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On some classes of invariant submanifolds of

Kenmotsu manifolds

M.S. Siddesha∗ and C.S. Bagewadi

Abstract. This paper focuses on investigating invariant submanifolds within

Kenmotsu manifolds. Specifically, it explores cases where these submanifolds meet

the Tachibana conditions related to the parallel second fundamental form, prod-

ucts involving the Riemannian and conformal curvature tensors, and the Ricci

curvature tensor along with Riemannian metrics. Under specific conditions, it has

been demonstrated that these invariant submanifolds will exhibit the characteris-

tic of being totally geodesic.

1. Introduction

In 1972, Kenmotsu [11] introduced a distinctive category of almost contact met-

ric manifolds characterized by negative curvature. These structures, termed Ken-

motsu manifolds, have captured the attention of various researchers. Notable studies

on these Kenmotsu manifolds have been conducted by authors including Bagewadi

and Venkatesha [1, 2], De and Pathak [6], Ozgur [16]-[17] and many others.

In 1981, Bejancu and Papaghuic introduced the concept of invariant submani-

folds, which inherit nearly all the characteristics of ambient manifold. Since then,

numerous mathematicians have explored invariant submanifolds in various ambient

manifold contexts. Noteworthy studies have been conducted on different ambient

manifolds, as evidenced by works such as ([7], [14], [18], [21]-[26], [29]). In contem-

porary times, this theory has gained substantial importance across diverse fields in-

cluding image processing, computer design, economic modeling, theoretical physics,

and applied mathematics. Furthermore, this theory has found application in the
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field of mechanical engineering. Over the last three decades, American and Chinese

researchers [9, 19, 20] have explored this theory to advance the understanding of

nonlinear normal modes in vibrating mechanical systems.

The paper is organized as follows: In Section 2, we revisit the concept of Ken-

motsu manifolds and review fundamental outcomes related to invariant submani-

folds. These foundational understandings serve as a basis for our subsequent inves-

tigations. In sections 3, 4, 5, and 6 we have established that invariant submaifolds

of Kenmotsu manifolds satisfying Q(S, ∇̃Xσ) = 0, Q(S, R̃ · σ) = 0, Q(g, C̃ · σ) = 0

and Q(S, C̃ · σ) = 0 are totally geodesic.

2. Kenmotsu manifolds and their submanifolds

A (2n+1)-dimensional differentiable manifold M̃ is said to be an almost contact

metric manifold if there exist a (1, 1) tensor field ϕ, a vector field ξ and 1-form η on

M̃ such that

ϕ2 = −X + η(X)ξ, η(ξ) = 1 and g(ϕX , ϕY ) = g(X ,Y )− η(X )η(Y ), (1)

for any vector fields X, Y on M̃ . In specific in an almost contact metric manifold

also we have

ϕξ = 0, η · ϕ = 0. (2)

An almost contact metric manifold is said to be an almost Kenmotsu manifold

[11] if the following relations hold:

(∇̃Xϕ)Y = −g(X,ϕY )− η(Y )ϕX, (3)

∇̃Xξ = X − η(X)ξ. (4)

For a (2n+1)-dimensional Riemannian manifold, the concircular curvature tensor

C̃ is defined by

C̃(X, Y )Z = R̃(X, Y )Z − r̃

2n(2n+ 1)
[g(Y, Z)X − g(X,Z)Y ], (5)

for any vector fields X, Y, Z ∈ χ(M̃).

On a Riemannian manifold M̃∗, for a (0, k)-type tensor field T (k ≥ 1) and a

(0, 2)-type tensor field B, we denote by Q(B, T ) a (0, k + 2)-type tensor field [28]

defined as follows

Q(B, T )(X1, X2, · · · , Xk;X, Y ) = −T ((X ∧B Y )X1, X2, · · · , Xk)

−T (X1, (X ∧B Y )X2, · · · , Xk)− T (X1, X2, · · · , (X ∧B Y )Xk), (6)

where (X ∧B Y ) is defined by

(X ∧B Y )Z = B(Y, Z)X −B(X,Z)Y. (7)

IfQ(B, T )(X1, X2, · · · , Xk;X, Y ) = 0, then the manifold is said to satisfy Tachibana

condition. Let M be a (2m + 1)-dimensional (m < n) immersed submanifold of a
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Kenmotsu manifold M̃ . Let χ(M) be the Lie algebra of vector fields on M and

χ⊥(M) the set of all vector fields perpendicular to M . Let ∇ denotes the covari-

ant differentiation in M determined by the induced metric g. Let σ be the second

fundamental form of M . Then the formulas of Gauss and Weingarten are given by

∇̃XY = ∇XY + σ(X, Y ), X, Y ∈ χ(M), (8)

∇̃XN = −ANX +∇⊥
XN, N ∈ χ⊥(M), (9)

where g(ANX, Y ) = g(σ(X, Y ), N) and ∇⊥
XN denotes the covariant derivative of a

cross section N of the normal bundle T⊥M in the direction of X with respect to

the connection in T⊥M . A submanifold M of a Kenmotsu manifold M̃ is totally

geodesic if σ(X, Y ) = 0, for X, Y ∈ TM . The covariant derivative of σ is given by

(∇̃Xσ)(Y, Z) = ∇⊥
X(σ(Y, Z))− σ(∇XY, Z)− σ(Y,∇XZ), (10)

for any X, Y, Z ∈ TM . In 1985, Deprez [8] defined the immersion

(R̃(X, Y ) ·σ)(U, V ) = R⊥(X, Y )σ(U, V )−σ(R(X, Y )U, V )−σ(U,R(X, Y )V ), (11)

for all X, Y, U, V ∈ TM . If R̃ · σ = 0, then M is said to be semi-parallel. A

submanifold M of a Kenmotsu manifold M̃ is said to be invariant if ϕ(TM) ⊂
TM . On an invariant submanifold M , it follows that ξ ∈ χ(M). In an invariant

submanifold of a Kenmotsu manifold M̃ , the following relations hold [7]:

∇Xξ = X − η(X)ξ, (12)

σ(X, ξ) = 0, (13)

(∇Xϕ) = −g(X,ϕY )− η(Y )ϕX, (14)

σ(X,ϕY ) = ϕσ(X, Y ), (15)

R(X, Y )ξ = η(X)Y − η(Y )X, (16)

S(X, ξ) = −2mη(X), (17)

for any vector field X, Y ∈ TM . So we can state the following:

Theorem 2.1. [13] An invariant submanifold M of a Kenmotsu manifold M̃ is

a Kenmotsu manifold.

3. Invariant submanifolds of Kenmotsu manifolds satisfying

Q(S, ∇̃σ) = 0

In this section we study invariant submanifolds of Kenmotsu manifolds satisfying

Q(S, ∇̃σ) = 0. Consider,

Q(S, ∇̃Xσ)(Y, Z;U, V ) = 0.

By using (6) in the above equation, we have

−(∇̃Xσ)((U ∧S V )Y, Z)− (∇̃Xσ)(Y, (U ∧S V )Z) = 0.
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Applying (7) in the above equation, we get

0 = −(∇̃Xσ)(S(V, Y )U,Z) + (∇̃Xσ)(S(U, Y )V, Z)

−(∇̃Xσ)(Y, S(V, Z)U) + (∇̃Xσ)(Y, S(U,Z)V ). (18)

By using equation (3) in (18), we have

0 = −∇⊥
Xσ(S(V, Y )U,Z) + σ(∇XS(V, Y )U,Z) + σ(S(V, Y )U,∇XZ)

+∇⊥
Xσ(S(U, Y )V, Z)− σ(∇XS(U, Y )V, Z)− σ(S(U, Y )V,∇XZ)

−∇⊥
Xσ(U, S(V, Z)U) + σ(∇XY, S(V, Z)U) + σ(Y,∇XS(V, Z)U)

+∇⊥
Xσ(Y, S(U,Z)V )− σ(∇XY, S(U,Z)V )− σ(Y,∇XS(U,Z)V ).

By virtue of (13) and putting Y = Z = V = ξ in the above equation we have

0 = 2S(ξ, ξ)σ(U,∇Xξ). (19)

Using the equation (12) and (17) in (19) we have

0 = mσ(U,X).

Hence the submanifold is totally geodesic. The converse is trivial. Thus, we can

state the following:

Theorem 3.1. An invariant submanifold of a Kenmotsu manifold satisfies Q(S, ∇̃σ) =

0 if and only if it is totally geodesic.

4. Invariant submanifolds of Kenmotsu manifold satisfying

Q(S, R̃ · σ) = 0

This section deals with the study of invariant submanifolds of Kenmotsu mani-

folds satisfying Q(S, R̃ · σ) = 0. Consider

Q(S, R̃(X, Y ) · σ)(Z,W ;U, V ) = 0.

By using (6) in the above equation, we have

−(R̃(X, Y ) · σ)((U ∧S V )Z,W )− (R̃(X, Y ) · σ)(Z, (U ∧S V )W ) = 0. (20)

Applying (7) in equation (20), one can get

0 = −S(V, Z)(R̃(X, Y ) · σ)(U,W ) + S(U,Z)(R̃(X, Y ) · σ)(V,W )

−S(V,W )(R̃(X, Y ) · σ)(Z,U) + S(U,W )(R̃(X, Y ) · σ)(Z, V ). (21)

Plugging equation (11) in (21), we have

0 = −S(V, Z)[R⊥(X, Y )σ(U,W ) + σ(R(X, Y )U,W ) + σ(U,R(X, Y )W )

+S(U,Z)[R⊥(X, Y )σ(V,W )− σ(R(X, Y )V,W )− σ(V,R(X, Y )W )

−S(V,W )[R⊥(X, Y )σ(Z,U) + σ(R(X, Y )Z,U) + σ(Z,R(X, Y )U)

+S(U,W )[R⊥(X, Y )σ(Z, V )− σ(R(X, Y )Z, V )− σ(Z,R(X, Y )V ).
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By virtue of (13) and putting Y = Z = W = V = ξ, in the above equation we

have

0 = S(ξ, ξ)σ(U,R(X, ξ)ξ). (22)

By using equation (16) and (17) in (22), we have

0 = mσ(U,X).

Hence, the submanifold is totally geodesic. Conversely, let M be totally geodesic

invariant submanifold, then from (21) we get Q(S, R̃ · σ) = 0. Hence we can state

the following:

Theorem 4.1. An invariant submanifold of a Kenmotsu manifold satisfies Q(S, R̃·
σ) = 0 if and only if it is totally geodesic.

5. Invariant submanifolds of Kenmotsu manifold satisfying

Q(g, C̃ · σ) = 0

In this section, we study of invariant submanifolds of Kenmotsu manifolds sat-

isfying Q(g, C̃ · σ) = 0. Consider,

Q(g, C̃(X, Y ) · σ)(Z,W ;U, V ) = 0.

By using (6) in the above equation, we have

−(C̃(X, Y ) · σ)((U ∧g V )Z,W )− (C̃(X, Y ) · σ)(Z, (U ∧g V )W ) = 0. (23)

Applying (7) in equation (23), one can get

0 = −g(V, Z)(C̃(X, Y ) · σ)(U,W ) + g(U,Z)(C̃(X, Y ) · σ)(V,W )

−g(V,W )(C̃(X, Y ) · σ)(Z,U) + g(U,W )(C̃(X, Y ) · σ)(Z, V ). (24)

Plugging equation (11) in (24), we have

0 = −g(V, Z)[C⊥(X, Y )σ(U,W ) + σ(C(X, Y )U,W ) + σ(U,C(X, Y )W )

+g(U,Z)[C⊥(X, Y )σ(V,W )− σ(C(X, Y )V,W )− σ(V,C(X, Y )W )

−g(V,W )[C⊥(X, Y )σ(Z,U) + σ(C(X, Y )Z,U) + σ(Z,C(X, Y )U)

+g(U,W )[C⊥(X, Y )σ(Z, V )− σ(C(X, Y )Z, V )− σ(Z,C(X, Y )V ).

By virtue of (13) and putting Y = Z = W = V = ξ, in the above equation we

have

0 = g(ξ, ξ)σ(U,C(X, ξ)ξ). (25)

By using equation (5) and (16) in (25), we have

0 =

[
r̃

2m(2m+ 1)

]
σ(U,X).
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This implies σ(U,X) = 0 provided r̃ ̸= 0. Hence M is totally geodesic provided

r̃ ̸= 0. Conversely, let M be totally geodesic with r̃ ̸= 0, then from (24) we get

Q(g, C̃ · σ) = 0. Hence, we can state the following:

Theorem 5.1. An invariant submanifold of a Kenmotsu manifold with r̃ ̸= 0

satisfies Q(g, C̃ · σ) = 0 if and only if it is totally geodesic.

6. Invariant submanifolds of Kenmotsu manifold satisfying Q(S, C̃ · σ) = 0

This section deals with the study of invariant submanifolds of Kenmotsu mani-

folds satisfying Q(S, C̃ · σ) = 0. Consider,

Q(S, C̃(X, Y ) · σ)(Z,W ;U, V ) = 0.

By using (6) in the above equation, we have

−(C̃(X, Y ) · σ)((U ∧S V )Z,W )− (C̃(X, Y ) · σ)(Z, (U ∧S V )W ) = 0. (26)

Applying (7) in equation (26), one can get

0 = −S(V, Z)(C̃(X, Y ) · σ)(U,W ) + S(U,Z)(C̃(X, Y ) · σ)(V,W )

−S(V,W )(C̃(X, Y ) · σ)(Z,U) + S(U,W )(C̃(X, Y ) · σ)(Z, V ). (27)

Plugging equation (11) in (27), we have

0 = −S(V, Z)[C⊥(X, Y )σ(U,W ) + σ(C(X, Y )U,W ) + σ(U,C(X, Y )W )

+S(U,Z)[C⊥(X, Y )σ(V,W )− σ(C(X, Y )V,W )− σ(V,C(X, Y )W )

−S(V,W )[C⊥(X, Y )σ(Z,U) + σ(C(X, Y )Z,U) + σ(Z,C(X, Y )U)

+S(U,W )[C⊥(X, Y )σ(Z, V )− σ(C(X, Y )Z, V )− σ(Z,C(X, Y )V ).

By virtue of (13) and putting Y = Z = W = V = ξ, in the above equation we

have

0 = S(ξ, ξ)σ(U,C(X, ξ)ξ, U). (28)

By using equation (5) and (17) in (28), we have

0 =

[
r̃

(2m+ 1)

]
σ(U,X) = 0.

This implies σ(U,X) = 0 provided r̃ ̸= 0. Hence M is totally geodesic provided

r̃ ̸= 0. Conversely, let M be totally geodesic with r̃ ̸= 0, then from (27) we get

Q(S, C̃ · σ) = 0. Hence we can state the following:

Theorem 6.1. An invariant submanifold of a Kenmotsu manifold with r̃ ̸= 0

satisfies Q(S, C̃ · σ) = 0 if and only if it is totally geodesic.
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7. Conclusion

The study leads to the conclusion that the Tachibana conditions, encompassing

the parallel second fundamental form of the ambient manifold, along with products

involving the Riemannian curvature tensor and the second fundamental form, as well

as the conformal curvature tensor and the second fundamental form, in relation to

the Ricci curvature tensor and Riemannian metric of invariant submanifolds within

Kenmotsu manifolds, are interrelated and equivalent due to the property of total

geodesicity.
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