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Fixed point theorems in bi-b-metric spaces

Pravin Kumar B. Prajapati and Ramakant Bhardwaj*

ABSTRACT. In this paper, we have proved the existence and uniqueness of com-
mon fixed point results in bi-b-metric space.

1. Introduction

In many branches of science, economics, computer science, engineering and the
development of nonlinear analysis, the fixed point theory is one of the most im-
portant tool. In 1989, an interesting concept of generalized b-metric spaces was
introduced by Bakhtin [2].Many researchers generalized the Banach fixed point the-
orem in b-metric space.The existence and uniqueness theorems in b-metric space
was presented by Agrawal [1]. In 1968 Maia generalized the result of well known
Banach Contraction Principle by taking two metrices on a set Mishra [13] general-
ized the Maia’s fixed point theorem in bi-metric spaces.In 1993 Czerwik [7]extended
the results of b-metric spaces.

We want to extend some fixed point theorems in bi-metric spaces which are also
valid in bi-b-metric spaces. Chopade [6] obtained common fixed point theorems
for contractive type mappings in metric space. Tomonari [11] obtained some basic
inequalities on a b-metric space and it’s applications. Roshan [10] gave the common
fixed point of four maps in b-metric space.

2. Preliminaries

Definition 2.1. Let X be a non-empty set. A function p: X x X — R is called
as a metric provided that for all v, v, w € X,
(1) p(u,v) =0,
(2) p(u,v) =0 if and only if u = v,
(3) p(u,v) = p(v,u),
(4) plu,v) < plu,w) + plw, v).
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A pair (X, p) is called a metric space.

Definition 2.2. Let X be a non-empty set and s > 1 be a given real number.A
function p: X x X — R is called as a b-metric provided that for all u,v,w € X,

(1) p(u,v) >0,
(2) p(u,v) =0 if and only if u = v,
(3) plu,v) = p(v,u),
(4) plu,v) < s{p(u,w) + p(w,v)}.
A pair (X, p) is called a b-metric space. It is clear that definition of b-metric

space is an extension of usual metric space.

Example 2.3. By [4], Let M = {0,1,2} and p: M x M — R is defined as,
p(0,2) =p(2,0) =m > 2,

p(0,1) =p(L,0)=p(1,2) =p(2,1) =1,
p(0,0):p(l,l):p(Q,Q):O.

Here p (u,v) is a b-metric on M with s = 3.
Example 2.4. Let (X, p) be a b-metric space and p (u,v) = (d(u,v))”,where

p > 1 is a real number. Clearly, p (u,v) is b-metric with s = 2P~1.

Definition 2.5. Let (X, p) be a b-metric space, {u,} be a sequence in X and
u € X. If for every € > 0,
(1) there exist n (¢) € N such that for all n > n (¢) we have, p(u,,u) < €, then
{u,} is said to be convergent.In this case we write p(u,,u) — 0 as n — oco.
(2) there is n (€) € N such that for all n,m > n (e)we have,p(u,, u,,) < €, then
{u,} is said to be cauchy sequence in X.
(3) a b-metric space X is said to be complete if every Cauchy sequence in X is
convergent in X.

Lemma 2.1. [11] Let (X, p) be a complete b-metric space and let {u,} be a
sequence in X.Assume that there ezist r € [0,1) satisfying

p(un—l-la un+2) S Tp(una Un+1)

for any n € N.Then {u,} is Cauchy sequence in X.

3. Main Results

Theorem 3.1. Let (X, p1,$) and (X, p2,t) be a bi-b-metric space, where s > 1
and t > 1 such that,

(1) pa(,0) < polu,0) for all u, v, € X.
(2) (X,p1) is a complete space.
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(3) A: X — X and B :X — X be any two selfmaps on X satisfying,

p2(Au, Bv) + amin{ps(Au, Bv), p2(Av, Bu), p2(u,v)}
p2(u, Au)ps (v, Bv)
p2(vv BU) + 102(277 Au)
[P + pa(u, Au)] [pa(v, Av)]" [pa(v, Au)]”
1L+ Ap2(v, Au) + pp2(u, Bv) + p2(u,v)
pa(u, BY) [1+ /pa(, 0}, Aw) + /pa(, v)pa (0, Au)
T+ palu; 0) + palt, Bu)pa(u, Bo) pa(o, Au) pa(v, Av)

p2(uv Au)pg(v, B'U)
1 + p2(Au, Bv) } (1)

+7

+90

+ max {m(u,v),

where p,q,r, \,u € RT and o, 8,7,9,n € [0,1) are such that f+20t+n—a <
1.

(4) Both the mappings A and B are continuous in (X, p1). Then A and B have
unique common fized point in X.

PROOF. Let ug € X be an arbitrary and define a sequence {u,} in X such that
A (ugp) = ugpi1 and B (ugp_1) =gy, n=1,2---. (2)

Using equation (1) and (2) we obtain that,

p2(Auzn, Buzny1) + amin{pa(Auzn, Buzn+t1), p2(Auzn+1, Buan), p2(uzn, uznt1)}
< p2(u2n, Auzn)p2(U2n+1, Buznt1)

~ p2(u2n+1, Buany1) + p2(uznt1, Auzn)

[p + p2(uzn; Auzn)] [p2(uont1, Auznt1)]” [p2(u2nt1, Auzn)?

14 Ap2(uan+1, Auzn) + pp2(uan, Busnt1) + p2(uon, Uan41)

+

p2(u2n, Buzni1) [1 + v/ p2(U2n, u2n+1)p2 (Uan, Auzn) + v/p2(Uan, u2n+1)p2(U2nt1, Au2n)]

1+ p2(u2n, u2ny1) + p2(u2n, Buzn)p2 (U2n, Buzni1)p2(Uznt1, Auzn)p2(U2nt1, Auzni1)

p2(u2n, Auzn)p2 (U2n+1, Buznt1) }
1+ p2(Auzn, Buzn41) )

+ 1 max {p2(u2n,u2n+1),

Therefore,

p2(U2n+1,u2n+2) + amin{pz (u2ny1,u2n+2), p2(U2n+2, U2n+1), p2(U2n, U2n 1)}
p2(u2n, u2n+1)p2 (U2n+1, U2n+2)

p2(U2n+1, U2n+2) + p2(U2n+1, U2n+1)

[p + p2(u2n, uant1)] [p2(uant1, uzni2)]” [p2(uan i1, uani1)]?

14 Ap2(uan+1, uon+1) + up2 (uan, uan+2) + p2 (Uan, U2n+1)

<

+7

p2(u2n, Uan+2) [1 +v/p2(u2n, uzn+1)p2(Uan, znt1) + /p2(uzn, u2n+1)p2(u2n+17u2n+1)]

1+ p2(uzn, uan+1) + p2(u2n, u2n+1)p2 (Uan, Uan4+2)p2 (U2n41, U2n4+1)p2 (U2n41, U2n+2)

p2(U2n, U2n+1)p2(U2n+1, U2n+2) }
1+ p2(u2n41,u2n+2)

+ 1 max {pz(uzn, U2n+1),
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Hence,

p2(Uznt1, Uzp+2) + e min{pa(Uons1, Uzni2), p2(Uzn, Uzni1)}
< Bpa(Uan, Uzni1) + 0pa(ton, Usni2) + Np2(Uan, Uzni1)
< Bpa(tgn, Ugni1) + 0tpa(ton, Uzpi1) + 0t pa(Usnit, Uznta) + Np2(Uzn, Uzny1).  (3)
Case 1: min{pa(ugpi1, Unt2), p2(Uan, Usns1)} = p2(ton, Uony1). From equation
(3)
p2(Uzn+1, Uznr2) + pa(Uzn, Uzt (B + 6t 4+ n) p2(Uan, tani1) + 6tpa(Uznt1, Uzp+2)

) <
(1 = 6t) patoni1, Uant2) < (B4 0t +n—a) pa(ton, Uspir)
) (B+dt+n—a)

u n ) n S mny mn
/02( 2n+1; U2n+2 (1 — &) pz(UQ U2 +1)
p2(Uoni1, Uant2) < kpa(uon, Uni1),
where k = % < 1. In general for all n € N,

P(Unt1, Unt2) < kp(n, Uny1) (4)

Case 2: min{ps(u2ni1, Uani2), p2(ton, Uani1)} = pa(Uoni1, Usnsz2). From equation

(3)

p2(Uznt1, Uant2) + pa(Uonit, Usnia) < (B4 0t + 1) pa(tan, Usnt1) + Stpe(Uani1, Uonta)
(1 =6t + ) po(uani1, uante) < (B + 5t +n) pa(uon, usni1)
(B+6t+n)
<
,02(u2n+17u2n+2) = (1 Y a)ﬂz(u2n,u2n+1)
p2(Uant1, Usnia) < kpo(Uan, Usni1),

(B+6t+n)

where k = (1=51+a)

< 1. In general, for all n € N,

p(un+17un+2) < kp(umun—I—l) (5)

Therefore by Lemma 2.1 the sequence {u,} is Cauchy sequence in X. Since the
cauchy sequence {u,} defined by equation (2) has convergent subsequence {u,} in
(X,p1) converging to u* in (X,p), the sequence {u,} also converges to u* in (X,p1).
Hence,

lim u, = lim ug, = lim wug, 1 = lim wug,41 = u*.
n—oo n—oo n—oo n—oo

Now, we show that u* is fixed point of both the mappings A and B. As A and
B are continuous in (X, p;), therefore,
Aw)=A [lim u2n] = lim [Aug,] = u".
n—oo n— oo

Similarly,
B (u*) =B [lim U2n—1} = lim [Bu%_l] _—
n—o0 n—o0

Thus v* is common fixed point of the mappings A and B.
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Suppose that v* and v* be two common fixed points of the mappings A and B.
Therefore Au* = Bu* = u* and Av* = Bv* = v*. Consider

p2(Au”, Bv*) + amin{py(Au*, Bv*), po( Av*, Bu®), po(u*,v*)}
pQ(u*,Au*)pQ(v*, BU*)

p2(v*, Bu*) + po(v*, Au*)

[P+ pa(u”, Au”)] [pa(v", AvT)]" [pa(v”, Aun)]”

L Apy(0%, Au) + ppy(u*, Bo*) + pa(u*, %)

p2(u”, Bv*) [1 +/p2(ur, vF) pa(ur, Aur) + \/pa(ur, v¥) pa(v*, AU*)]
1+ p2(u*> U*) + p2(U*7 BU*)pZ(U*u BU*)p2(U*? AU*>p2(U*? AU*)

* ok pQ(U*yAU*)pZ(U*’B/U*)
+ 1 max {pz(u U, 1 + po(Au*, Bv*) '

+7

Therefore

:02(u*’ U*) ta min{p?(u*’ U*)’ pQ(U*, u*)’ pg(U*, U*)}
pg(u*,u*)p2(v*,v*)
p2(v*7 U*) + /)2<U*a U‘*>
[0+ pa(u, u?)] [pa(v*, )] [pa(v”, )]
1+ )‘102<U*7 ’U,*> + ,LL[)Q(U*, U*) + ,OQ(U*, U*)
po(u,0%) [L /o, 07 ) ol 7)ol )
1+ p2(U*> U*) + :02(U*a U*)pZ(u*> U*)pZ(U*a U*)p2<v*> U*)

oy p2(ut u)pa (vt v7) }
+ nmax u,v), .
n {pQ( ) 1_|_p2(u*7v*)

+7

+9

Hence

pg(u*,v*) + apQ(U*7U*) S 5p2(U*7U*> + an(u*av*)
pa(u*,v*) < (6 +n— a) po(u”,v).

But (0 + 17 — a) < 1. Therefore we have,ps(u*, v*) < pa(u*,v*). This is a contra-
diction. Hence, A and B have unique common fixed point in X. This completes the
proof. O

Theorem 3.2. Let (X, p1,s) and (X, p2,t) be a bi-b-metric space,where s > land
t > 1. Let P={T;:i € I,thesetofpositiveintegers} be a family of mappings on X
such that the following conditions holds

(1) pr(, ) < pal,0) for all u, v, € X.
(2) (X,p1)is complete space.
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(3) for each T; : X — X € P there exist T; : X — X € P such that,
P2 (szua T]nv> +a min{p2 (szuv T;lv), P2 (Timv? T]nu)v P2 (u7 U)}

palis, T )0, T70)

p2<U, Tgnv) + p2(v> szu)

[P+ pa(u, T"w)] [p2(v, T v)]" [p2(v, T w)]*

L+ Apa(v, T u) + ppa(u, Tiv) + p2(u, v)

oo, T10) [1 4+ /pal, 0) ol T ) + /ol 0)pa (v, T )

1+ P2 (U, U) + P2 (U, TF“)PQ(U: Tjnv)pg(v, nmu>p2(va j’;’mv)

P2 (u7 Timu>p2(vv Tjnv) }
1+ pa(T7"u, T70)

+7

+0

+max { g, 0) 6)

where,p,q,r, A\, ;i € R also m,n are positive integers and a, 5,7,d,n € [0,1)
are such that B+ 20t +71 —a < 1.

(4) mapping T; is continuous in (X,p1) for all i € I, Then P has a unique com-
mon fixed point.

PROOF. Let ug € X be an arbitrary.We define a sequence of iterates {u,} in X
such that

Ugp—1 = T;m (u2n72) and Ugpn = ijn (u2n71) , = 17 27 """ <7>

Using equation (6) and (7)we obtain that,

p2(T{" uzn, Tj uzn+1) + amin{pz (T uan, Tj uzn+1), p2(T7 " tzn+1, T Uzn), p2(u2n, uzn+1)}

p2(uzn, T u2n)p2(u2n+1, T] uznt1)

p2(uzn+1, TP uzn+1) + p2(uznt1, T uzn)

[p + p2(uzn, TMu2n)] [p2(uant1, TMuzng1)]” [p2(uznt1, TMuan)]?
1+ Ap2(uant1, T u2n) + pp2(u2n, T uznt1) + p2(Uzn, uzn41)

p2(uzn, Tfuzn+1) [1 4 \/p2(uzn, uznt1)p2(uzn, T uzn) + \/p2(u2n, uznt1)p2(uzn+1, T uzn))
1+ p2(u2n, uzn+1) + p2(uan, T uzn) p2(uzn, TT uzn+1) p2(U2nt1, T uzn) p2 (U2nt1, T uan41)

p2(uzn, T u2n)p2 (van+1, T u2n+1)
+ nmax § p2(u2n, u2nt1),

L+ p2(T™un, T u2n41)
Therefore,

p2(U2n+1,u2n+2) + amin{pa (u2ny1,u2n+2), p2(U2n+2, U2n+1), p2(U2n, U2n+1)}

< p2(u2n, u2n+1)p2(U2n+1, U2n+2)
p2(U2n+1, U2n+2) + p2(U2n+1, U2n+1)

n [p + p2(u2n, uant1)] [p2(uant1, uzni2)]” [p2(uan i1, uani1)]?
14 Ap2(uan+1, uon+1) + up2 (uan, uan+2) + p2 (Uan, U2n+1)

p2(u2n, Uan+2) [1 +v/p2(u2n, uzn+1)p2(Uan, znt1) + /p2(uzn, u2n+1)p2(u2n+17u2n+1)]

1+ p2(uzn, uan+1) + p2(u2n, u2n+1)p2 (Uan, Uan4+2)p2 (U2n41, U2n4+1)p2 (U2n41, U2n+2)
p2(U2n, U2n+1)p2(U2n+1, U2n+2) }
1+ p2(u2n41,u2n+2)

+ 1 max {pz(uzn, U2n+1),
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Hence,
/)2(U2n+17 U2n+2) +a min{ﬂz(uzn+17 U2n+2), Pz(u2m U2n+1)}
< Bpa(ton, Usni1) + Op2(Uan, Usnt2) + Np2(Uzn, Uznt1)
< Bpao(uan, Uant1) + 0tpa(ton, Usni1) + 0tpa(Uani1, Uoni2) + Np2(Usn, Usni1).  (8)

Case 1: min{pa(ugni1, Unt2), p2(Uan, Usnt1)} = p2(ton, Uony1). From equation
(8)
P2(Uan1, Uanta) + apa(Uan, Usntr (B + 0t + 1) p2(uon, usni1) + dtpa(Uanit, Uznt2)

) <
(1 — 0t) po(uont1, Uant2) < (B4 6t +1n— ) pa(uon, Usni1)
)

(B+ot+n—a)
<
,02(U2n+1,u2n+2 = (1 _ 5t) ,02(U2n,uzn+1)
p2(Uoni1, Uspt2) < kpo(ton, Uopni)

B+0t+n—a)

where k = { a5y < 1. In general, for all n € N,

P(Ung1, Unya) < kp(tp, Upir). (9)

Case 2: min{ps(U2nt1, Uan+2), p2(ton, Uoni1)} = pa(Uoni1, Usnsz). From equation

(8)

P2(Ugni1, Uspta) + apo(Uonit, Usnio) < (B4 0t +n) pa(Uan, Usni1) + 0tp2(Uoni1, Usnio)
(1 =6t + ) pa(ugni1, uznt2) < (B + 0t +n) pa(Uan, Uani1)
(B + 0t +n)
< M TN
PQ(U2n+1,U2n+2) > (1 ot a),02(u2n,u2n+1)
p2(Uon i1, Usnio) < kpo(Uan, Usnit)

where k = {GHottn)

(sira) < 1. In general, for all n € N,

p(un+1> un+2) < kp(um un+1) (10)

Therefore by Lemma 2.1 the sequence {u,,} is Cauchy sequence in X and (X, p;)
is a complete space. Since the cauchy sequence {u,} defined by equation (7) has
convergent subsequence {u,;} in (X, p;) converging to u* in (X,p;), the sequence
{u,} also converges to u* in (X,p;). Hence,

lim u, = lim ug, = lim wug, 1 = lim wug,y1 = u*.
n—oo n—oo n—oo n—oo

Now we show that u* is fixed point of both the mappings 77" and T}'. As T}"
and T} are continuous in (X,p;), therefore,

T () = T | i s | = T [T7u,] =

2 2
n—oo n—o0

Similarly,

Tjﬂ (u) = Tj” [n]ggo u2n—1] = nlggo [Tfu%_l} — u*.
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Thus u* is common fixed point of the mappings 77" and 77"
Suppose that «* and v* be two common fixed points of the mappings 7" and
T7. Therefore T/"u* = Tj'u* = u* and T;"v* = T}'v* = v*. Consider
palTa, T70") + aminpa(T7u', TH0Y), pa( T, TPu), pa(u, o)}
Pl TP a0 T0) )] [ T ) [, T
= pa(vr, TPor) + pa(vr, T ur) L+ Apa(v*, T u*) + ppa(u*, T7v*) + pa(u*, v*)
pa(u, T20%) |14 /o, o) pa (0 T ) + /o, 0 ) (0, T |
L+ pa(ur,v*) + pour, T ) po(u, T70* ) po (0*, T u*) po (v, T7"0%)
P2 (U*7 szU*),OQ (U*v Y}nv*> }
L+ po(T7"u*, Tiv*)

+9

+nmax{p2<u*,v*>,
Therefore

p2(u”, v") + amin{py(u”, v"), p2(v*, u), p2(u”,v7)}
p2(u”, u")pa(v*, V") [p + pa(u*, u”)] [pa(v*, )] [p2(v”, w)]"
p2(v*,v*) + pa(v*,u*) 1+ Apa (v, u*) + ppa(ur, v*) + po(u*, v*)
pau,0) [ 14 /o (u, 0 (0, 0 + /(00 )|
L+ pa(u*, v*) + paur, u) pa(u*, v*) pa(v*, u*) p2(v*, v*)

- pz(u*,u*)m(v*,v*)}
+ 7 max u,v ), .
! {m( )T el o)

+90

Hence
p2(u*,v*) + ong(u*,v*) < 5p2(u*7v*) + an(u*7U*)
pa(u”,v") < (0 +n — ) po(u”,v7)

But (0 + 7 — a) < 1. Therefore we have,ps(u*, v*) < pa(u*,v*). This is a contra-
diction. Hence, u” is a unique common fixed point of 7" and T}'. The fixed point
of T;™ is a fixed point of 7; and the fixed point of 77" is fixed point of T} Therefore

u* is unique common fixed point of 7; and 7j. Hence u* is unique common fixed
point of P. This completes the proof. 0
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