (vap_1, vay)

0,
0
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where
m (Van_1, Vo )Imax{ Q2n-1%, Q2n-1020, 0, }
B % [von—1 (Q2p—1 + @2y)]
% [r3+
3
[1+ pr]r? <pmax 7(; +m (Vap, Van—1) — Om (o, Vay 1)
0
where
2,120 2 2 3 2 2
m (Van_1, Vo) = Max ’7"2, T =ril4prlrt <pri4r —(Z)(T )

Then, () (r?) < 0, since 7 is positive, then by property of @, we get r = 0, we
conclude that lim,, ., @, = = 0. Now, we show {v,} to be a Cauchy sequence in
®,. Suppose we assume that {v,} is not a Cauchy sequence. For ¢ > 0, we can find
two sequences of positive integers {my} and {ng} with n; > my > k such that

Zs (Um()s Un()) = € E1 (Ve Unr-1)) < € (1)

and n(k) > m(k) > k. Now, we have

€ SEg (Um(k)7 U”(k))

Letting £k — oo, we get limy_,o =9 (vm(k),vn(k)) = limy_oo =1 (vm(k),vn(k)) = €.
Again using triangular inequality , we have
€ <Zs (Vm(k), Un(r))
<E4 (Vpn(k)s Un(r))
<Zs (Vn(k)s Vn(k)+1) + Z2 (Vim(k)s Vn(r)+1) - (2)

We get

VAN
(1]

€ — 2y (Un(k)a Un(k)H) 2 (vm(k)a Un(k)+1

)
)

Um(k), Un(k)-{-l)

VAN
[1]

1 (Um(k)a Un(k)+1

IA
[1]

L (
(

IA
[1]

1 Um(k)» Un(k)) + =1 (Vnk)> Vn(ky+1) -
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Taking limits as k — oo, we have
]}g{.lo Z1 (Vinkys Un(y+1) = ]}ggo Zo (Vm(k)s Un(k)41) = € (3)
Now from the triangular inequality, we have
€ < Zs (Vmk)s Unk)) < 1 (Vmkys U +1) + 21 (V)15 Un(e)) -

We get

VAN
[1]

€ — Z1 (Vmk)s Vm(i)+1) <E1 (Vi) +1, Vn(i))

I
[1]

1 (Vnk)s V(i) —1) =1 (Vm()+1, Um()—1

IN

=1 (Vn(k) Vm()—1) =1 (Vm(k)—15 Vm(e) ) + =1 (Vm(k)> Vm(k)+1) -

Letting k — oo, we have

]}1_{20 Z1 (Vi) +1, Un()) = €. (4)

Again, from the triangular inequality, we have
Zs (Vm(k)s Vnk)) < Za (Vngr) Vntey+1) + Za (Va1 Um) ) -
We get
Zs (Vi) Vnk)) < Za (Vnk)s Ungey41) + Z2 (V)41 Vm)) + Z2 (V)15 Uniy+1) -
Then
Zs (Vi) Vnk)) — E (Vne)s Vngey1) — Z2 (Vme)+1, V) < Z2 (V) +1, Un(hy+1)
<Z1 (V)1 Vm)) + Z1 (Vn)+1, Vi) ) -
Letting k — oo, we have
B Zp (Um(e) 1, Uniiy41) = € (5)
Since

—_

=2 (Um(k)ﬂ, vn(k)+1) <& (Um(k)ﬂ, Un(k)Jrl)

Letting £ — oo, we have

klggo Z1 (Vmn(k)+15 Un(i)+1) = €. (6)
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On putting u = U,y and v = u,g in (C3), we get

[1+ pE1 (Muumry, Btingry)] Et (Stmr), Ttinir)) <

1 [ E1 (Mtmry, Stimery) En (Bttngey, Ttingry) +
D max 2L B (Mupgry, Stim)) E1 (Btnge), Ttingr))
E1 (Mttmrys Stim(r)) Zo (Mtmry, Ttingry) Z1 (Btnry, St )
Zs (Mt Tngry ) Ex (Btn(rys Stimr)) Zx (Bttnry, i)
M (Mt sy, Bunry) — 0m (M), Bi))
where

m(Mum<k> Bir))
E} (Mtm(ry, Btngry)  Z1 (Mttmry, Stineiy) En (Bttngry, Ttingry)
2 (M), Ttin(ry) Ex (Buingr), Sum )

[: (Mum Su k)E (Mum( k) Tun(k))
=1 (Bun (k)s Sum ) =1 (Bun(k)a Tun(k))]

= Imax

_|_ Sl [1]

Then

[1+ =1 (Vmte)—1 Vnte)—1) | Z3 (Vinkys Vney)

= (?(Jm(k)h Um(k)))512(1<1n(k)1, Unky) +
5| = —
< =1 (Um(k)—15 Um(k) ) =1 \Un(k)—15 Un(k)
=PHEEY g (V) =15 V() Z2 (Vi) =1 Vniy) Z1 (V=1 Vm(r)) »
Zo (Vi) =1, V() Z1 (Vn)—15 Vi) Z1 (V=1 Vn(iy)
+ 11 (Vm(k)=15 Vn(k)=1) — O (Um(k)=15 Vn(r)-1)

where,

m (Um(k)—la Un(k)— 1)

=2
‘—'1 (Um k)—1; Un(k

11) 5 Z1 (Vm(k)—15 Vi) Z1 (Vn()—15 Vn())
Zo (V)15 Un(k)) =

(k)

=

Un(k)— 17Um(k))
(Um(k) 15 Un(k)
Un(k)—15 Un(k) )]

= Imax

[I] < [I]

b) [\_1 Um(k)—15 Um(k 2
Letting & — oo and using (1)-(6), we get [1 + pe]e? < €2 — 0 (¢?) a contradiction.
Thus, {v,} is a Cauchy sequence in ®,.

Suppose that M (®,) is complete there exists u € M (P,) such that vy, =
Muspy o = Tug,1 — u, as n — co. Consequently, we can find v € &, such that

+Z (UTL (k)—1, Um(k)

Mv = u. (7)
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We claim Sv = w. Putting u = v, v = ug, 41 in hypothesis (C3), we get
[]_ + pEl (MU, Bu2n+1)] E% (SU, TU2n+1)

1 E%(M’U, SU)El (BU2n+1, TU2n+1) +
2 El(MU SU)E% (BU2n+1, TU2n+1) ’
L_,l(MU SU)L_,Q (MU TU2n+1> =1 (Bu2n+17 S?})
EQ (MU, TU2n+1) =1 (BUQn+1, SU) iy | (BUQTH_l, TU2n+1>

m (Mv, Bugy, 1) — 0m (Mv, Bug, 1)

<pmax

where,
m (MT% BU2n+1)
=2 = =
=1 (MU, BU2n+1) ;HI(MU7 SU)~1 (BU2n+1, TU2n+1) )

= Imax EQ (]\4"(]7 TU2n+1) El (BU2n+1, SU) >
$ [E1(Mwv, Sv)Z5 (Mv, Tugn 1) + Z1 (Bugngr, Sv) Z1 (Bugnir, Tugni1)]

Then
14 p=1 (Mo, vy,)] E% (Sv, von41)
2 [E3H (M, Sv)Z1 (Van, vant1) + E1(Mv, Sv)Z2 (van, vant1)]
<pmax E1(Mv, Sv)=Zs (Mv, vepi1) Z1 (vap, Sv)
= (M% Uzn+1) = (U2m SU) = (U2n7 U2n+1)
m (Mv,vy,) — Om (Mv, v,)
where,
E% (M% Uzn) >51(MU7 SU)E1 (UQm U2n+1) )

m (Muv,vg,) = max o (Mv,vop41) Z1 (2, SV),
% [E1(Mv, Sv)Z5 (Mv, vant1) + Ei (van, Sv) Ei (V2n, Van1)]

Then,
1 23 (u, Sv)= (u, uw) + Z1(u, Sv)Ef(u, )]
[1+ pZ1(u, u)] Z3(Sv,u) <pmax ul(u Sv)Za(u, w)=q (u, Sv)
Ea(u, u)Z1(u, Sv)Ex (u, u)
+ m(u,u) — Om(u,u),
where,

(s, ) = max{ E%Su;u),El(u,;S’v)El(u,ul, Eg(u,ulEl(u,Sv), } ~0
5 [E1(w, Sv)Za(u, u) + Z1 (u, Sv)=; (u, u)]
i. e., Z2(Sv,u) = 0, this implies
u = Sv. (8)
Since u = Sv € S(®)) C B(P,), there exists w € ®, such that

u = Buw. 9)
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We claim Tw = u. Now using (C3), putting u = v,v = w, we have

[1+ pZ1(Mv, Bw)] Z3(Sv, Tw)
: [EH(Mw, Sv)=1(Bw, Tw) + =1 (Mo, Sv)=3 (Bw, Tw)]
<pmax E1 (Mo, Sv)Z(Mv, Tw)=,(Bw, Sv),
o(Mv, Tw)=,(Bw, Sv)=;(Bw, Tw)
(

+ m(Mv, Bw) — dm(Mwv, Bw),

Y
—
—
—_

—
—

where,

m(Mv, Bw)

=2(Mv, Bw), E1(Mv, Sv)E, (Bw, Tw), Zo( Mv, Tw)E, (Bw, Sv)

ax 1 ) ) ) ) ) ’

=1m 1 [— —_ —_ —_ .
5 [E1(Mv, Sv)Zy(Mv, Tw) + Z1(Bw, Sv)ZE1(Bw, Tw)]

Then,

5 B, w) 2 (u, Tw) + Zy (v, w)Z3 (u, Tw)]
<pmax =1 (u, w)Za(u, Tw) =y (u, u), + m(u,u) — Om(u,u)

where,

:2 — o — -
m(u,u) = max{ Hl(lf’ii)’Hl(u’_u)ul(u’Tw);“Q(MU;Tw)ul(UaU)> }
2 [:‘1(u7 u>:2 (U, Tw) + :1(u, u):l(u, Tw)]

This implies that =2 (u, Tw) = 0, hence,
u=Tuw. (10)
Using (8) and (10), we get
u= Mv = Sv. (11)
that is, u is point of coincidence of M and S. Using (9) and (10), we get
u=Bw=Tw (12)

that is, w is coincidence point of B and 7. Now taking (M, S) as conditionally

commuting:
Case 1. M and S commute at v, then

u = Sv = Mv implies that Mu = MSv = SMv = Su = w;y.
Case 2. B and T commute at w, then

u = Bw = Tw implies that Tu = TBw = BTw = Bu = ws,.
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We claim that w; = wy. Now, using (C3) on putting u = wy, v = wy,

[1+ p= (wi, we)] T (wy, wy)
5 (23 (w1, wi) By (wa, w) + Zy (wr,w1) B} (w2, wa)]
<pmax Z1 (w1, wr) 2o (wy, wa) Zq (we, wy),
Zo (w1, we) =y (W, wr) =1 (we, w2)

+ m (wy, wa) — Om (wy, we)
where,

m (w1, ws) = max { =7 (UihiUz) ;21 (w1;w1) E1 (w, wf) , S0 (wbiUz) E1 (wa,wy) , } .
5 [E1 (wr, wr) Zg (w1, w2) + 1 (wa, wr) Ey (w2, w)]

This implies that =2 (wy,ws) = 0, hence, w; = wy. Therefore, Su = Mu =
Tu = Bu, i.e., u is common coincident point of S, M, B and T. Now, we claim that
Tu = u. Now using (Cj3), putting u = v,v = u,

[1+ pE1(Mv, Bu)] E(Sv, Tu)

1 EH(Mw, Sv)=1(Bu, Tu) + Z1(Mv, Sv)E3(Bu, Tu)]
<pmax =1(Mwo, Sv)Z(Mv, Tu)=, (Bu, Sv),
Eo(Mv, Tu)=;(Bu, Sv)=1(Bu, Tu)
+m(Mv, Bu) — @m(Mwv, Bu)

where,

Z2(Mv, Bu),Z;(Mv, Sv)Z;(Bu, Tu),
m(Mwv, Bu) = max Zo(Mv, Tu)=,(Bu, Sv),
L [E1(Mw, Sv)25(Mv, Tu) 4+ Z1(Bu, Sv)Z1(Bu, Tu)]
==2(u, Tu).
This implies that © = Tu. Hence, u = Su = Mu = Tu = Bu, i.e., u is common
fixed point of M, B,S and T. Case 3. M and S are not commute at v, then by
virtue of conditionally commute of M and S there exists a point w in ®, such that

y = Sw = Mw implies that My = MSw = SMw = Sy. (13)

Case 4. B and T are not commute at w, then by virtue of conditionally commute
of B and T there exists a point z in ®, such that p = Bz = Tz. This implies that

Tp=TBz= BTz = Bp. (14)

Combining (13) and (14), we get again M, B,S and T have common fixed
point. Uniqueness can be easily found from (C3). The proof for cases in which
B (®,),T (Py),S (P,) are complete are similar and are therefore omitted. O
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Theorem 3.2. Let M, B,S and T be self-mappings of a modular metric space
(), Z) satisfying (C3) and the following:

(Cy) the pairs (M, S) and (B,T) be non-compatible, reciprocally continuous, con-
ditionally compatible. Then M, B,S and T have unique common fized point.

PRrROOF. From (C,), non-compatibility of (M, S) and (B, T') implies there exists a
sequences {u,} and {v,} in ®, such that lim,,_,,, Mu, = lim,_, Su, = t;, for some
t; € &, and lim,, o =) (SM u,,, MSu,,) # 0. Also, lim,, o Tu,, = lim, oo Bu,, = to
for some ty € &, and lim,,_,, =) (TBv,, BTv,) # 0.

Since pairs (M, S) and (B, T)) are conditionally compatible therefore, conditional
compatible of (M, S) and (B,T) implies that there exists sequences {z,} and {2/}
in ®, satisfying lim,, o, Sz, = lim,,_,o, Mz, = u for some u € &, and
lim, o 25 (SM 2, MSz,) = 0.

Also, lim,, o, BZ/,, = lim,,_,, T2/, = v for some v € ®, and lim,,_,, = (BT2', TB'n) =
0. Morover, pairs (M, S) and (B, T') are reciprocally continuous so, lim,, ., SMz, =
Su, lim,, oo M Sz, = Mu and so Su = Mu. Also, lim,,_,., T'Bz!, = lim,,_,, BTz, =
Bv and so Bv = Tv. We claim that u = v. Putting u = z,,v = 2], in (C3), we have

[1+pZ1 (Mz,, B2.)] 23 (Sz,,Tz.)
L[ B2 (Mz,,S2,) 21 (B2, T2) +

2| 2, (Mz,,S2,) 52 (B2, T2)
=1 (Mzp, Szp) 22 (M2, T2.) 21 (B2, S2,) ,
Eo (Mz,,Tz)Z1 (B2'y, Szn) 21 (B2, Tz))

+m (Mz,, Bz) — 0m (Mz,, Bz

<pmax

where,

m (M z,, Bz))
=2 (M2, B2)),Z1 (Mz2,,S52,) 2, (B2, T2,),
= max Sy (Mz,,T2)E1 (B2, Sz,),
3121 (M2, S2,) B2 (M 2,,T2,) + =1 (B2}, Sz,) E1 (B2, T2,)]
Taking limit n — oo, we have u = v. So, Mu = Bu = Su = T'u. Next, we claim
that Su = w. Putting u = u,v = 2/, in (Cj3), we have

1+ p=1 (Mu, B2,)| 23 (Su, T2))

(B2 (Mu, Su), (B2, T2,) + 5 (Mu, Su)Z2 (B2, T2
< pmax Ey(Mu, Su)=Zy (Mu, Tz),) = (B2, Su)
o (Mu,Tz) = (B2, Su) =, (B2, T2',)
+m (Mu, Bz))) — Om (Mu, Bz,)
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where,

m (Mu, Bz))

=22 (Mu, Bz.) ,Z1(Mu, Su)Z, (B2, Tz) , 2y (Mu,Tz2,) =, (B2, Su),
o L [E1(Mu, Su)Z5 (Mu, T2,) + =, (B2, Su) Ey (B2}, T,
5 [21(Mu, Su)Zy (Mu, Tz),) + 21 (Bz,, Su) 21 (B2, T'z,)]

Taking limit n — oo, we have Su = u. Therefore, u = Mu = Bu = Su = Tu.

Hence, u is common fixed point of M, S, B and T'. Uniqueness, can be easily found
from (Cj). O

Theorem 3.3. Let M, B,S and T be self-mappings of a modular metric space
(), E) satisfying (C3) and

(Cs) the pairs (M,S) and (B,T) be non-compatible, reciprocally continuous,
faintly compatible.

Then M, B,S and T have unique common fized point.

PRrROOF. From (Cj), non-compatibility of (M, S) and (B, T') implies there exists a
sequences {u,} and {v,} in ®, such that lim,,_,,, Mu, = lim,_, Su, = t;, for some
t; € @, and lim,,_, =) (SMu,, MSu,,) # 0. Also, lim, o Tu, = lim,,_,o Bu, = to
for some ty € &, and lim,,_,, =) (TBv,, BTv,) # 0.

Since pairs (M, S) and (B, T) are faintly compatible therefore, conditional com-
patible of (M, S) and (B,T) implies that there exists sequences {z,} and {2} in
®, satisfying

lim Sz, = lim Mz, = u,
n—oo n—oo

for some u € &, and

lim =, (SMz,,MS,) = 0.

n—o0

Also,

lim Bz, = lim Tz, =,
n—oo n—oo

for some v € ®, and

lim =, (BTz,, TBz/) = 0.

n—o0

Also, pairs (M, S) and (B, T) are reciprocally continuous so, lim, o SMz, =
Su, lim,, oo M Sz, = Mu and so Su = Mu. Also,

lim TBz!, = Tv, lim BTz, = Bv

n—oo n—oo
and so Bv = T'v. Since pairs (M, S) and (B, T') are faintly compatible, SMu = M Su
and so SSu = SMu = MMu and also, TTBv = BTwv and so TTv =TBv = BTv =
BBv.
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First we claim that Su = Tv. Putting u = u,v = v in (C3), we get
[1 4 p=y(Mu, Bv)] Z3(Su, Tv)

1 [EH(Mu, Su)=1(Bv, Tv) + Z(Mu, Su)Z3(Bv, Tv)],
<pmax =1 (Mu, Su)=Zs(Mu, Tv)Z1(Bv, Su)
Eo(Mu, Tv)=,(Bv, Su)Z,(Bv, Tv)
+ m(Mu, Bv) — 0dm(Mu, Bv),

where,
m(Mu, Bv)

{ Z2(Mu, Bv),Z1(Mu, Su)=,(Bv, Tv), Zo( Mu, Tv)Z1(Bv, Su), }
= max 1 e _ _ H _
5 [E1(Mu, Su)Zy(Mu, Tv) + Z1(Bv, Su)Z, (Bv, Tv)]

Then
[1+ p=1(Su, Tv)] Z3(Su, Tv)

1 [23(Su, Su)E1(Tv, Tv) + Z1(Su, Su)=3(Tv, Tv)],
<pmax E1(Su, Su)Z2(Su, Tv)= (T, Su),
Eo(Su, Tv)Z (Tv, Su)Z, (T, Tv)
+ m(Su, Tv) — Om(Su, Tv)

where,
m(Su, Tv)

= Imax E%(Su, TU)’ El (Su7 Su>El (TU7 TU)? EQ(Su7 TU)El (TU, SU>
% [El (Su, SU)EQ(SU, T’U) + El (T’U, Su)El<TU, T’U)]

=Z1(Su, Tv).
This implies that Su = Twv. Next, we claim that SSu = Su. Putting u =
Su,v = v in (C3), we have
[1 + p=1 (M Su, Bv)] Z3(SSu, Tv)

5 [} (M Su, SSu)=(Bv, Tv) 4+ = (M Su, SSu)=3(Bv, Tv)]
<pmax =1(M Su, SSu)=Eq(M Su, Tv)=, (Bv, SSu),
Eo(MSu, Tv)=(Bv, SSu)=,(Bv, Tv)
+ m(MSu, Bv) — dm(MSu, Bv)

where,
m(MSu, Bv)

e Z2(M Su, Bv), =1 (M Su, SSu)Z1(Bv, Tv), Z2(M Su, Tv)=, (Bv, SSu),
B 1 [E1(M Su, SSu)Zo(M Su, Tv) + =1 (Bv, SSu)= (B, Tv))
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Then,
[1+ p=1(SSu, Tv)] Z1%(SSu, Tv)

T [E3(SSu, SSu)=E (Tv, Tv) + Z1(SSu, SSu)=2(Tv, Tv)]
<pmax E1(SSu, SSu)Zy(SSu, Tv)=1 (T, SSu),
Eo(SSu, Tv)= (Su, SSu)=1 (Tv, Tv)

+ m(SSu, Tv) — dm(SSu, Tv)
where,
m(SSu, Tv)
Z2(SSu, Su),Z1(SSu, SSu)=1 (Tv, Tv), Zo(SSu, Su)=;(Su, SSu),
= max 1 e Z = -
5 [E1(SSu, SSu)Zy(SSu, Su) + Z1(Su, SSu)Z1(Su, Su)]
==3(SSu, Tv).
This implies that SSu = Tv. Therefore, SSu = Twv = Su. Next we claim that
TTv = Tv. Putting u = u,v =T in (C3), we get
[1+ pZ1(Mu, BTV)] Z2(Su, TTv)
L [22(Mu, Su)Z, (B Tv, TTv) + Z(Mu, Su)=%(B Tv, TTv)]
E1(Mu, Su)Ze(Mu, TTv)=, (B Tv, Su),
=, (Mu, TTv)Z, (BTv, Su)=, (B Tv, TTv)

+ m(Mu, BTv) — dm(Mu, BTv)

<pmax

where,

Z12(Mu, BTv), = (Mu, Su)= (B Tv, T Tv),
Eo(Mu, T Tv)Z1(B Tv, Su),
2 [E1(Mu, Su)=y(Mu, T TVv)
+Z1(BTv, Su)=(BTv, T Tv)]

This implies that Su = TTwv. Therefore, TTv = Su = Twv. Now we have,
SSu = MSu,Su = TTv = T'Su and Su = TTv = BTv = BSu, since Tv = Su.
Hence, SSu = MSu = TSu = BSu = Su, i.e., Su is a common fixed point of
M, B,S and T. Uniqueness can be easily found. O

m(Mu, BTv) = max

4. Conclusion

Our results generalized the result of [2],[12] and [17] using minimal =-commuting
mappings in setting of Modular Metric Spaces.
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