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Fuzzy ideals of BCI-algebras with respect to
t-norm

Rasul Rasuli

ABSTRACT. In this paper, we introduce and define the concepts of fuzzy implica-
tive ideals, fuzzy closed implicative ideals and fuzzy commutative ideals of BCI-
algebras with respect to t-norms and we investigate some good examples. Next,
we present some fundamental properties of them. Also, we link them with implica-
tive ideals, closed implicative ideals and commutative ideals of BCI-algebras such
that every fuzzy implicative ideal, fuzzy closed implicative ideals and fuzzy com-
mutative ideals of BCI-algebras with respect to t-norms will be implicative ideals,
closed implicative ideals and commutative ideals of BCI-algebras, respectively and
we indicate some examples. Later we investigate and generalize the concepts as
intersection and cartesian product of them and we show that the intersection and
cartesian product of fuzzy implicative ideals, fuzzy closed implicative ideals and
fuzzy commutative ideals of BCI-algebras with respect to t-norms are also fuzzy
implicative ideals, fuzzy closed implicative ideals and fuzzy commutative ideals of
BClI-algebras with respect to t-norms, respectively and characterize their proper-
ties of them with examples. Finally, we prove some properties about them under
homomorphisms (image and pre-image) of BCI-algebras.

1. Introduction

BCI-algebras are established from two distinct approaches as propositional cal-
culi and set theory. Iseki [4] introduced the idea of BC'I-algebras. Fuzzy algebraic
structures play a prominent role in different domains in mathematics and other sci-
ences. Fuzzy set theory, initially established by Zadeh [14] in 1965, was applied by
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researchers to generalize some of the essential ideas of algebraic structures. Several
authors investigated some properties of fuzzy BC'I-algebras structures [5, 11, 15].

t-norms are operations which generalize the logical conjunction to fuzzy logic.
In the previous work, we investigated some properties of fuzzy algebraic structures
[8, 9, 10]. In this work, by using ¢-norms, fuzzy implicative ideals as FIIT(X), fuzzy
closed implicative ideals as FCIIT(X) and fuzzy commutative ideals as FCIT(X)
of BC'I-algebra X will be defined and some basic properties of them will be obtained.
Next the relation between them and implicative ideals, closed implicative ideals and
commutative ideals of BCI-algebras will be obtained such that every FIIT(X) and
FCIIT(X) and FCIT(X) will be implicative ideals, closed implicative ideals and
commutative ideals of BC'I-algebra X, respectively.

Further, the intersection and Cartesian product of them are investigated and we
prove that for every p,v € FIIT(X), FCIIT(X),FCIT(X) we get that uNv €
FIIT(X),FCIIT(X), FCIT(X). Also, we prove that if

p € FIIT(X), FCIIT(X), FCIT(X)

and
veFIITY), FCIIT(Y),FCIT(Y),

then uxv € FIIT(X XY), FCIIT(X xY), FCIT(X xY'), respectively. Finally, un-
der homomorphisms of BC'[-algebras, some characterizations of image and preimage
of them are obtained such that under homomorphisms of BC'I-algebra ¢ : X — Y
if e FIIT(X), FCIIT(X), FCIT(X) and v € FIIT(Y), FCIIT(Y), FCIT(Y),
then p(u) € FIIT(Y), FCIIT(Y), FCIT(Y) and ¢~ (v) € FIIT(X), FCIIT(X),
FCIT(X), respectively.

2. Preliminaries

This section contains some basic definitions and preliminary results which will be
needed in the sequal. For more details we refer readers to [1, 2, 3, 6, 7, 8, 12, 13].

Definition 2.1. An algebra (X, ,0) of type (2,0) is called a BC'I-algebra if it
satisfies the following conditions:

(1) ((zxy) * (xx2)) x (zxy) =0,

(2) %0 =z,

(3) zxy=0and y*x =0 imply x =y,
for all z,y,z € X. We call the binary operation * on X the % multiolication on X
and the constant 0 of the zero element of X. We often write X instead of (X *,0)
for a BC'I-algebra in brevity.

Example 2.2. Let S be a set. Denote 2% for the power of S in the sense that
29 is the collection of all subsets of S, — for the set difference and () for the empty
set. Then (2%, —,0) is a BCI-algebra.
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Example 2.3. Let that (G, ., e) is an Abelian group with e as the unit element.
Define a binary operation * on X by putting = * y = zy~!. Then (G, x*,¢) is a
BC'I-algebra.

Example 2.4. Assume that (X, <) is a partially ordered set with the least
element 0. Define an operation * on X by

A 0 ifx<y
L ifx Ly

then (X, *,0) is a BC-algebra.

Proposition 2.1. An algebra (X, *,0) of type (2,0) is a BCI-algebra if and only
if it satisfies the following conditions:

(1) (@5 y) * (2% 2) 5 (25 ) =0,

(2) (z* (z*y))*y =0,

(3) v*xx =0,

(4) xxy =0 and y*xx =0 imply z =y,
forall x,y,z € X.

In a BCI-algebra, we can define a partial ordering ” <7 by = < y if and only if
rxy=0.

Proposition 2.2. An algebra (X, *,0) of type (2,0) is a BCI-algebra if and only
if there is a partial ordering” <7 on X such that the following conditions hold.
(1) (@ xy)* (xx2) < (2xy),
(2) xx(zxy) <y,
(3) xxy =0 if and only if x < y,
for all x,y,z € X.

Proposition 2.3. Let (X, *,0) of type (2,0) be a BCI-algebra. Then
(1) x <y implies zxy < z * x,
(2) x <y implies x x z < y * z,
(3) (wry) sz = (w52) .
(1) wx (05 (w5y) =25,
(5) 0% (zxy) = (0% ) * (0*y),
forall z,y,z € X.

Definition 2.5. A non-empty subset I of a BC'I-algebra X is called an ideal of
X if

(1)0el,

(2) xxy €I and y € I imply that z € [ for all z,y € X.

An ideal I of a BC'I-algebra X is said to be closed if 0xz € I, for all x € X. A
non-empty subset I of a BC'I-algebra X is said to be an implicative ideal of X if it
satisfies:
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(M oel, (2) (z*(xxy))*(y*xx))*z€land z € [ imply y* (y xx) € I, for
all z,y,2z € X.

A non-empty subset I of a BC'I-algebra X is said to be a commutative ideal of
X if it satisfies:

(H)0el,(2) (yx(yx(xx(xxy))))*xz€land z € I imply x x (x*xy) € I, for
all z,y,2z € X.

Definition 2.6. A mapping f : (X;%,0) — (Y;%,0) of BCI-algebras is called
a BCI-homomorphism if f(z xy) = f(z)*f(y), for all z,y € X.
The zero mapping 6 : (X;%,0) — (Y;% 0) of BCI-algebras with #(0) = 0 is a
BC'I-homomorphism.

Proposition 2.4. Let f : (X;%,0) — (Y;>|'<,()) of BCI-algebras be a BCI-
homomorphism. Then

(1) f(0) =0. ,

(2) f is of the isotonic property in the meaning that x < y implies f(x)<f(y)
forall x,y € X.

(3) f is epimorphic if and only if Im(f) =Y.

Definition 2.7. Let X be an arbitrary set. A fuzzy subset of X, we mean a
function from X into [0, 1]. The set of all fuzzy subsets of X is called the [0, 1]-power
set of X and is denoted [0, 1]¥. For a fixed s € [0, 1], the set p, = {z € X : u(z) > s}
is called an upper level of pu.

Definition 2.8. Let ¢ be a function from set X into set Y such that p: X —
0,1} and v : Y — [0,1]. For all x € X,y € Y, we define o(u)(y) = sup{p(z) |z €

X, o(x) =y} and o~ (v)(z) = v(p(z)).

Definition 2.9. A ¢t-norm 7T is a function 7" : [0, 1] x [0,1] — [0, 1] having the
following four properties: (T1) T'(z,1) = z (neutral element),

(T2) T'(x,y) < T(x,z) if y < z (monotonicity),

(T3) T'(x,y) = T(y,x) (commutativity),

(T4) T(x,T(y,2)) = T(T(x,y), z) (associativity),
for all z,y, 2z € [0, 1].

It is clear that if x; > 25 and y; > yo, then T'(z1,y1) > T'(22, y2).

Example 2.10. (1) Standard intersection t-norm 7, (z,y) = min{x, y}.
(2) Bounded sum t-norm Tj(x,y) = max{0,z +y — 1}.
(3) Algebraic product t-norm T,(z,y) = zy.
(4) Drastic t-norm
y ifz=1
Tp(r,y) =< = ify=1
0 otherwise.
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(5) Nilpotent minimum ¢-norm

min{ x, ifx+y>1

otherwise.
(6) Hamacher product T-norm
0 ifr=y=0
Ty (,y) = { — ¥ otherwise.
T+y—zy
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The drastic t-norm is the pointwise smallest f-norm and the minimum is the
pointwise largest t-norm: Tp(x,y) < T(z,y) < Tmin(z,y) for all z,y € [0,1]. We say
that 7" be idempotent if for all z € [0, 1] we have T'(z,z) = .

Definition 2.11. The function 7, : [[,_,[0, 1] — [0, 1] is defined by

To(x1, Toy ooy @) = T(@i, Tro1 (T1, T2y ooy Tim1, Ti 1y ooey Tn))

for all 1 < i < n, where n > 2 such that T, = T and T} = id (identity).

To(z1, 29, ..y xy) = T(.T(T(T (21, x2),23), T4), Tn) = T(x1, T (29, T(x3, ..

by

Using the induction on n, we have the following two lemmas.

Lemma 2.5. For every t-norm T and every x;,y; € [0, 1], where 1 <i <n, and
n > 2, we have

Tn(T(‘Th yl)a T(x% y2)a ey T(mm yn)) = T(Tn(xlv X2y eeny xn)a Tn(yla Y2,

ey Yn))-

Lemma 2.6. For a t-norm T and every xq,xs, ..., z, € [0,1], where n > 2, we
have

.T($n—1> xn))))

Definition 2.12. Let p,v : X — [0,1] and 7" be a t-norm. We define the
intersection of p and v as

pNv:X —[0,1]

(nOw) () = T(u(x), v(z))

for all z € X.
Let p: X —[0,1] and v : Y — [0,1] and T be a t-norm. The cartesian product
of p and v is denoted by

puxv:XxY —[0,1]

is defined by

(nxv)(z,y) = T(u(z), v(y))

for all (z,y) € X x Y.

Lemma 2.7. Let T be a t-norm. Then
T(T(z,y), T(w,2)) =T(T(x,w), T(y,2))

for all x,y,w, z € [0,1].
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3. Main Results

Definition 3.1. Let X be a BCI-algebra. Define u : X — [0,1] a fuzzy im-
plicative ideal of X under t-norm T if it satisfies the following inequalities:

(1) p(0) = p(z),

(2) ply * (y* 2)) = T(p(z = (zxy) « (y * z)), u(2)), for all z,y, z € X.

Denote by FIIT(X), the set of all fuzzy implicative ideals of BCI-algebra X
under t-norm 7.

Now we get the following example.

Example 3.2. Let X = {0, 1,2} be a set given by the following Cayley table:

Then (X, *,0) is a BCI-algebra. Define p: X — [0,1] as

(l‘)_ t1 lf.Z':O,l,
M=ty ifz =2,
with ¢; > ¢, such that ¢; € [0,1]. Let T'(a,b) = T(a,b) = ab for all a,b € [0, 1] then
pe FIIT(X).
Proposition 3.1. Let p : X — [0,1] and T be idempotent such that u €
FIIT(X). Then the set
ps =A{x € X : p(x) > s}
is either empty or an implicative ideal of BCI-algebra X for every s € [0, 1].
PROOF. As p € FIIT(X) and ps = {z € X : pu(z) > s} be not empty so for
any x € g then p(x) > s and pu(0) > p(z) > s which means that 0 € p,.
Let ((zx(x*y))*(y*x))*2 € us and z € pug. Thus
ply * (y*x)) = T((x * (xxy) « (y x ), 1(2)) 2 T(s,5) = s
so y* (y*x) € pis. Thus pg will be an implicative ideal of BC'I-algebra X for every
s € [0,1]. O

Example 3.3. Let X = {0, 1,2} be a set given by the following Cayley table:
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Then (X, *,0) is a BCI-algebra. Define

X —[0,1]
as
0.75 if z =0,
p(z) =< 0.65 if x =1,
0.35 ifz—2,

Let T'(a,b) = T,,(a,b) = min{a, b} for all a,b € [0,1] then pu € FIIT(X). Let
s = 0.50 then
toso ={z € X : u(x) >0.50} = {0,1}
with the following Cayley table:

0
0
1

= O %
S O

So 11950 will be an implicative ideal of BC'I-algebra X.
Proposition 3.2. Let p € FIIT(X) andv € FIIT(X). Then pnv € FIIT(X).

PROOF. Let z,y,2 € X. Then

(1 Nv)(0) = T(u(0), ¥(0)) = T(p(x), v(x)) = (nOv)(z). (1)

(LNv)(y*(yxz)) =T(u(y* (y*x)),v(y*(y*x)))

>T(T(u(x * (v xy) * (y xx)), 1(2)), T(v(z* (x*y) * (y*2)),v(2)))
=T(T((w + (zxy) * (y*2)),v(r* (v xy) * (y* 1)), T(1(2),v(2)))
=T((pNv)(z*(vxy)*(y*z),(pNv)(z)). (2)
So
(Lnv)(y*(yxz) > T((pNv)(@= (xxy)*(y*x), (LNV)(2)).
Then pNv € FIIT(X). 0

Example 3.4. Let X = {0, 1,2,3} be a set given by the following Cayley table:

«|0 1 2 3
0/0 0 0 0
111010
202 2 0 0
313 3 30

Then (X, *,0) is a BCI-algebra. Define
1 X = [0,1]
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as
0.70 if x =0,
)= ] 060 ife=1,
= 050 if o =2,
0.40 if x =3,
and
v X = [0,1]
as
0.50 if z =0,
Sy = ) 040 =1,
7Y 030 ifx =2,
0.20 if 2 =3,

Let T(a,b) = Ty(a,b) = max{0,a + b — 1} for all a,b € [0,1]. Then u,v €
FIIT(X). Also
pNv:X —[0,1]

as
(wnv)(x) =T (p(x), v(z)) = Ty(u(z), v(z))
=max{0, u(z) + v(z) — 1}
1020 ifx=0,
Vo0 ifz=123
SopuNnve FIIT(X).
Proposition 3.3. Let p € FIIT(X) andv € FIIT(Y). Then pxv € FIIT(X x
Y).

PROOF. Let (z,y) € X x Y. Then

(1 xv)(0,0) =T (u(0),(0)) = T(u(x),v(y) = (b x v)(z,y)

Also let (z1,22), (y1,92), (21, 22) € X x Y. Now, we have

(1 X V) (Y1, y2) * (Y1, 42) * (21, 72))) = (1 X v)((y1,y2) * (g1 * 21, Y2 * 22))
=(u X v)(y1 * (Y1 * 1), Y2 * (Y2 * 72))

=T (u(yr * (Y1 x 1)), V(Y2 * (Y2 * 22)))

>T(T(p(r * (21 % y1) * (y1 x 21)), p(21)
T(T(M(fﬂl * (21 % y1) x (Y1 x 21)), v(
I(
T(

), T(v(zg * (29 % Ya) * (Y2 * T2)), v(22)))

* (@2 % Yo) * (Y2 % 22))), T'(1(21), v(22)))
X v)(xr* (21 % Y1) * (Y1 * 21), T2 % (T2 * Ya) * (Y2 * 22)), (0 X v)(21, 22))

) *

(1
(1 X v)((z1, 22) * (21, 72) * (Y1,92)) * (Y1, y2) * (21, 72))), (1 X v)(21, 22))

VT2
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SO
(3 v)((y1,y2) * (Y1, y2) * (21, 22))) 2T (1 X v) (21, 22) * (21, 22) * (Y1, 42))
*((y1,92) * (21, 22))), (1 X V) (21, 22)).
Thus u x v € FIIT(X xY). O
Example 3.5. Let X = {0, 1,2} be a set given by the following Cayley table:
and Y = {0, 1,2} be a set given by the following Cayley table:
Then (X, *,0) and (Y, *,0) will be two BC'I-algebras. Define
X —0,1]
as
0.45 if z =0,
plz) =4 0.25 ifx=1,
0.35 ifz =2,
and
v:Y —[0,1]
as
0.35 ify =0,
v(y) =1 0.20 ify=1,
0.10 ify=2.

Let

0 ifa=b6=0
T(a,b) = Ty (a,5) = { B
a+b—ab

for all a,b € [0,1]. Then p € FIIT(X) and v € FIIT(Y). Now

otherwise

pxv:XxY ={00),(0,1),(02),(1,0),(1,1),(1,2),(2,0),(2,1),(2,2)} — [0,1]
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as

(nx v)(z,y) =T (u(x),v(y))
=T, (pu(), v(y))

{ 0 if p(z) =v(y) =0
T ) otherwise
(0.2451 if (2,y) = (0,0)
0.1607 if (z,y) = (0,1)
0.0819 if (z,y) = (0,2)
0.1707 if (z,y) = (1,0)
= 0.125 if (z,y) = (1,1)
0.77 if (z,y) = (1,2)
0.2121 if (z,y) = (2,0)
0.1459 if (z,y) = (2.1)
[ 0.0843 if (z,y) = (2,2)

Thus px v e FIIT(X xY).

Proposition 3.4. Let p; € FIIT(X;), where 1 < i < n, then p = [[}_, i €
[T, Xi = X such that

p(z) = (H pi) (1, T2, ooy ) = T (pa (1, pa (2, ooy i (T0))

for all x = (1,29, ...,x,) € X.

Proposition 3.5. If u € FIIT(X) and ¢ : (X;%,0) = (Y;%,0) be an epimor-
phic BCI-homomorphism of BCI-algebras, then ¢(u) € FIIT(Y).

PROOF. Let z € X and y € Y with ¢(z) = y. Now,

(1) (0) = sup{u(0) | 0 € X, p(0) = 0} > sup{p(z) | = € X, p(z) = y} = (1) (y).
Also, let x; € X and y; € Y with ¢(x;) = y; and i = 1,2,3. Then

(1) (Y% (y1ky2))

=sup{p(ry * (x1 % 22)) | 21 * (21 * x2) € X, (a1 * (11 % x2)) = yrk(y1%ys) }

> sup{T(p(wy * (w2 % 21) * (21 % 22)), p(x3)) | 23 € X, 0(23) = i}

=T (sup{pa(xy * (x2 % 1) * (21 % x2)) | 25 € X, (1 * (g x 1) * (71 * 3))
= yrk(yokyn)*(yrky2) b sup{p(es) | 25 € X, o(z3) = ys})

=T ((p) (yr(y2ky1 )% (yrkyz)), (1) (y3))

Hence,

() (yr*(yi%y2)) > T (o) (Y (ykyn)*(yi%y2)), (1) (y3))-
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Thus ¢(p) € FIIT(Y).

O

Proposition 3.6. If v € FIIT(Y) and ¢ : (X;%,0) — (Y;%,0) be a BCI-
homomorphism of BCI-algebras, then ¢~ (v) € FIIT(X).

Proor. Let £ € X. Then

Let 1, 29,23 € X. Now

Ot W) (zy * (21 % 22))) = v

I
—

then

T(v(p(r) * (p(22) * (1)) * (0(21) * p(22)), v(p(23)))
= T(v(p(zy * (12 % 21) * (21 % 22)), v(0(23)))
T(p™ (V) (w1 * (w2 % 21) * (21 % 22)), 07 (V) (w3))

@ (W) (w1 % (1 % 22))) = T (1) (@ * (g % 21) % (21 % 22)), 0 (V) (3)).

Therefore p~!(v) € FIIT(X)

O

Example 3.6. Let X = {0,1,2,3,4,5} and Y = {0,1,2,3} be two sets given
by the following Cayley tables: and

*x0 1 2 3 4 5
0/j]0 0 3 2 3 2
111 0 5 4 3 2
212 2 0 3 0 3
313 3 20 2 0
414 2 1 5 0 3
5|5 3 41 2 0
*(0 1 2 3
0(0 1 2 3
111 0 3 2
212 3 0 1
313 2 1 0.

Then (X, *,0) and (Y, *,0) will be two BCI-algebras. Define p: X — [0, 1] as

()

0.6
0.5
0.4
0.3

ifx=0,1,
if v =23,
if v =4,

if x =5.
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and v: Y — [0,1] as

0.55 ify =0,
v(y) =14 045 ify=12,
0.35 ify =3,

Let T(a,b) = T,(a,b) = ab for all a,b € [0,1] then p € FIIT(X) and v €
FIIT(Y). Define BC'I-homomorphism ¢ : X — Y as

0 ifz =0,

)1 ife=1,2,3,
Pr) =19 5 if & = 4,
3 ifx =05,

then we get that p(u) : Y — [0, 1] as

0.6 ify=0,1

() (y) = sup{u(z) | v € X, p(z) =y} = ¢ 04 ify=2,

0.3 ify=3,

and thus p(u) € FIIT(Y).
Also, we will have that ¢=*(v) : X — [0,1] as
0.55 if 2 =0,
o () (x) = v(p(z)) =<{ 045 ifz=1,234,

0.35 if z =5,

therefore ¢~(v) € FIIT(X).

Definition 3.7. We say that p: X — [0,1] is a fuzzy closed implicative ideal
of BC'I-algebra X under t-norm 7T if it satisfies the following inequalities:

(1) p(0*x) = p(x),

(2) ly * (5 2)) > T(u(w * () * (g +2)), (=), for all z,, 2 € X. Denote by
FCIIT(X), the set of all fuzzy closed implicative ideals of X under ¢t-norm 7.

Example 3.8. Let X = {0,1,2,3,4} be a set given by the following Cayley
table:

*x0 1 2 3 4
0/0 0 0 0O
11 01 0 0
212 2 0 0 0
313 3 3 00
414 4 4 3 0
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Then (X, *,0) is a BCI-algebra. Define p: X — [0,1] as

0.65 if z =0,
045 ifzx=1,
p(z) =< 0.30 if x =2,
0.55 if z = 3,
0.35 if z — 4,

Let T'(a,b) = Ty(a,b) = ab for all a,b € [0, 1] then p € FCIIT(X).

Proposition 3.7. Let u: X — [0,1] and T be idempotent and p € FCIIT(X).
Then
ps ={z € X : p(x) > s}
is either empty or a closed implicative ideal of BCI-algebra X for every s € [0,1].
PRrROOF. Let € FCIIT(X) and ps = {x € X : p(x) > s} be not empty. Thus
for any x € ps we get p(z) > s and so p(0 * z) > p(x) > s and thus p(0*x) > s

which means that 0 x x € p,.
Also, let x % (z xy) * (y *xx) € us and z € ps. Then

ply * (yxx)) = T(plx * (xxy) « (y x ), u(2)) 2 T(s,5) = s
thus y*(y*x) € ps. Then g is a closed implicative ideal of X for every s € [0,1]. O

Example 3.9. Let X = {0,1,2,3,4} be a set given by the following Cayley
table:

*|0 1 2 3 4
0/j0 0 0 0 O
111 0 0 1 1
2121 0 2 2
313 3 3 0 3
414 4 4 4 0

Then (X, *,0) is a BC'I-algebra. Define

1 X = [0,1]
as
0.95 if z =0,
0.85 ifz—1,
plx)=4q 0.75 if x =2,
0.65 if =3,
0.55 if x =4,

Let T'(a,b) = Tyy(a,b) = min{a, b} for all a,b € [0,1] then p € FCIIT(X). Let
s = 0.60 then
Ho.60 = {ZL‘ € X [L(ﬁ) > 060} = {O, 1,2,3}
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with the following Cayley table: thus pggo will be a closed implicative ideal of

«|0 1 2 3
0/0 0 0 0
1110 0 1
202 1 0 2
313 3 30

BC'I-algebra X.

As results about fuzzy implicative ideals of BC'I-algebra X under t-norm 7', we
get the following propositions and we omit the proofs of them.

Proposition 3.8. (1) Let pu,v € FCIIT(X). Then pNv € FCIIT(X).
(2) Let w € FCIIT(X) andv € FCIIT(Y). Then px v € FCIIT(X xY).

Proposition 3.9. If u € FCIIT(X) and ¢ : (X;%,0) — (Y;%,0) be an epi-
morphic BC'I-homomorphism of BCI-algebras, then p(u) € FCIIT(Y).

Proposition 3.10. If v € FCIIT(Y) and ¢ : (X;%,0) — (Y;%,0) be a BCI-
homomorphism of BCI-algebras, then p~'(v) € FCIIT(X).

Definition 3.10. Define p : X — [0,1] is a fuzzy commutative ideal of BCI-
algebra X under t-norm T if it satisfies the following inequalities:

(1) p(0) = p(z),

(2) pl* (xxy)) = T(uly = (y * (2 x (xxy)))), u(2)), for all z,y,z € X.

Denote by FCIT(X), the set of all fuzzy commutative ideals of BCI-algebra X
under t-norm 7.

Example 3.11. Let X = {0,1,2,3,4} be a set given by the following Cayley
table:

=W OOl
W N O = RN
N O =W W w
O =W N

=W N = Of %
NN N =l R

Then (X, *,0) is a BCI-algebra. Define o : X — [0,1] as

0.55 ifz=0,3,
wx) =< 025 ifx=1,2,
0.15 if x =4.

Let T'(a,b) = Ty(a,b) = ab for all a,b € [0, 1] then p € FCIT(X).
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Proposition 3.11. Let pn: X — [0,1] and T be idempotent. If n € FCIT(X),
then

ps = {x € X - p(x) = s}
is either empty or a commutative ideal of BCI-algebra X for every s € [0, 1].
PRrROOF. Let p € FCIT(X) and ps = {z € X : pu(z) > s} be not empty. Then

for any x € us we have p(z) > s and so u(0) > p(x) > s and which means that
0 € ps. Also, let y* (y * (z % (x xy))) € us and z € ps. Then

pla s (zxy)) = Ty * (y* (2 (2 xy)))), 1(2)) = T(s, s) = s,
thus x * (z % y) € ps. Then ug is a commutative ideal of X for every s € [0,1]. O

Example 3.12. Let X = {0,a,b,¢,d} be a set given by the following Cayley
table:

x| 0 a b ¢ d

0{0 O O O O

ala 0 a 0 0

blb b 0 0 0

clc ¢c ¢ 0 O

dj{d ¢ d a 0

Then (X, *,0) is a BCI-algebra. Define
X —[0,1]
as

(0.55 if x =0,
0.45 if x = a,
p(x) =< 0.35 if z =0,
0.25 if xr =g,
L 0.15 if z =d,

and will be Cayley table for s = 0.20 with pp2 = {x € X : p(x) > 0.20} =

o T ®» O ¥
o T o OO
0o T O oO|w
o O v ol
o o o oo

{0,a,b,c}. Let T(xz,y) = Ty(z,y) = min{z,y} for all z,y € [0,1] then p €
FCIIT(X). Thus p920 will be a commutative ideal of BCI-algebra X.

Proposition 3.12. Let p € FCIT(X) and v € FCIT(Y). Then pu x v €
FCIT(X xY).
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PROOF. Let (z,y) € X x Y. Then
(1 x v)(0,0) = T(u(0),v(0)) > T(u(x), v(y)) = (1 x v)(x,y).

Also let (z1,22), (y1,42), (21, 22) € X X Y. Now
(1 X v) (21, 22) * (21, 72) * (Y1,¥2))) = (10 X V) (21, T2) * (1 % Y1, T2 * Ya))
=(p X v) (@1 * (21 % Y1), 02 % (2 % Y2)) = T(p(x1 % (21 % Y1), V(22 % (T2 % Y2)))
(1(yr * (Y1 * (1% (21 % y1)))), 1(21)), T(v(ya * (Yo * (02 % (22 % Y2)))), v(22)))
(yr * (1 * (o1 % (21 % 1)), V(Y2 * (Y2 * (22 % (22 % 92))))), T'((21), i (22)))

)s (1 x v)(21, 22))

>T(T

=T(T
=T((p x v)(yo* (Yo * (w1 % (w15 y1))), y2 * (2 * (22 % (22 % 2)
T( ), (1 x v)(21, 22)).-

(1 x V) (Y1, y2) * (Y1, y2) * (21, 22) * (21, 2) * (y1,92)))
Thus

)
)

(1 X v) (21, 22) * (21, 72) * (Y1,92)))
>T(ux v)((y1,92) * (Y1, y2) * (21, 72) * (21, 22) * (Y1,92)))))s (10 X V) (21, 22)).-
Therefore p x v € FCIT(X xY). O

Example 3.13. Let X = {0, a,b} be a set given by the following Cayley table:

T O %
T » OO
» O T
o T v T

and Y = {0, a,b} be a set given by the following Cayley table:

T o O %
T OO
T o ol
o v To|T

Then (X, *,0) and (Y, *,0) will be two BC'I-algebras. Define

X —[0,1]
as
0.4 ifx=0,
u(x)=4q 0.2 ifz=a,
0.3 ifx=0,
and

v:Y = [0,1]
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0.3 ify=0,
v(iy)=4¢ 0.25 ify=a,
0.15 ify = b.

Let T(m,n) = T,,(m,n) = min{m, n} for all m,n € [0,1]. Then p € FIIT(X)
and v € FIIT(Y). Also

px v X xY ={(0,0),(0,a),(0,b), (a,0), (a,a), (a,b), (b,0), (ba), (b,b)} — [0,1]

as

as

(0.3 if (z,9) = (0,0),
0.25 if (z,y) = (0,a),
0.15 if (z,y) = (0,0),
0.2 if (z,y) = (a,0),
(b xv)(x,y) =T(u(x), v(y) = min{p(z),v(y)} = § 0.2 if (z,y) = (a,a),
0.15 if (z,y) = (a,b),
0.3 if (z,y) = (b,0),
0.25 if (z,y) = (b, a),
[ 0.15 if (z,y) = (b, ),
Therefore p x v € FIIT(X xY).
Proposition 3.13. Let u,v € FCIT(X). Then pNv € FCIT(X).
ProOOF. Let x,y,z € X. Then
(N w)(0) = T(p(0), (0)) = T(p(x), v(x)) = (uNv)(x), (3)
and
()@ (zxy)) = T(p( + (xxy)), vz (z xy)))
> T(T(uly * (y * (x+ (xxy)))), w(2)), T(w(y * (y * (x (x xy)))), v(2)))
= T(T(ply = (y = (zx (% y))), vy * (y* (2 * (zxy))))), T(u(z),v(2)))
=T((pnwv)(y* (y* (z*(zxy)))), (nOv)(2)) (4)
() (s (zxy)) = T((nOv)(y* (y* (zx(2xy)))), (uNv)(z)).
Now (3) and (4) give us that pNv € FCIT(X). O

Example 3.14. Let X = {0, a,b, ¢} be a set given by the following Cayley table:

Then (X, *,0) is a BC'I-algebra. Define
p,v: X —[0,1]
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x| 0 a b c
00 0 0 ¢
ajla 0 0 c
blb b 0 ¢
clc ¢ ¢ O
as
0.7 ifx=0,
(z) = 0.6 ifx=a,
HEI=9Y 05 ifx =0,
04 ifz=c
and
0.55 if x =0,
(z) = 0.45 if x = a,
T 035 itz =b,
0.25 ifx=c,
Let T'(a,b) = T,(a,b) = ab for all a,b € [0,1]. Then p,v € FCIIT(X). Also
0.385 if x =0,
027 if r = a,
0.1 ifx=c,

thus pNv e FCIT(X).

Proposition 3.14. If u € FCIT(X) and ¢ : (X;%,0) — (Y;%,0) be an epi-
morphic BC'I-homomorphism of BCI-algebras, then p(u) € FCIT(Y).

PROOF. Let z € X and y € Y with ¢(x) = y. Now

p(1)(0) = sup{u(0) | 0 € X, p(0) = 0} > sup{p(z) | = € X, p(x) = y} = p(u)(y).
Also let x; € X and y; € Y with ¢(x;) = y; and i = 1,2,3. Then

(1) (i (yikys))
=sup{p(zy * (x1 % 22)) | 21 * (1 * x2) € X, (a1 * (21 * x2)) = yrk(y1%ya) }
= sup{T'(pu(w2 * (w2 * (21 % (21 % 22)))), w(@3)) | 25 € X, o(xi) = yi}
=T (sup {p(z2 * (e * (z1 % (x1 % 22)))) | ; € X, p(xg * (22 * (21 % (21 * 22))))
= yok(yak(yr#(y14y2))) }, sup{p(ws) [ z3 € X, o(23)ys})
=T (o (1) (Y2 (o (yrk(y1£y2)))), (1) (y3)),
thus

() (Yrk(yr%ya)) = T(o(p) (Y2 (ot (Y1 % (y1%y2)))), (1) = (y3))-
Therefore () € FCIT(Y). O
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Proposition 3.15. If v € FCIT(Y) and ¢ : (X;%,0) — (Y;%,0) be a BCI-
homomorphism of BCI-algebras, then ¢~(v) € FCIT(X).

Proor. Let z € X. Then

e ()(0) = v(9(0) > v(p(2)) = ¢~ (¥)(2).
Let xq, 22,23 € X. Now

T W) (@1 * (1% @) = v(p(a1 % (1% 22))))
= v(p(x1) * (p(21) * P(72)))
> T(w(p(x2) * (p(w2) * (0(1) * (0(21) * (22))))), (0 (23)))
= T(v(p(x2 * (z2* (21 % (21 % 22)))), v(p(23)))
=T (o™ (v)(wa * (9 (x1 % (11 % 22))), o~ () (3))

then

T W) (1 % (21 % 22))) > T (07 () (w2 % (22 % (21 % (21 % 22))), 9~ () (23)).
Therefore ¢~!(v) € FCIT(X). O

Example 3.15. Let X ={0,1,2,3,4} and Y = {0, 1, 2,3} be two sets given by
the following Cayley tables:

*0 1 2 3 4
0j0 0 2 3 3
111 01 4 3
212 2 0 3 3
313 3 3 00
414 3 41 0
*10 1 2 3
0j0 1 2 3
111 0 3 2
212 3 01
313 210

Then (X, *,0) and (Y, *,0) will be two BCI-algebras. Define v : X — [0,1] as

0.25 if =0,
u(x) =4 0.15 ifx=1,2,
0.1 ifz =34,
and v:Y — [0,1] as
0.75 ify=0,1,

v(y)=4q 0.55 if y=2,
0.45 ify =3,
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Let T'(a,b) = T),(a,b) = min{a, b} for all a,b € [0,1] then p € FCIT(X) and
v e FCIT(Y). Define BC'I-homomorphism ¢ : X — Y as

0 ifx=0,1,
)1 itz =2
Pr) =19 4 if © =3,
3 ifx=4.

Then we have that ¢(u) : Y — [0,1] as

0.25 ify =0,
o(p)(y) = sup{p(z) |z € X,p(z) =y} = 015 ify=1,
0.1 ify=23.

Thus ¢(u) € FCIT(Y). Also we will get that p~!(v) : X — [0, 1] as

0.75 ifz=0,1,2,
o ' (v)(z) = v(p(x)) =< 0.55 ifx =23,
0.45 if =4,

then ¢~ '(v) € FCIT(X).

4. Conclusions

In this paper, we introduced the concept of fuzzy implicative ideals, fuzzy closed
implicative ideals and fuzzy commutative ideals of BCl-algebras with respect to T-
norms and some basic properties are obtained. Also, the author investigated the
intersection and Cartesian product of them and some basic properties are obtained.
Finally, as important results, we investigated them under homomorphisms. Now
One can investigate fuzzy ideals of BCH-algebras by using t-norms as we considered
and this can be an open problem.
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