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Existence and stability results for discrete

fractional three-point boundary value problems

Buse Eralp Işiksungur and Fatma Serap Topal∗

Abstract. In this study, firstly we obtain the existing results for the following

three-point boundary value problem

−∇µ+1y(t) = Ay(t) + f(t, y(t)), t ∈ Nb
a+2

y(a+ 1) = 0, y(b) = δ∇y(ν)

0 < µ < 1, A : C(Nb
a+2,R) −→ R, f : Nb

a+2 × R −→ R, by using the Brouwer

fixed point theorem and the Banach fixed point theorem. Furthermore, we have

established the stability of this problem in the sense of Hyers and Ulam. Examples

are given which illustrate the effectiveness of the theoretical results.

1. Introduction

The study of discrete fractional differential equations has garnered considerable

attention in recent years due to its relevance in modelling phenomena with memory

effects and long-range dependencies [1, 8, 17, 18, 19, 20]. In particular, the

investigation of discrete fractional three-point boundary value problems (BVPs)

stands as a crucial endeavour in understanding the dynamics of discrete systems

with fractional derivatives.
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This paper delves into exploring the existence of solutions for discrete fractional

three-point BVPs, shedding light on fundamental aspects of discrete fractional calcu-

lus. The formulation of such problems involves discrete fractional derivatives, which

capture the fractional order dynamics of the system, coupled with boundary condi-

tions specified at three distinct points. The intricate interplay between discretiza-

tion and fractional calculus adds layers of complexity, analyzing these problems both

challenging and intellectually rewarding.

The significance of studying discrete fractional three-point BVPs lies in their

applicability across various fields, including mathematical physics, engineering, and

computational sciences. These problems arise in diverse contexts, such as numerical

approximations of fractional differential equations and the modelling of discrete

systems exhibiting memory effects.

In this research, we aim to establish conditions for the existence of solutions to

discrete fractional three-point BVPs using advanced mathematical techniques and

theoretical analyses. By leveraging concepts from discrete fractional calculus and

boundary value problem theory, we seek to provide insights into the behaviour of

solutions and the underlying dynamics of the systems under consideration [2, 3, 4,

5, 6, 7, 10, 11, 12, 14, 16, 20, 21, 22].

Furthermore, the outcomes of this study hold potential implications for practical

applications, ranging from signal processing and image analysis to population dy-

namics and control theory. The exploration of discrete fractional three-point BVPs

not only advances the theoretical understanding of fractional calculus but also paves

the way for innovative approaches to addressing real-world challenges.

In the realm of functional equations theory, stability analysis stands out as a

crucial and intriguing area of research. Stability, a fundamental property in mathe-

matical analysis, holds paramount importance across numerous fields of engineering

and science. Ulam-Hyers stability for differential equations was initialed in the 1940s

by Ulam and Hyers. Roughly speaking, the Ulam-Hyers stability for a differential

equation is the answer to the question whether there is an exact solution near an

approximate solution to the differential equation. So it is obviously important for

the study of numerical and approximate solutions and real world applications of

differential equations. For this reason, numerous researchers have explored various

aspects of Ulam-Hyers stability, addressing problems related to fractional integrals

and fractional differential equations. These investigations have employed a multi-

tude of techniques, as documented in [9, 13, 15, 23, 24, 25] and the accompanying

references. Nevertheless, there are only a few works on the stability of fractional

differential equations.
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Our goal is to obtain the existence and stability results of solutions for the

following DFBVP (1)-(2), as shown

−∇µ+1y(t) =Ay(t) + f(t, y(t)), t ∈ Nb
a+2 (1)

y(a+ 1) =0, y(b) = δ∇y(ν), (2)

where 0 < µ < 1, A : C(Nb
a+2,R) −→ R, f : Nb

a+2 × R −→ R.
We organize the rest of this paper as follows. In Preliminaries, we will present

some definitions and background results. For sake of convenience, we will also state

the fixed point theorems. Considering the Green’s function for this DFBVP, we will

give some existence results in Section 3. Section 4 is devoted to show a generalized

stability. The paper is ended by an example illustrating our results.

2. Preliminaries

In this section, we collect some basic definitions and lemmas for manipulating

discrete fractional operators. For any real number β, let Nβ = {β, β+1, β+ ...} and

we define tk =
Γ(t+ k)

Γ(t)
for any t, k ∈ R. If n ∈ N then tn := t(t+ 1) · · · (t+ n− 1).

Lemma 2.1. Let n and N be nonnegative integers. Then

Γ(−n)

Γ(−N)
= (−1)N−nN !

n!
.

Also, if t is a nonpositive integer and t + r is not a nonpositive integer, then

tr =
Γ(t+ r)

Γ(t)
= 0.

Theorem 2.2. The following equality hold

∇(t+ a)n = n(t+ a)n−1, t ∈ R

for values of n ∈ N and a ∈ R.

Definition 2.1. We define the nabla Taylor monomials, Hn(t, a), n ∈ N0 by

H0(t, a) = 1, t ∈ Na and

Hn(t, a) =
(t− a)n

n!
, t ∈ Na−n+1

for n ∈ N0.

Definition 2.2. Let µ ̸= −1,−2, ... we define µ-th order nabla fractional Taylor

monomial, Hµ(t, a), by

Hµ(t, a) =
(t− a)µ

Γ(µ+ 1)
(3)

whenever the right hand side of the equation (3) makes sense.
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Definition 2.3. Let f : Na+1 −→ R be given and µ ∈ R+, then

∇−µ
a f(t) :=

t∫
a

Hµ−1(t, ρ(s))f(s)∇s

for t ∈ Na, where by convention ∇µ
a(a) = 0.

Definition 2.4. Let f : Na−N+1 −→ R, µ ∈ R+ and N − 1 < µ ≤ N . Then we

define µ-th nabla fractional difference ∇µ
af(t) by

∇µ
af(t) := ∇N∇−(N−µ)

a f(t).

Definition 2.5. Assume f : Na−N+1 −→ R, µ ∈ R+ and N − 1 < µ ≤ N . Then

we define µ-th Caputo nabla fractional difference of f is defined by

∇µ
a∗f(t) := ∇−(N−µ)

a ∇Nf(t), t ∈ Na+1

where N := ⌈µ⌉.

Theorem 2.3. Assume µ > 0 and N − 1 < µ ≤ N . Then a general solution of

∇µ
ax(t) = 0 is given by

x(t) = c1Hµ−1(t, a) + c2Hµ−2(t, a) + ...+ cNHµ−N(t, a),

for ck ∈ R and t ∈ Na.

The following fixed point theorems are fundamental and important to the proof

of our main results.

Theorem 2.4. (Banach Fixed Point Theorem) Let A be a contraction mapping

from a closed subset K of a Banach space X into K. Then there exists a unique

fixed point x in K such that T (x) = x.

Theorem 2.5. (Brouwer Fixed Point Theorem) Let K be a nonempty compact

(closed and bounded) convex set in a Banach space and A : K → K is a continuous

self mapping. Then A has (at least) one fixed point in K.

3. Main Results

In this section, we prove the existence of solutions of the DFBVP (1)-(2) by

using Theorem 2.4 and Theorem 2.5. To prove the main results, we will employ

following lemma and theorems.

Lemma 3.1. The homogeneous boundary value problem −∇µ+1
a y(t) = 0, t ∈

Nb
a+2 with the boundary condition (2) has only the trivial solution if and only if

−1 +
b∑

τ=a+2

(τ − a)µ−1

Γ(µ)
− δ

(ν − a)µ−1

Γ(µ)
̸= 0.
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Proof. If −∇µ
a(∇y)(t) = 0, then it follows from Theorem 2.3 that

∇y(t) =c1
(t− a)µ−1

Γ(µ)

y(t)− y(a) =
t∑

τ=a+1

c1
(τ − a)µ−1

Γ(µ)
.

If y(a) = c0, then y(t) = c1

t∑
τ=a+1

(τ − a)µ−1

Γ(µ)
+c0, where (τ−a)µ−1 =

Γ(τ − a+ µ− 1)

Γ(τ − a)
.

Thus we get

y(a+ 1) = c1
Γ(a+ 1− a+ µ− 1)

Γ(a+ 1− a)Γ(µ)
+ c0

= c1
Γ(µ)

Γ(1)Γ(µ)
+ c0 = c1 + c0

and

∇y(a+ 1) = c1
Γ(a+ 1− a+ µ− 1)

Γ(µ)Γ(a+ 1− a)

= c1
Γ(µ)

Γ(µ)
= c1.

Since y(a+ 1) = 0, we have

c1 + c0 = 0.

Similarly, using the second boundary condition γy(b) + δ∇y(ν) = 0, we get

c1

(
b∑

τ=a+1

(ν − a)µ−1

Γ(µ)
− δ

(ν − a)µ−1

Γ(µ)

)
+ c0 = 0.

Let we consider the system for c0 and c1 and we define the number

∆ := −1 +
b∑

τ=a+1

(τ − a)µ−1

Γ(µ)
− δ

(ν − a)µ−1

Γ(µ)
. (4)

Hence the solution y(t) is nontrivial (i.e. c0 and c1 are not both equal to zero) if

and only if ∆ ̸= 0. □

Theorem 3.2. Assume that ∆, as defined by (4), is not zero. Then the Green’s

function for the DFBVP (1-2) is given by

G(t, s) =

{
G1(t, s), s ≤ ν,

G2(t, s), s ≥ ν + 1,
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where

G1(t, s) =


−x(t, ρ(s)) +

1

∆
(x(t, a)− 1)

(
x(b, ρ(s))− δ

(ν − s+ 1)µ−1

Γ(µ)

)
, s ≤ t,

1

∆
(x(t, a)− 1)

(
x(b, ρ(s))− δ

(ν − s+ 1)µ−1

Γ(µ)

)
, s ≥ t+ 1,

and

G2(t, s) =


−x(t, ρ(s)) +

1

∆
(x(t, a)− 1)x(b, ρ(s)), s ≤ t,

1

∆
(x(t, a)− 1)x(b, ρ(s)), s ≥ t+ 1.

such that x(t, ρ(s)) =
t∑

τ=s

(τ − ρ(s))µ−1

Γ(µ)
.

Proof. Suppose that y(t) is a solution of the non-homogeneous boundary value

problem −∇µ
a(∇y)(t) = h(t), t ∈ Nb

a+2 with the boundary condition (2). Then

x(t) = (∇y)(t) solves the initial value problem

−∇µ
ax(t) = h(t)

x(a+ 1) = y(a+ 1)− y(a).

The solution of this initial value problem has the form

x(t) = −∇−µ
a h(t) + c1

(t− a)µ−1

Γ(µ)
.

Hence we have that

∇y(t) = −
t∑

s=a+1

(t− ρ(s))µ−1

Γ(µ)
h(s) + c1

(t− a)µ−1

Γ(µ)
.

We sum both sides from a+ 1 to t to get

y(t)− y(a) = −
t∑

τ=a+1

(
τ∑

s=a+1

(τ − ρ(s))µ−1

Γ(µ)
h(s)− c1

(τ − a)µ−1

Γ(µ)

)
.

Letting y(a) = c1 and interchanging sums, we obtain

y(t) = −
t∑

s=a+1

t∑
τ=s

(τ − ρ(s))µ−1

Γ(µ)
h(s) + c1

t∑
τ=a+1

(τ − a)µ−1

Γ(µ)
+ c0

= −
t∑

τ=a+1

x(t, ρ(s))h(s) + c1x(t, a) + c0.
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Now, we will use the boundary value conditions to obtain formulas for the con-

stants c0 and c1. Since

y(a+ 1) = −x(a+ 1, a)h(a+ 1) + c1x(a+ 1, a) + c0

= c0 − h(a+ 1) + c1

and

∇y(a+ 1) = c1 − h(a+ 1),

we have that

c0 − h(a+ 1) + c1 = 0.

Since h : Nb
a+2 −→ R, we extend the domain of h by letting h(a + 1) = 0.

Rewriting this equation to collect the terms involving c0 and c1, we obtain

c0 + c1 = 0. (5)

Since

y(b) = −
b∑

s=a+1

x(b, ρ(s))h(s) + c1x(b, a) + c0

and

∇y(ν) = −
ν∑

s=a+1

(ν − ρ(s))µ−1

Γ(µ)
h(s) + c1

(ν − a)µ−1

Γ(µ)
,

we have that (
−

b∑
s=a+1

x(b, ρ(s))h(s) + c1x(b, a) + c0

)

− δ

(
−

ν∑
s=a+1

(ν − ρ(s))µ−1

Γ(µ)
h(s) + c1

(ν − a)µ−1

Γ(µ)

)
= 0

and so

c1

(
x(b, a)− δ

(ν − a)µ−1

Γ(µ)

)
+ c0 =

b∑
s=a+1

x(b, ρ(s))h(s)− δ
ν∑

s=a+1

(ν − ρ(s))µ−1

Γ(µ)
h(s)

(6)

From (5), we find

c1 = −c0

and substituting this in to (6), we obtain

c1

(
x(b, a)− δ

(ν − a)µ−1

Γ(µ)
− 1

)
=

b∑
s=a+1

x(b, ρ(s))h(s)− δ
ν∑

s=a+1

(ν − ρ(s))µ−1

Γ(µ)
h(s)
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and so

c1

(
−1 +

b∑
τ=a+1

(τ − a)µ−1

Γ(µ)
− δ

(ν − a)µ−1

Γ(µ)

)
=

b∑
s=a+1

x(b, ρ(s))h(s)

− δ

ν∑
s=a+1

(ν − s+ 1)µ−1

Γ(µ)
h(s),

thus we get

c1 =
1

∆

(
b∑

s=a+1

x(b, ρ(s))h(s)− δ
b∑

s=a+1

(ν − s+ 1)µ−1

Γ(µ)
h(s)

)
.

Using this, we have

c0 = − 1

∆

(
b∑

s=a+1

x(b, ρ(s))h(s)− δ
ν∑

s=a+1

(ν − s+ 1)µ−1

Γ(µ)
h(s)

)
.

Because ∆ ̸= 0, both of these constants are well defined. Thus we have

y(t) =−
t∑

s=a+1

x(t, ρ(s))h(s) +
1

∆

(
b∑

s=a+1

x(b, ρ(s))h(s)− δ
ν∑

s=a+1

(ν − s+ 1)µ−1

(µ)
h(s)

)
x(t, a)

− 1

∆

(
b∑

s=a+1

x(b, ρ(s))h(s)− δ
ν∑

s=a+1

(ν − s+ 1)µ−1

Γ(µ)
h(s)

)

=−
t∑

s=a+1

x(t, ρ(s))h(s) +
1

∆

ν∑
s=a+1

(x(t, a)− 1)

(
x(b, ρ(s))− δ

(ν − s+ 1)µ−1

Γ(µ)

)
h(s)

+
1

∆

b∑
s=ν+1

(x(t, a)− 1) γx(b, ρ(s))h(s)

=
b∑

s=a+1

G(t, s)h(s),

where

G(t, s) =

{
G1(t, s), s ≤ ν,

G2(t, s), s ≥ ν + 1,

such that

G1(t, s) =


−x(t, ρ(s)) +

1

∆
(x(t, a)− 1)

(
x(b, ρ(s))− δ

(ν − s+ 1)µ−1

Γ(µ)

)
, s ≤ t,

1

∆
(x(t, a)− 1)

(
x(b, ρ(s))− δ

(ν − s+ 1)µ−1

Γ(µ)

)
, s ≥ t+ 1,
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and

G2(t, s) =


−x(t, ρ(s)) +

1

∆
(x(t, a)− 1) γx(b, ρ(s)), s ≤ t,

1

∆
(x(t, a)− 1)x(b, ρ(s)), s ≥ t+ 1.

Here,

x(t, ρ(s)) = x(t, s− 1) =
t∑

τ=s

(τ − ρ(s))µ−1

Γ(µ)
=

t∑
τ=s

Hµ−1(τ, ρ(s))

and

∆ = −1 +
b∑

τ=a+1

(τ − a)µ−1

Γ(µ)
− δ

(ν − a)µ−1

Γ(µ)
.

In other words,

G1(t, s) =


−

t∑
τ=s

Hµ−1(τ, ρ(s)) +
K(t)

∆

(
γ

b∑
τ=s

Hµ−1(τ, ρ(s))− δHµ−1(ν, ρ(s))

)
, s ≤ t,

K(t)

∆

(
b∑

τ=s

Hµ−1(τ, ρ(s))− δHµ−1(ν, ρ(s))

)
, s ≥ t+ 1,

(7)

and

G2(t, s) =


−

t∑
τ=s

Hµ−1(τ, ρ(s)) +
K(t)

∆
Hµ−1(b, ρ(s)), s ≤ t,

K(t)

∆
Hµ−1(b, ρ(s)), s ≥ t+ 1,

where K(t) = Hµ(t, a)− 1. □

Lemma 3.3. The boundary value problem (1)-(2) has a solution

y(t) =
b∑

a+1

G(t, s)(Ay(s) + f(s, y(s))),

where G(t,s) is given in (7).

Lemma 3.4. For all t, s ∈ Nb
a+1, the Green’s function G(t, s) satisfies the fol-

lowing inequality

|G(t, s)| ≤ M,

where M = Hµ(b, a) +
Hµ(b, a)− 1

∆
Hµ(b, a).
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Proof. Because of Hµ(b, a) > Hµ−1(b, a) > Hµ−1(ν, a) and 1 > δ, we get

Hµ(b, a) > δHµ−1(ν, a) and so Hµ(b, a)− δHµ−1(ν, a) > 0. Thus, for all t, s ∈ Nb
a+1,

we have

|G(t, s)| ≤ Hµ(t, ρ(s)) +
Hµ(t, a)− 1

∆
Hµ(b, ρ(s))

≤ Hµ(b, a) +
Hµ(b, a)− 1

∆
Hµ(b, a)

= Hµ(b, a)

{
1 +

Hµ(b, a)− 1

∆

}
.

□

Let we define T : C[a, b]Na+2 → C[a, b]Na+2 by

Ty(t) =
b∑

a+1

G(t, s)(Ay(s) + f(s, y(s))). (8)

If y ∈ (C[a, b]Na+2 ,R) then Ty(t) ∈ (C[a, b]Na+2 ,R). Before stating the main

results, we introduce the following assumptions;

(H1) For all t ∈ Nb
a+2, f(t, y) is a continuous function with respect to y, and

there exists a constant L ∈ R+ such that

|f(t, y1)− f(t, y2)| ≤ L1|y1 − y2|

(H2) For all t ∈ Nb
a+2, and y1, y2 ∈ R, there exists a constant N ∈ N+ such that

|Ay1(t)− Ay2(t)| ≤ N1|y1 − y2|

(H3) For all t ∈ Nb
a+2 and y ∈ R, f(t, y) is a continuous function with respect

to y and there exists a constants L2 ∈ R+ such that

max
(t,y)∈Nb

a+2×[−R,R]
|f(t, y)| ≤ L2,

where R ∈ R+.

(H4) For all t ∈ Nb
a+2 and y ∈ R, Ay(t) is a continuous function and there exists

a constant N2 ∈ R+ such that

|Ay(t)| ≤ N2.

Consider the Banach space

E = {y : y(t) ∈ C[a, b]Na+2}

with the norm

∥y∥ = sup
t∈Nb

a+2

{|y(t)|}.

Theorem 3.5. Suppose the validity of the conditions (H1)-(H2). If M(L1 +

N1)(b− a) < 1, then the problem (1) and (2) has a unique solution.
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Proof. Consider the operator T : C[a, b]Na+2 → C[a, b]Na+2 defined (8) are the

solutions of the problem (1)-(2). Now consider for all t ∈ Nb
a+2

|Ty1(t)− Ty2(t)| =

∣∣∣∣∣
b∑

s=a+1

G(t, s)(Ay1(s) + f(s, y1(s)))−
b∑

s=a+1

G(t, s)(Ay2(s) + f(s, y2(s)))

∣∣∣∣∣
≤

b∑
s=a+1

|G(t, s)|(|Ay1(s)− Ay2(s)|+ |f(s, y1(s))− f(s, y2(s))|)

≤
b∑

s=a+1

|G(t, s)|(N1 ∥y1 − y2∥+ L1 ∥y1 − y2∥)

≤M(b− a)(L1 +N1) ∥y1 − y2∥ .

Thus, we get

∥Ty1 − Ty2∥ ≤ M(b− a)(L1 +N1) ∥y1 − y2∥ ,

where M is given Lemma 1.2. Thus, T is a contraction mapping on C[a, b]Na+2

with the contraction constant M(L1 +N1)(b− a). By applying Banach Fixed Point

Theorem, we can say that the operator T has a unique fixed point on C[a, b]Na+2

which implies the problem (1)-(2) has a unique solution in C[a, b]Na+2 . □

Theorem 3.6. Suppose that the conditions (H3)-(H4) are satisfied. Then the

problem (1)-(2) has a solution, if there exists an R ∈ R+ such that (N2 +L2)M(b−
a) ≤ R

Proof. Consider the set

BR = {y ∈ C[a, b]Na+2 −→ R, ∥y∥ ≤ R}.

Clearly, BR is a nonempty, compact, convex subset of R. Let T be an operator

as defined in (8). It is clear that T is a continuous operator. Now consider,

∥Ty(t)∥ ≤
b∑

s=a+1

|G(t, s)|(|Ay(s)|+ |f(s, y(s)|)

≤(N2 + L2)
b∑

s=a+1

|G(t, s)|

≤(N2 + L2)M(b− a)

≤R.

Thus, ∥Ty∥ ≤ R and T : BR −→ BR. It follows at once by Brouwer fixed point

theorem, that exist a fixed point of T, such that ∥y∥ ≤ R. □
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4. Generalized Ulam Stabilities

In this section, we presents a theorem showing the problem (1)-(2) admits both

Ulam-Hyers and generalized Ulam-Hyers stabilities. By using the sum

x(t) =
b∑

a+1

G(t, s)(Ax(s) + f(s, x(s))) (9)

we discuss the Ulam Stability, here x(t) ∈ (C[a, b]Na+2 ,R) and A : C(Nb
a+2,R) −→

R, f : Nb
a+2 × R −→ R are continuous functions. Then we define the nonlinear

continuous operator.

P : C(Nb
a+2,R) −→ C(Nb

a+2,R)

as follows

Px(t) = −∇µ+1x(t)− Ax(t)− f(t, x(t)).

Definition 4.1. For each ε > 0 and for each solution x(t) of (1), such that

∥Px∥ ≤ ε, (10)

the problem (1), is said to be Ulam-Hyers stability if we can find a positive real

number ν and a solution y(t) ∈ (C[a, b]Na+2 ,R) of (1) satisfying the inequality

|y − x| ≤ νε∗

where ε∗ is a positive real number depending on ε.

Definition 4.2. Let m ∈ C(R+,R+) such that

|y(t)− x(t)| ≤ m(ε), t ∈ Nb
a+2.

Then the problem (1) is said to be generalized Ulam-Hyers stable.

Theorem 4.1. Under assumptions (H1)-(H2), with the problem (1)-(2) is both

Ulam-Hyers and generalized Ulam-Hyers stable.

Proof. Let y ∈ C(Nb
a+2,R) be a solution of (1)-(2) in the sense of Theorem

3.5. Let x be any solution satisfying (10). Lemma 3.3 implies the equivalence

between the operators P and T − Id (where Id is the identity operator) for every

solution x ∈ C(Nb
a+2,R) of (1)-(2) satisfying. Therefore, we deduce by the fixed
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point property of the operator T that∣∣y(t)− x(t)
∣∣ =∣∣y(t)− Tx(t) + Tx(t)− x(t)

∣∣
=
∣∣x(t)− Tx(t) + Tx(t)− Ty(t)

∣∣
≤
∣∣Tx(t)− Ty(t)

∣∣+ ∣∣Tx(t)− x(t)
∣∣

≤∥Tx− Ty∥+ ∥Tx− x∥
<M(b− a)(L1 +N1) ∥x− y∥+ ∥(T − I)x∥
=M(b− a)(L1 +N1) ∥x− y∥+ ∥Px∥
≤M(b− a)(L1 +N1) ∥x− y∥+ ε.

Because M(b− a)(L1 +N1) < 1 and ε > 0, we find

|x− y| ≤ ε

1−M(b− a)(L1 +N1)
= m(ε).

Fixing ε∗ =
ε

1−M(b− a)(L1 +N1)
and ν = 1, we obtain Ulam-Hyers stability

condition. In adition, the generalized Ulam Hyers stability follows by taking m(ε) =
ε

1−M(b− a)(L1 +N1)
. □

Example 4.1. Consider the following DFBVP

−∇
7
6
1 y(t) = exp(3− t2) arctan y(t) +

√
t

104
cos y(t), t ∈ N21

3 (11)

y(2) = 0, y(21) =
1

5
∇y(4), (12)

where δ = 1
5
, a = 1, b = 21, ν = 4, Ay(t) = exp(3− t2) arctan y(t) and f(t, y(t)) =√

t

104
cos y(t). By a straightforward calculation, we see that M ∼= 50. Since

|f(t, y1)− f(t, y2)| ≤
√
t

104
| cos y1(t)− cos y2(t)| ≤

√
21

104
|y1 − y2|

and

|Ay1(t)− Ay2(t)| ≤ exp(3− t2)| arctan y1(t)− arctan y2(t)| ≤ e−6|y1 − y2|,

conditions (H1) and (H2) are satisfied with L1 =

√
21

104
and N1 = e−6.

Then the DFBVP (11)-(12) has a unique solution, provided that M(L1+N1)(b−
a) ∼= 50(0.000458+0.000237)20 = 0.06 < 1, by using Theorem 3.5. Also the DFBVP

(11)-(12) is both Ulam-Hyers and generalized Ulam-Hyers stable by Theorem 4.1.
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5. Conclusion

Our study has provided significant insights into the existence and stability of

solutions for discrete fractional three-point boundary value problems. Through a

rigorous analysis and application of various mathematical techniques, we have es-

tablished several key results.

These findings shed light on the practical implications of the studied problems

in various fields, including engineering, physics, and biology. The ability to accu-

rately predict and control the behavior of discrete fractional systems is invaluable

for designing efficient and robust solutions to real-world problems.

In summary, our research contributes to the advancement of knowledge in the

field of discrete fractional calculus by providing rigorous theoretical results and prac-

tical insights into the behavior of three-point boundary value problems. We believe

that our findings will inspire further research in this area and facilitate the develop-

ment of innovative applications with significant societal impact.
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