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A hybrid inertial iterative method for fixed point
problems and finite families of generalized
equilibrium problems with applications

Lawal Umar

ABSTRACT. We propose a hybrid inertial iterative method for finding a common
element of fixed points of a family of a general class of nonlinear nonexpansive
mappings and a common solution of a family of generalized equilibrium problems.
The sequence of the proposed hybrid inertial iterative method is established to
converge strongly to a common element of the families. We also present the
application of our main result. Our results extend, improve and generalize several
results in the literature.

1. Introduction

The fixed point theory is a fundamental part of mathematics. In nineteenth
century, the concept of fixed point theory was introduced by Brower and name it
as Brower’s fixed point theorem. This fundamental idea depends on conditions for
existence of fixed point mappings. The fixed point theory is one of the most im-
portant tools that plays a significant role in many branches of sciences, engineering,
economics and development of nonlinear analysis. The Banach Caccioppoli the-
orem [4] is the first result that attracted the attention of the researchers in this
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field and later the result has been improved by many authors (for more details see
2, 6,9, 16, 17, 22, 23, 33] and references therein).

Due to the importance of the fixed point theory and the need to develop the
method for finding fixed points of problems for functions from a space to its dual, a
new and interesting concept of fixed points for mapping from a real normed space
E to its dual space E*, called J—fixed point has been proposed and studied (for
more details see [8, 20, 30] and references therein). A long the line, Chidume and
Eze [7] proposed a new class of maps called relatively weak—.J—nonexpansive and
developed an iterative process for finding a common element of the J—fixed points
of countable family of such maps and zeros of inverse strongly monotone maps in the
framework of Banach space. Chidume et al. [10] introduced and studied the maps
called quasi—¢ — J—nonexpansive which have similar requirement with relatively
weak J—nonexpansive. Very recently, Uba et al. [28] proposed and studied a
hybrid method for solving a common solutions of a family of equilibrium problems,
variational inequality problems and a common element of fixed point of a countable
family of generalized nonexpansive maps. We observe that the maps (relatively weak
J—nonexpansive and quasi—¢ — J—nonexpansive) coincide with J,—nonexpansive
maps in definition by the results of Uba et al. [28].

For accelerating the convergence of the sequence of an iterative algorithm, a
method called an inertial - type algorithm was introduced and studied by Polyak
[24]. Due to the importance of this method, a number of researchers have been
working on it. It follows from the increasing interest in the class of inertial-type
algorithms that many problems have been solved by using this method (for more
details see [2, 13, 14, 23] and references therein).

Motivated by the results of Chidume et al. [10] and Uba et al. [28]. In this
article, we present and study an inertial iterative algorithm for approximating a com-
mon element of the fixed point of an infinite family of generalized J,—nonexpansive
mappings and the solution set of the generalized equilibrium problems of a finite
family of bifunctions. We also provide some applications of our main theorem in the
framework of Banach space and Hilbert space. Furthermore, our results improves
and extend the results in [7, 10, 28] and many results in the literatures.

2. Preliminaries

In this section, we present some basic concepts, definitions and Lemmas used in
proving our main results.

Let E be a real Banach space with a norm ||.|| and its dual space denoted by E*.
Consider R and N as the set of real numbers and positive integers respectively. Let
C' C E be closed and convex with JC also closed and convex, where J : B — 2F°
is a normalized duality map on E defined by

J(z) = {a" € B : (z,2") = ||o||* = ||2"||*, Vz € E},
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where (.,.) denotes the valve z*. at . It is well known that if E is smooth, strictly
convex and reflexive, then J~! exists ( see [26]). J~': E* — E is the normalized
duality map on E*, and J~ ! = J,, JJ, = Iz and J,J = Ip, where Ip. and I
are identity on E* and FE respectively. Furthermore, it follows from a well known
property of J that if E is uniformly smooth, then J is uniformly continuous on
bounded subsets of E (see [11, 26]). Consider a map T7': D(T) C E — E, a point
x* € D(T) denotes the fixed point of T" provided that Tz* = z* and the set of fixed
point of T"is denoted by F(T') = {z* € D(T) : Tz* = x*}.

Consider the variational inequality problem, which was first introduced and stud-
ied by Stampacchia [25] in 1964 ( see also [31, 32]). For a monotone operator
G : C' — E*, the variational inequality problem is to find z* € C' such that

(Gz*,y —a*) >0, Yy € C. (1)

The set of solutions of (1) is denoted by

VIP(C,G)={z" € C: (Gx*,y —2") >0, Vy € C}.

This problem plays an important role in the development of nonlinear analysis
as well as related to convex minimization problems, zeros of nonlinear operators
and fixed point problems. The equilibrium problem is a problem mostly applied in
solving optimization problem which has been introduced and studied by Blum and
Oettli [5]. Let B : C' x C' — R be a bifunction, then the equilibrium problem for
B is to find 2* € C

B(z*,y) >0, Vy € C. (2)
The set of solutions of (2) is denoted by
EP(B)={2"e€ C:B(z",y) >0, Vy € C}.

Due to the evolving of fixed point theory, we consider the J— fixed point of
certain mappings and the equilibrium problem as follows: Let B : JC' x JC — R
be a bifunction, the equilibrium problem is to find x* € C such that

B(Jz*, Jy) > 0, Vy € C. (3)
The set of solutions of (3) is denoted by
EP(B)={a" e C:B(Jz",Jy) >0, Vy € C}.
The generalized equilibrium problem is to find z* € C such that
B(Jz*, Jy) + (Gz*,y — 2*) > 0, Yy € C. (4)
The set of solutions of (4) is denoted by
GEP(B,G) ={z" € C: B(Jz", Jy) + (Gz*,y —z*) > 0, Yy € C}.

Several problems in optimization, physics and economics reduce to finding a
solution of (3) ( for more details see [5, 12, 31] and references therein ). Many
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research have been studied equilibrium problems, variational inequality problems
and fixed point problems together with their generalization using different classes of
mappings (for more details see [17, 22, 32, 34] and references therein).

Definition 2.1. [18, 19] Let C' be a nonempty closed and convex subset of a
real Banach space E and T be a map from C to E. The map T is called generalized
nonexpansive if {x € C': Te = z} # () and ¢(Tx,p) < ¢(x,p), for all z € C and
pe F(T).

Definition 2.2. [3, 17| Let E be a smooth real Banach space with E* as it
dual. The function ¢ : £ x E — R defined by

$a,y) = z]|* — 2=, Jy) + |ylI*, Yo,y € E, ()

is called Lyapunov functional, where J is the normalized duality map. Consider
that if a real Hilbert space H = E, then (5) reduces to ¢(z,y) =| = —y ||* for all
x,y € H. Also, it follows from the properties of ¢ that the following hold and can
be verified from its definition

(Ul = llzl)* < ¢(a,y) < (lyll + ll2])?, Voy € E, (6)

¢(x,y) < =l Jz = Jyll + lylllle =y, Ve, y, € E (7)

Definition 2.3. [18, 19] A map R from E onto C' is said to be a retraction if
R = R?. The map R is said to be sunny if R(Rx + d(z — Rx)) = Rz for all x € F
and 6 < 0.

A nonempty closed subset C' of a smooth Banach space F is said to be a sunny
generalized nonexpansive retract of E' if there exists a sunny generalized nonexpan-
sive retraction R from E onto C.

NST - Condition: Let C be a closed subset of a Banach space E. Let {7}
and () be two families of generalized nonexpansive maps of C' into E such that
N>, F(T,) = FQ) # 0, where F(T,,) is the set of fixed points of {T},} and F() is

the set of common fixed points of 2.

Definition 2.4. [18, 21] The sequence {7,,} satisfies the NST-condition with {2
if for each bounded sequence {x,} C C,

lim ||z, — T,2,| = 0 = lim ||z, — Tz,|| =0, VT € .
n—oo n—oo

Remark 2.5. If 7,, = T for all n > 1, then {7,,} satisfies the NST-condition
with {T'}. If Q = {T'} a singleton, {7}, } satisfies the NST-condition with {7}.

Let C' be a nonempty closed and convex subset of a uniformly smooth and
uniformly convex real Banach space E with dual space E*. Let J be the normalized
duality map on E and J, be the normalized duality map on E*. Under this setting,
J~! exists and J~! = Jx. By considering these notations, we have the following
definitions.
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Definition 2.6. [27] A map T : C' — E* is called J,—closed if (J, o T) :
C' — F is a closed map, i.e., if {z,} is a sequence in C such that =, — z and
(JooT)x, —> y, then (J, 0o Tz = y.

Definition 2.7. [8] A point z* € C' is called a J—fixed point of T" if Tx* = z*.
The set of J—fixed point of T is denoted by F;(T).

Definition 2.8. [27] Amap T : C — E* is called generalized .J,—nonexpansive
if F7(T) # 0, and ¢(p, (J. o T)x) < ¢(p,x), for all z € C and for all p € F;(T).

Remark 2.9. For more details on the example of generalized J,—nonexpansive
maps in Hilbert space and Banach space (see [7, 27]).

Definition 2.10. A sequence {7} of maps from C' to E* is said to satisfy the
NST-condition with € if for each bounded sequence {x,} C C,
lim ||z, — Thz,|| = 0 = lim || Jz, — Tx,|| =0, VT € Q.
n—oo

n—o0

Let C' be a nonempty closed subset of a smooth, strictly convex and reflexive
Banach space E such that JC'is closed and convex. For solving equilibrium problem,
we consider a bifunction B : JC x JC — R satisfies the following conditions [5]:

(L) B(z*,z*) = 0,Vz* € JC,

(Lg) B is monotone, l.e, B(x*,y*) + B(y*, z*) <0, Vz*,y* € JC,

2)

(L3) for each z*,y*, 2* € JC,limsup B(d6z* + (1 — d)z*,y*) < B(z*,y*);
d—0

(Ly) for each z* € JC,y* — B(z*,y*) is convex and lower semicontinuous.

Lemma 2.1. [17] Let E be a smooth and uniformly convexr Banach space and
let {x,} and {y,} be sequences in E such that either {x,} or {y,} is bounded. If
lim ¢(zp,yn) =0, then lim || z, —y, ||= 0.
n—oQ n—oo

Remark 2.11. Suppose that {z,} and {y,} are bounded, then by considering

(7) it is observe that the converse of Lemma 2.1 is also true.

Lemma 2.2. [6] Let E be a uniformly convex Banach space. For arbitrary r > 0,
let B.(0) :={||x € E : ||z|| < r}. Then for any given sequence {x,}\_, C B,(0) and
N

for any given sequence {\}\_, of positive numbers such that Z A, = 1, there exists

n=1
a continuous strictly increasing convex function

g:10,2r] — [0,00),9(0) =0

such that for any positive integers i,j with i < j, the following inequality holds:

N N
1D Mzall® <7 Aallzall® = XAsg (s — ;).
n=1 n=1
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Lemma 2.3. [15, 19] Let C' be a nonempty closed subset of a smooth and strictly
convexr Banach space E such that there exists a sunny generalized nonexrpansive
retraction R from E onto C, let (x,z) € E x C. Then the following hold:

(i) z = Rx if and only if (x — z,Jy — Jz) <0, for ally € C;

(i1) ¢(x, Rx) + ¢(Rx, 2) < ¢(x, 2).

Lemma 2.4. [19] Let C be a nonempty closed subset of a smooth, strictly convex
and reflexive Banach space E.Then the following are equivalent:

(i) C is a sunny generalized nonexpansive retract of E,

(i1) C is a generalized nonexpansive retract of E;

(i1i) JC is closed and convex.

Lemma 2.5. [15]| Let C be a nonempty closed sunny generalized nonexpansive
retract of a smooth and strictly convex Banach space E. Then the sunny generalized
nonexpansive retraction from E to C' is uniquely determined.

Lemma 2.6. [5] Let C be a nonempty closed subset of a smooth, strictly convex
and reflexive Banach space E such that JC' is closed and convex, let B : JCxJC —
R be a bifunction satisfying (L1) — (Ly). Forr > 0 and let x € E. Then there exists
z € C such that

1
B(Jz, Jy) + ;(z —x,Jy—Jz)y >0, Vy € C.

Lemma 2.7. ([1, 33]) Let C be a nonempty closed convex subset of a uniformly
smooth, strictly convex and reflexive Banach space E such that JC' is closed and
convexr . Let G : C' — E* be a monotone mapping and B : JC x JC — R be a
bifunction satisfying (L1) — (Ly). For any given number r > 0 and x € E, define a
mapping
T.(z): E— C by

T.(z)={z€C:B(Jz,Jy)+ (Gx,y — z) + %(y —z,Jz—Jx) > 0,Vy € C},

for every x € E. The mapping T, has the following properties:
(p1) T, is single-valued;
(p2) T is a firmly nonexpansive-type mapping,
(Thx — Ty, JT,x — JTy) < (Thx — Tyy, Jor — Jy)
forall x,y € E;
(pa) JGEP(B,G) is a closed convez set of C;
(ps) ¢(q, Thx) + ¢(Trx, x) < ¢(q,x), Vg € F(T;), z € E.
Lemma 2.8. [27] Let E be a uniformly conver and uniformly smooth real Ba-

nach space with dual space E* and let C' be a closed subset of E such that JC' 1is
closed and convex. Let T be a generalized J,—mnonexpansive map from C to E* such
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that F;(T) # 0, then F;(T) and JF;(T) are closed. Furthermore, if JEF;(T) is
convez, then F;(T) is a sunny generalized nonezpansive retract of E.

3. Main results

Theorem 3.1. Let E be a uniformly smooth and uniformly convez real Banach
space E with E* as the dual space of E. Let C' be a nonempty closed and convex subset
of E such that JC is closed and convex. Let By, By : JC x JC — R, k=1,2,....,p
be a finite family of bifunctions satisfying (L1) — (Ly) and G1,Gy : C — E* be a
finite family of continuous monotone mappings. Let T, : C — E*, n = 1,2,3, ...
be an infinite family of generalized J,—mnonexpansive mappings and €2 be a family
of Jo— closed and generalized J,—mnonexpansive mappings from C to E* such that
M Fy(Ty) = Fy(Q) # 0 and T := F;(Q) N [Ni_, GEP(By,Gy)] # 0. Assume that
JE;(Q) is conver and {T,} satisfies the N ST —condition with €. Let {z,} generated
by the following iterative process

( .TII.TEC, C’lzC,
Wy = Ty, + en(xn - xnfl);
Yo = J o Jwy, + o Jw, + azJT,wy,),
1
Zn 2 Bl(zmy) =+ <G1yn>y - Zn) + 7’_<y — Zn, Jzn - Jyn> 2 07 Vy € C>
" (8)
Wn 2 B2(me) + <G2yn7y - wn> + T_<y — Wn, ‘]wn - Jyn> Z 07 vy € Ou

n

Up = J_l(ﬁljwn—{_BZl]Zn—{_ﬁ?ﬂ]wn)v
Cn—i—l = {U € Cn : ¢(U,Un) < ¢(u>wn)}a
\ r, Vn € N,

where oy, ag, a3 € (0,1) and By, Ba, 3 € (0,1) satisfying ag + s + a3 = 1 and

p1 + B2 + Ps = 1 respectively. 0, C (0,1) and {r,} C [a,00) for some a > 0. We
shall define

xn—i—l - ch+1

1
Tyr(x) :={u e C: Bp(Ju, Jy) + (Gpx,y — u) + ;(y —u,Ju—Jz) >0, Yy € C} (9)

for all x € E, k = 1,2. Then , {z,} converges strongly to Rrx, where Ry is the
sunny generalized nonexpansive retraction of E onto T

Proor. We consider the proof as follows:

Step 1 : We show that {z,} is well defined. We observe that JC) is closed and
convex. Suppose that C), is closed and convex for each n € N. Consider that for any
u € C,, we know that ¢(u,u,) < ¢(u,w,) is equivalent to

0 <[Jwn I = 1| un > =2(u, Jw, — Juy).

Therefore, by induction JC, is closed and convex for each n > 1. Then by
Lemma 2.4, we have C,, as a sunny generalized retract of E for each n > 1. This
implies that the sequence {z,} is well defined.
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Step 2 : We show the expected limit Rrx exists as a point in C,,, for all n > 1.
We first establish that I' C C), for all n > 1 and T is a sunny generalized retract of
E. We observe that I' C (', since C; = C. Suppose that for some n € N, I' C C,,.
Let z € I" and using the definition of w,, from (8), we have the following estimates:

(,b(Z, un) = ¢(27 Jﬁl(ﬁljwn + 52J2n + 53'](*]11))
< Bulll 2 1P =20z, Jwn) + lwall’] + B2 [l 2 I =2(z, Jza)+ || 2 |I]
+B3 (Il 2 II° =2z, Jwn) + lwa %]
= B ¢<Z:wn) + Bo ¢(Za Zn) + B3 ¢(Zawn)- (10)
By considering (8) and (9), we observe that z, = T, Y, for all n € N and from

the fact that {7} is an infinite family of generalized J,—nonexpansive mappings,
we obtain

¢(2, 2n)

(2, T, Yn)
¢(2,Yn)
(2, I Har Jwy, + asJw, + asJTw,))
ar [ 2 I =2z, Jwa)+ | wa 7] + a2 [I| 2 [ =2(z, Jwn)+ || wn ||]
+ag [l 2 I =2(2, J (J 0 To)wa)+ || Taws [1%]
ay ¢(z,wn) + a2 ¢z, wn) + a @2, (Jx 0 Tn)wn)
a1 @2, wn) + az ¢z, wy) + a3 ¢(2, wn)
= (2, wn). (11)
Similarly, from the fact that {7},} is an infinite family of generalized .J.—nonexpansive

mappings, using Lemma 2.2 and taking the advantage of w,, = 15, vy, from (8) and
(9), then we estimate as follows:

P(z,wn) =0(2, Ta,r, Yn)
<¢(z,n)
=é(z, J o Jw, + aoJw, + asJT,w,))
<ar || 2 1P =2(2, Jwa)+ | wa 7] + a2 (|| 2 I =2{2, Jwa)+ || wa %]
+ag (|| 2 1P =2(z, J(Jo 0 Th)wp)+ || Tow, ||’]
— anasg(|| Jwn — J(Jy 0 T)w, ||)
=a1 ¢(z,wn) + a2 Pz, w,) + az ¢(2, (J« 0 Tn)wy)arasg(|| Jw, — Thw, ||)
<ar ¢(z,wn) + a2 ¢z, wy) + az ¢(z,w,) — arasg(|| Jw, — Thwy, |)
<é(z,wn) — arazg(|| Jw, — Thw, ||)
<¢(2,wn). (12)

IN

IN

IN
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It follows from (10), (11) and (12) that
(z,un) < P19(2,wn) + Bad(2, wn) + B3d(2, wn) — Bzaraszg(|| Jw, — Thwy ||)
= (2, w,) — Bzarasg(|| Jw, — Thowy, |).

Implies that

¢(Zvun) S Qb(zawn) - ﬁ3a/1a3g(” an - ann “) (13>

Therefore ¢(z,u,) < ¢(z,w,) and we obtain z € C,;1; which conclude that
' C C, for all n > 1. Also by Lemma 2.7 JGEP(By, Gy) is closed and convex for
each k. Furthermore, from Lemma 2.8 and by our assumption, we have that (F;(12))
is closed and convex. Since J is one-to-one and F is uniformly convex, hence we
obtain

J(F; () N [Ni_y GEP(By, Gi)]) = JF;(Q) N J [ N;_; GEP(By, G)],

implies that J(I') is closed and convex. Now, by considering Lemma 2.4, we get
that I" is a sunny generalized retract of E. Hence by Lemma 2.5 we obtain that Rrx
exist as a point in C), for all n > 1.

Step 3 : We show that the sequence {x,} converges to some point z* € C. By
Lemma 2.3 (ii) and x,, = R¢,x, we estimate as

Qb(x’ xn) = ¢(33> chl‘) S (b(xv Z) - (ZS(RCnxv Z) S (b(l’, Z),

for all z € F;(Q)NGEP(By,Gy) C Cp, k= 1,2. Implies that {¢(x, x,,)} is bounded.
Therefore by (6) {z,} is bounded. Furthermore, {z,} is bounded implies that {w,}
is bounded. By considering .41 = Re,,, v € Chyq C Cy, 7, = Re,x € C, and
using Lemma 2.3 (ii), we obtain

o(z,x,) < o(x,2441), Vn € N.

Implies that lim ¢(x,x,) exists. Furthermore, from Lemma 2.3 (ii) and z, =
n—oo
Re,x, Ym,n € N with m > n, we get that

O(Tn,tm) = O(Reo,x,xm) < ¢z, 2,) — é(z, Ro, )
= o(x,xn) — oz, 2,) — 0 as n — 0.

Now by Lemma 2.1, we have || z,, — x,, ||[— 0 as m,n — oo. Thus, {z,} is a
Cauchy sequence in C' and this Implies that

lim | 241 =, =0, (1)

Furthermore, since {x,} is Cauchy in C, then there exists a point z* € C such
that z,, — 8.
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Step 4 : We show that z* € F;(£2). Now, we observe from the definition of w,
that

| wn — 0 ||=]] On(zn — 2na) |IS|| @0 — 20 || -

Using (14), we have

lim || w, —x, ||=0. (15)
n—oo
From the fact that {w,} is bounded and by Remark 2.11, we obtain
nll_{go(b(wn, x,) = 0. (16)

By (14) and (15), we arrive at
s || s = [= 0 n
Also, from Remark 2.11, we get
lim ¢(zp11,w,) = 0. (18)
n—oo

From the definition of ), and x,,1, we have
¢(xn+17 un) S (b(anrl; wn)
By (18), we obtain
lim ¢(xpa1,u,) = 0.
n—oo
Taking the advantage of Lemma 2.1, we have
i || s = = 0. (19
From (17) and (19), we conclude that
lim || w, —u, |[|=0. (20)
n—oo

From the fact that J is uniformly continuous on bounded subsets of £ and by
(20), we obtain

lim || Jw, — Ju, ||=0. (21)
n—oo
Similarly, by the definition of C),; and x,1, we have
O(Tnt1,Yn) < A(Tngr, wy).
Using (18), we get that
lim ¢(241,yn) = 0.
n— oo
From Lemma 2.1, we obtain

lim H Tn+1 — Yn ||: 0. (22>
n—o0
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By (14) and (22), we arrive at
lim ||z, —yn ||= 0. (23)
n—oo
It follows from (13) that

0 < BSala/?;g(H Jw, — annH) < gb(zawn) - gb(zvun)
< 2||Z|| . H Jw, — Juy ||+||wn_un || M,

for some M > 0. By (20), (21) and the properties of g, we conclude that

lim || Jw, — T,w, ||=0.
n—oo

From the fact that {7},}°2, satisfies the N.ST condition with €2, we get that
lim || Jw, — Tw, ||=0, YT € Q.

n—oo

Since x,, — z*, (as n — o0), it follows from (15 that w,, — z* € C. Therefore
assume that (J, o T)w, — y*, from the fact that T is J,— closed, we have y* =
(J. o T)x*. Taking the advantage of J as uniformly continuous on bounded subsets
of E, we get Jw,, — Jx* and J(J, o T)w, — Jy* (as n — oo0). Thus

lim || Jw, — J(J. o Tw, |=| Jw, — Tw, ||=0, VT € Q.

n—oo

Implies that
|Jz* — Jy*|| = || Jz* — J(Je o T)z™|| = || Ja* — T'z"|| = 0.

Hence

"€ Fi(Q).
Step 5 : We show that ©* € N"GEP(By, Gy) = F(Ty,), k=1,2. Let z € I, from

the fact that z, = T} ,,vy, and Lemma 2.7, we estimate as follows:
Oz, yn) = O(Tir,Yn,Un)

< 0(z,9n) — (2, T1r,Yn)

= w(z,yn) — @(2, 7). (24)
Now, since wy, z, — x* ( as — o0), then it follows from (20) and (23) that

u, — x* and y, — x* ( as n — oo) respectively. It also follows from (10), (?7)
and (13) that

¢(2,un) < Br(2, wn) + B2g(2, 2n) + B3¢(2, wn) < G(2,wp). (25)

Since up,w, — z* ((as n — oo0) and by (25), we conclude that ¢(z,z,) —
¢(z,2*) as n — o0. Since y, — x* as n — oo, from (24), we have ¢(z,y,) —
&(2, z,) —> 0 as n — oo. This implies that

lim ¢(zp, y,) = 0.
n—oo



54 UMAR

By Lemma 2.1, we get
lim || z, — y, ||= 0. (26)
n—oo

Also, since y, — =* as n — oo, by (26) z, — z* as n — oo. From uniformly

continuity of J on bounded subsets of E together with (26), we arrive at lim ||
n—oo

Jzn — Jyn ||= 0 as n — oo. Taking the advantage of r,, € [a,c0), we obtain
Jzn — Jyn
lim L5 =l _ (27)
n—00 Tn
We note from z,, = T} ,,y, that

1
<G1yn7y - Zn> + r_<y — Zn, Jzn - Jyn> Z _Bl(Jzna Jy)a Vy € C

n

By (L2), we observe that

1
<G1yn>y - Zn) + T_<y — Zn, Jzn - Jyn) 2 —Bl(JZn, Jy) Z Bl(Jya Jzn)a vy € C

n

Implies that

1 Jzn — Jy,,
(Crgnry = 2}y = 20, =) 2 Bu(Jy, Jza), Wy €O (28)

n Tn

Consider § € (0,1] and y € C, let yf = 0Jy + (1 —¢)Jz*. Using the fact that JC
is convex, we have yf € JC. Then, it follows from (28)

(G1y5, Y5 — 2n) — (G1Y5, Y5 — 2n)

N . Jzp — Jyn .
> —(G1Yn, Ys — Zn) — <y§ — Zn, 7“—> + Bl(yéa J2y).
This implies that
<G1y;7y§ - Zn>
* * * * JZTL - ']yn *
2<G1y5>y6 - Zn> - <G1ynvy5 - 2n> - <y5 — Zn, —> + Bl(y6> Jzn)
=(G1y5 — G12n, Y5 — 2n) + (G120 — G1Yn, Y5 — Zn) — (Y5 — Zn, r—>

+ Bi(ys5, Jzn)-
Since zy,, Yy, — =* ‘( as n — 00) and from the continuity of G, we have
Gizp, — Gy, — 0 as n — oo (29)
Taking the advantage of G; as monotone, we obtain
(Gry; — G120, Y5 — 2n) > 0.
It follows from (27), (29) and (L4) that
Bi(ys, Jo*) <lminf By (y5, Jz,) < T (Grys, g5 — zn) = (Grys, v — 27).
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By (L1) and (L4), we obtain the following estimate:

0 = Bi(ys,y;)
< 0Bi(ys, Jy) + (1 = 0)Bi(ys, J2¥)
< 0Bi(ys, Jy) + (1 = 6)(Grys,y5 — 7)
< 0Bi(ys, Jy) + (1 = 0)(Grys, 0y + (1 — §)a™ — a¥)
= 0Bi(y;5, Jy) + (1 = 0)(Grys,y — 7),

therefore
Bi(ys, Jy) + (1 = 0)(Grys,y —2*) > 0, Yy € C.
Letting 6 — 0, we obtain
Bi(Jx*, Jy) + (Gia*,y — x*) > 0, Vy € C.

Hence, we have Jz* € JGEP(By,G;), which implies that 2* € GEP(By, Gy).
Similarly, by considering z € I', w,, = T5,,y, and using similar argument, one can
show that Jz* € JGEP(By,G3). Also, by applying similar argument, one can also
show that z* € GEP(By, Gy.), k = 1,2. Therefore z* € N;_,GEP(By, Gy,).

Step 6 : We show that z* = Rrx. By considering Lemma 2.3(ii), we have

¢(x, Rrr) < ¢(x,x7) — ¢(Rra, 2%) < o(x, 27). (30)

Also, it follows from the definition of z,,+; = R, x, Lemma 2.3(ii) and 2* € I' C
C,, that

(2, 7n11) < 9@, 0p1) + A(Tngr, Bro)
¢<17, RCn+1x) + ¢(ch+1x7 RFI)
< ¢(x, Rrx).

Taking the advantage of x,, — x* as n — oo and by taking the limits on both
side of the last inequality, we arrive at

¢(z,2") < ¢(z, Rra). (31)
Also, by considering the inequalities (30) and (31), we get that
¢($, $*) = Qb(![', er')

By the uniqueness of Rr from Lemma 2.5, we conclude that x* = Rrx. This
completes the proof. O
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4. Applications

Corollary 4.1. Let E be a uniformly smooth and uniformly convex real Banach
space E with E* as the dual space of E. Let C be a nonempty closed and convex
subset of E such that JC' is closed and convex. Let B : JC x JC — R, be a
bifunctions satisfying (L) — (Ly) and G : C — E* be a continuous monotone
mappings. Let T : C' — E*, be a generalized J,—nonexpansive mapping such that
' :== F;(Q) N GEP(B,G) # (. Assume that JF;(Q) is conver. Let {x,} be a
sequence generated by (8), then {x,} converges strongly to Rrx, where Rr is the
sunny generalized nonexpansive retraction of E onto I

PRrROOF. Letting T;, := T for all n € N, consider B := By and G := G, for any
k = 1,2,..,p. Since {T,,} satisfies the NST—condition with {T'} by Remark 2.5.
Then, we obtain the desired result from Theorem 8. O]

Corollary 4.2. Let E be a uniformly smooth and uniformly convex real Banach
space E with E* as the dual space of . Let C be a nonempty closed and convex subset
of E such that JC' s closed and convex. Let By, By : JC X JC — R, k=1,2,...,p
be a finite family of bifunctions satisfying (Ly) — (L), T, : C — E*, n = 1,2,5,
... be an infinite family of generalized J,—nonexpansive mappings and €2 be a family
of J,— closed and generalized J,—nonexpansive mappings from C to E* such that
M Fy(Ty) = Fy(Q) # 0 and T := F;(Q) N [N?_, GEP(By, Gi)] # 0. Assume
that JF;(QY) is conver and {T,} satisfies the NST—condition with Q. Let {z,} be
a sequence generated by (8), then {x,} converges strongly to Rrx, where Ry is the
sunny generalized nonexpansive retraction of E onto T'.

PRrROOF. Letting G = 0 for any k = 1,2,...,p, in Theorem 8, we obtain the
desired result. O

Corollary 4.3. Let E = H be a Hilbert space and C' be a nonempty closed and
convexr subset of H. Let B;,By : C x C — R, k = 1,2,....,p be a finite fam-
ily of bifunctions satisfying (L1) — (Ly) and G1,Gy : C — H be a finite family
of continuous monotone mappings. Let T,, : C — H, n = 1,2,3, ... be an infi-
nite family of nonexpansive mappings and €2 be a family of closed and generalized
nonexpansive mappings from C to H such that N2, F(T,) = F(Q) # 0 and T :=
F(Q)N [ni_, GEP(By,Gy)] # 0. Assume that {T,} satisfies the N.ST— condition
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with Q. Let {z,} generated by the following iterative process

(o, =x€C, C,=C,
Wy = Ty, + Qn(xn - xn—l);
Yn = O Wy, + oWy, + asTwy,
1
Zn D Bi(2n,y) + (G1Yn, Yy — 2n) + T—(y — ZnyZn — Yn) >0, Yy € C,

n

1
Wy 3 Bo(wp, y) + (GoYn, Yy — wy) + r—(y — Wn, Wy — Yn) >0, Yy € C,
Un, :51wn+ﬁ22n+ﬁ3wna
Cor={ueCp:llu—u, <] u—w,)] },
Tni1 = Po, . x, Yn € N,

\ n+1

where ay,an, a3 € (0,1) and By, Ba, s € (0,1) satisfying ag + s + a3 = 1 and
p1+ B2 + Ps = 1 respectively. 0, C (0,1) and {r,} C [a,00) for some a > 0. We
shall define

1
Trr(z) :={u € C: Br(u,y) + (Grzr,y — u) + ;(y —u,u—2x) >0, Vy e C}

for all x € E, k = 1,2. Then, {x,} converges strongly to Prx, where Pr is the
metric projection of H onto I'.

PROOF. By the framework of Hilbert space, for all z,y € H, ¢(x,y) =|| v —y ||

with J as identity mapping. Then, the desired result follows from Theorem 8. [
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