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Solving conformable fractional Sturm-Liouville
equations using one class of special polynomials
and special functions

Arsalan Hojat Ansari and Snjezana Maksimovi¢*

ABSTRACT. The objective of this paper is to solve conformable fractional Sturm-
Liouville equations using one class of special polynomials and special functions
introduced in [13]. Also, the connection between Mittag-Leffler functions and
special polynomials are established and conformable fractional derivatives of cer-
tain Mittag-Leffler functions are determined.

1. Introduction

The fractional differential calculus has been developed to describe different phys-
ical phenomena. In the last three decades, the fractional differential calculus has
became of great importance in many fields of science and engineering, for example
mechanics, electricity, chemistry, biology, economics, control theory and signal and
image processing [14], [15]. The fractional differential calculus is nowadays one of
the most intensively developing areas of mathematical analysis, including several
definitions of fractional operators like Riemann-Liouville, Caputo, and Griinwald-
Letnikov [5]. These fractional derivatives are complicated, especially Griinwald-
Letnikov where some of the basic properties that usual derivatives have such as the
product rule and the chain rule are lost. This was one of the motivations for many
authors to introduce a new definition of the fractional derivative that would preserve
these properties.
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In [11] authors introduced a definition of a conformable fractional derivative
(CFD) which is a natural extension of the usual derivative and for which hold
multiplication rule, division rule, fractional Rolle theorem, and fractional average
value theorem. This definition coincides with the known fractional derivatives of
polynomials. Later, in [1] are defined the right and left conformable fractional
derivatives,the fractional chain rule, and fractional integrals of higher orders. In
[2] the authors discussed the Sturm-Liouville problems in the frame of conformable
derivatives (see also [9]).

In this paper, we focus our attention on the conformable fractional Sturm-
Liouville equations ( [12], [16])

(t* 4+ 1)°Dj*y(t) + (26*7*(1 — n) — 2nt — (1 — a)t “(1 +t*)) Dy (y(1))

2-2% _ (1)
+2nt" (2 —a)(2n — Dy(t) =0, t >0,

and

(212D (y (1)) + (2677 = (1=a)t ™" (£2+1)) (1+7) Dy (y(t)) +4n*t> ">y (t) = 0, ¢ > 0,
(2)
where Dy is a conformable fractional derivative of f with respect to t of order
0 < a<1and D¥(y(t)) = DH(DL(y(t).
For a = 1 the equation (1) comes down to the classical Sturm-Liouville differen-
tial equation of the second order

4+ 1)y"(t) — 2(2n — D)ty (t) + 2n(2n — 1)y(t) = 0, (3)
since (2) comes down to
( +1)%y"(t) + 2t (* + 1)y () + 4n’y(t) = 0. (4)

This paper is organized as follows. In Section 2, we stated definitions and as-
sertions used throughout the study. In Section 3, we considered conformable frac-
tional Sturm-Liouville equations (1) and (2) and proved that special polynomials
F,, n € N, are solutions of the equation (1), since functions fy =1, f,, n € N, are
solutions of equation (2) ([7], [13]) . Through Theorem 3.4 and Theorem 3.5 we
connected Mittag-Lefller functions (7,; and Hp;,j = 0,1,....,p — 1, p € N) with
special polynomials F,,, n € Ny. At the end of this section we calculate the con-
formable fractional derivative and the conformable fractional Laplace transform of
functions 7T},; and Hp;,j = 0,1,...,p — 1, p € N. Using the conformable fractional
Laplace transform we solved the conformable fractional differential equation whose
solutions are functions H,;, j = 0,1,...,p—1, p € N. In the last section (Section 4),
we gave some more useful summation formulas for special polynomials F;,, n € Ny
and solved an open problem from the paper [4].
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2. Preliminaries

We employ the following notation: N, R and C for the sets of positive integers,
real and complex numbers, respectively. Also, Ny = NU {0}. For a given complex
number z, we denote with R(z) the real and with (z) the imaginary part. By
L?(R) we denote the space of a square integrable functions. A Laplace transform of

a function f is denoted by L(f(t))(s) = F(s) = 0+°° f(t)estdt, s € C.

2.1. One class of special polynomials and special functions. Special
polynomials F),(t),n € N, introduced in [7] and [13], are defined by:

n

Fat) =1, Fault) =30t = ) = (-0 (5 )

n

Faea(t) = (00 = i) = -0t (2 )

It is proved in [13] that these polynomials are solutions of the Sturm-Liouville
differential equation (3).

Theorem 2.1. [8] Polynomials F,(x), n € Ny satisfy (Vx,t € R):

;% (QQ"T(;)t?n = cost - cosh(at), Z ?Tl)()tgn = —sint - sinh(xt),

n=1

— Fb, o Foe
Z () t" = exp(x*t — t) cos(2xt), Z 2—1(3:)252 = —exp(a?t — t)sin(2xt).
—~ nl ~ nl

Using polynomials F,,(t), n € N, special functions are defined as follows [13]:
 Fona (1) Fy,(t)

o) =1, fa(t) = (=1)"" 1) fon(t) = (—U”m, neN. (5)
Notice that
fon_1(t) = sin(2n arctan(t)), fa.(t) = cos(2n arctan(t)), n € N. (6)

It is proved in [13] that functions (6) are solutions of the Sturm-Liouville differ-
ential equation (4) and form a basis of an L*(R) space, with respect to the weight
1

function w(t) = 35z. Also, in [13] it is shown that these function are utilized to

obtain one class of plane curves with the arc length parametrization.
2.2. Functions T,; and H,; as a special case of Mittag-Leffler functions.

Definition 2.1. [4] The functions 7),;, Hy; : R - R, j =0,1,2,--- ,p—1, p€ N,
are defined as follows:

o ntpnﬂ e pnti

Z (pn+ )7 an+j

n=0 n=
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Theorem 2.2. [4] For each t € R, we have

(t) Top-1(t) H o(t) = Hyp—1(t)
T (t) = Tho(t) Hyy (1) = Hyo(t)
T];p—l(t) = Tpp(t) Hl/)p—l(t) = Hppo(t).
Example 2.2. [4] For each t € R, we have
T(t) =Y “3”” e Haolt) = Zg ot

3
=)
3
Il
o

0 -1 nth & -1 nt2n+1
Tgo(t):ZL:cost Tzl(t):ZL:sint

| |
22" (2n)! (201 1)!
0 t?n o t2n+1
Hgo(t) = = cosht Hzl(t) = E —— = sinht.
| |
“— (2n)! —~ (2n+1)!

Theorem 2.3. [4] For each t € R, we have
2 2
Tao(t) = COS(\/T_t) : cosh(\/T—t).
Theorem 2.4. [4] For each t € R, we have
Tao(t) — T3, (1) + Tap(t) + 3Ts0(8) T () Ta(t) = 1
Ho(t) + H3, () + Hyy(t) — 3Hso(t) Hyy (1) Hao(t) = 1.

Theorem 2.5. [4] Let p be a prime number and s € C, then we have

L)) = 2 =0 p 128
L(H(a)s) = S =01 - 1p > 3
£~ T(at))(s) = (1 + %)
L1~ Hyafat)))(s) = (1~ )
L(tTyo(at))(s) = i _(Sip;a?)apsp 1

Using Theorem 2.5 one can solve ordinary differential equations easily. We will
demonstrate it on the following two examples.

Example 2.3. The solution of the differential equation
y"(t) —yt)—1=0, y(0)=1, y(0)=2 , y'(0)=4 (7)
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is

If we apply the Laplace transform on (7) we obtain

L") —y(t)=1)(s) = s*L(y(1))(s)—s*y(0)—sy/(0)—y" (0) = L(y(t))(s) = L(1)(s) = 0
from which it follows
52+2s+4+%_ 52 25 4 1
Ly =—G -y ~mon T eEo) T oD s o)
From Theorem 2.5 we have

W) = L)+ £ )+ £ () £

= Hgo(t) + 2H31(t) + 4H32(t) + Hgo(t) — 1.

b
s(s3—1)

)

Example 2.4. The solution of the differential equation
yOt) —y(t) =5=0, y(0)=1, y'(0) =2, y"(0) =4, y"(0) =6, y'V(0) =8

is
y(t) = 6Hzo(t) + 2Hs1(t) + 4Hsa(t) + 6 Hs3(t) + 8Hsa(t) — 5.
Similarly, like in example 2.3 we have

st +25° + 45> + 65+ 84 2

L(y(0))(s) = e

s N 253 N 452 N 65 N 8 N 5
(5 —1) ($5—1) (s5—1) (s5—1) (s5—1) s(s5—1)
From Theorem 2.5 we obtain a result
o, st o, 288 ., 4s? .
WO = L)+ L) + L )+ £ )
8 5
-1 ¢ GeEop)
= Hso(t) + 2Hs5:(t) + 4Hso(t) + 6 H53(t) + 8Hs4(t) + 5Hs0(t) — 5.

+L7Y(

2.3. A conformable fractional derivative.

Definition 2.5. [11] The CFD of y : [0, 00) — R with respect to ¢ of order a is

defined
y(t +et' %) —y(t)

o o <1.
Di(y(t)) ll_I)I(l) . , forall t>0,0<a<1 (8)

Remark 2.6. If y is a differentiable then
Di(y(t)) =t"%/(t), forall t>0, 0<a<]l, 9)

where by ’ we denote the classical derivative.



74 ANSARI AND MAKSIMOVIC

Theorem 2.6. [10] Let 0 < a < 1 and y(t) and y(t) be a-conformable differen-
tiable at a pointt > 0, then:

(i) D¢(c) = 0, where ¢ is a constant,

(ii) Dg(t°) = at*™, for all c € R,
(ii) D?(Oéy(t) + By(t)) = aDf(y(t)) + BDF(§(1)), for all o, B € R,
(iv) D?(y(t()g( ) = s ((%(;)))%()) (gg@g{%g;);
oY f y(t y _
21 (35) - 70 7o

Theorem 2.7. [10] Suppose that the function y : (0,400) — R is classical and
conformable differentiable. The conformable derivative of the function y o 7 is

Di(y o )(t) = """y ()7 ().

Definition 2.7. [1] Let 0 < a < 1 and y : [0, +00) — R. The fractional Laplace
transform of the function y of an order a is defined by

too o,
La(y(t))(s) = /0 e S Ty(t)t dt, seC.

Lemma 2.8. [1] Let y : [0,00) — R be a function such that L,(y(t))(s) ezists.
Then

Q=

La(y(1))(s) = L(y((at)=))(s).

Theorem 2.9. ([3],[6]) Let y : [0,4+00) = R be a given function, 0 < a <1 and
s> 0. Then

La(Diy(1))(s) = sLa(y(t))(s) — y(0),
La(Di"y(1))(s) = s*La(y(1))(s) — Dyy(0) — sy(0).

(
Theorem 2.10. [6] Let y : [0,+00) — R be a continuous real valued differen-
tiable function and 0 < a <1, then for alln € N and s > 0:

n—1

Lo(DPy(t))(s) = " s/ D" (0),
7=0
3. Main results
Proposition 3.1. Polynomials Fy,_1(t) and Fy,(t), n € N, t > 0, satisfy:
(t* + 1) DI Fop_1(t)) = 20t (Fop(t) + tFap_1 (1)) (10)

and

(* + 1) D} (Fau(t)) = 208" (tFon(t) — Fan-1(1)). (11)
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PRrROOF. Notice that
Fo(t) +iFp,_1(t) = (t — i)™ (12)
From Remark 2.6 is
DE((t — 1)) = t'7((t —40)*") = 2nt' ot — i)* !
and from Theorem 2.6 it follows
D{(Fon(t)) + iD{ (Fap_1(t)) = 2nt'~(t —i)>" L. (13)

By multiplying (13) with ¢ —i and taking the real and imaginary parts we obtain
the system
th(F%(t)) + D?(FQn—l(t)) = QntliaFM(t)
—Dg(Fy,(t)) + tD¢(Fo,_1(t)) = 2ntt—2Fy, 4(t)
from which (10) and (11) follow. O

(14)

Theorem 3.2. Polynomials F,(t), n € N, t > 0, are solutions of the equation
(1)

PrROOF. We will prove the assertion only for polynomials Fy, 1(t), since the
proof for polynomials Fy,(t), n € N, is the same. Applying a CDF of order a on
(10) gives

(2 + 1) D (DE(Fanr (1)) + 262 (1 = 1) DY (Fo-1(£)) — 208> 2(2 — ) Fy 1 (1)
=2n ((1 — a)t' " Fo, (t) + t' "D (Fon(t)) -

From (10) and (14) we obtain

2n (1 — a)t' " Fau(t) + t' "D (Fn (1))
= (2nt + (1 — a)t™*(1 + t*)) D} (Fop_1(t)) — 4n*(2 — a)t* " Fp,_1(t)
from which it follows
(t* + 1)’ D} (Fapa (1)) + (282791 — n) — 2nt — (1 — )t *(1 + °)) D (Fap_1(t))
+ 20?7242 — a)(2n — 1) Fy,_1(t) = 0.
O

Theorem 3.3. Functions f,(t), t € (tan ®T tan(X + %)),k € Z, n € N, are
solutions of the equation (2).

PROOF. We will prove the assertion only for functions fs, 1(t), since the proof
for functions fy,(t), n € N, is the same. Applying a CDF of order a on (6), by the
use of Theorem 2.7 we obtain

(t* + 1) D} (fan—1(t)) — 20t~ fou (t) = 0 (15)
and
(#* + 1) Df (fon(t)) + 2087 fon1(t) = 0. (16)
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Applying a CDF of order a on (15), using Theorem 2.6 we obtain
(t* + 1) Df (fan—1(t) + 227D (f2u(t)) — 20((1 — a)t' ™ fon (t) + ' "D (fau(t)) = 0.
Then, (15) and (16) gives assertion. O

Through the following theorems we will establish the connection between func-
tions T,;, H,; and special polynomials F7,.

Theorem 3.4. For functions Too(t), To1(t), Tao(t), Tua(t) and polynomials F,
holds:

To(t) = 3 o) oo Ta(t) =~y il o

27(2n)! “— 27(2n)!
— (1) , — Fona (1),
Too(t) =) ol | To(t) = =) o) !
n=0 ' n=1 ’
PROOF. Since Fy,(1) = 2" cos 5t and Fy,_1(1) = —2"sin &, n € N, we obtain
an assertion. O

Remark 3.1. Using Theorem 2.1 and Theorem 3.4 we can also prove Theorem
2.3:

Also, using Theorem 3.4 we can obtain Th(t) and Ty (t)

Z Finl1) <%>" =exp(t —t)cost = Ty(t) = cost

n!

n=0

2\ Fop (1) [t\"

> |1()<§> = —exp(t —t)sint = Ty(t) =sint.
n.

n=1

Theorem 3.5. For every t € R it holds that

Tyo(t) = sin(—=) - sinh(

sl
8l
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Proor. From Theorem 3.4 is

[e.9]

Foua(1) ([t N .t .t
; —(Qn)! <E) = —sm(—2) 'Slnh<—2)

<~ (2n)! N 2
t ) t
Tyo(t) = sm(ﬁ) : smh(ﬁ)

O

Remark 3.2. From Remark 3.1 and Theorem 3.5 we obtain the following equa-

tions:

t t t t
Tio(t) = TQO(E>HQO(E)7 Tip(t) = T21(E>H21(E)'

In the following examples we will determine the CFD for functions 7},; and H,;:

Example 3.3. Let t > 0 and 0 < a < 1, then:

D?(TPO(qt» = _qtlianpfl(qt) D?(Hp0<qt)) = qtliaprfl(qt)
D?(Tpp—l(qt)) = qtl_anp—2(qt> D?(pr—l(qt)) = qtl_apr—2(qt>
D (Typ-a(qt)) = qt'“Tpp—s(qt) Di(Hyp—2(qt)) = qt'~*Hpp3(qt)

D{(Ty(qt)) = qt' " Tho(qt) Di(Hp(qt)) = qt'"Hyo(qt).
Using Theorem 2.7 and Theorem 2.2, for ¢g(t) = T,0(qt), we have
Di(Tyo(qt)) = Dig(t) = t'~"¢'(t) = —qt'""Tpp_1(qt).

Example 3.4. Let t > 0 and 0 < a < 1, then:

a 1 a 1 a a 1 a 1 a
Dt (Tpo(at )) = _Tpp—l(at ) Dt (Hpﬁ(at )) - pr—l(at )
a 1 a 1 a a 1 a 1 a
Dt (Tpp—l(at )) = Tpp—2<at ) Dt (pr—l(at )) = pr—2(5t )
a 1 a 1 a a 1 a 1 a
Dt (Tpp—Q(at )) = Tpp—3(at ) Dt (pr—2(at )) = pr—3(5t )
a 1 a 1 a a 1 a 1 a
Dy (Tp1(5t ) = TpO(at ) Dy (le(at ) = HpO(at )-
Using Theorem 2.7 and Theorem 2.2, for Tp,_1(£t*), we have

“ 1., " a Cva 1, 1,
Dy (Tppflat ) = Dig(t) = ! g(t) = tot lTpp72(at )= Tpp72<at )
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Theorem 3.6. Lett > 0,0 < a <1 and p is a prime number. The fractional
Laplace of order a for certain functions are:

t¢ sP=i=tel
LG(TPj(cE))<S) - SP 4+ cP vJ :0717-‘-7])_1;]9237
t* sP=i=led
LulHiyleo))(s) = 0 =01, p— 1> 3
cp t¢ cP
La(z (1= Thole))(s) = In(1+ =)
ap t® cP
La(7 (1= Thole)))(s) =In(l = =)
te e P72 — (p—1)cPsP!
Lo(—Th(c— =
(ETo(e=))(5) o
ProOF. Using Theorem 2.5 and Lemma 2.8 we obtain the proof. 0

Using Theorem 3.6 one can solve the conformable fractional differential equa-
tions.

Example 3.5. Let 0 < a < 1. The solution of the conformable fractional
differential equation

Dy*(y(1) —y(t) =2 =0,

a 2a 3a 4a (17>

18
t(l tCL tll tCL t[l
( ) —3H50( )+3H51( )+7H52( )+6H53( )+8H54(a) 2.

If we apply a generalized conformable fractional Laplace transform on (17), using
Theorem 2.10 we obtain

0 =La(D7"(y(t)) — y(t) — 2)(s)
=(s"La(y(t))(s) — s'y(0) — s’ Dy (0) — s> Dy (0) — sD;*y(0) — Dy*y(0))
— La(y(t))(s) — 2La(1)(s)

from which it follows

s*+ 353+ 72 +6s+8+ 2
La(y(0)(5) = e

s 3s3 752 6s 8 2
= + + + + +

(s°—=1) (s°=1) (s°=1) (s°—=1) (s°—1) s(so—1)
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By the use of Theorem 3.6 we obtain a solution
st 353 75> 65
)+ Lt Lt Lt
8 1 5
[T CE

t¢ t te t¢ te t¢
)+ 3H51(E) + 7H52(E) + 6Hs3(—) + 8H54(E) + 2H350(

)

— —) —2.
a a)
4. Appendix

Following [8] we give another interesting summation formulas:

Theorem 4.1. For every x,t € R such that |(x —i)t| < § it holds that

i (—1)n (2% — 1)BgnF2n(x)t2n _ attan(zt)(1 — tanh®(t)) — ttanh(tl(l + tan?(xt))

— (2n)! 1 + (tanh(t) tan(xt)) ’
i (—1)nHi(2% — 1)BgnF2n_1(a;)t2n _ —attanh(t)(1 + tan®(xt)) — ¢ tan(zt)(1 — tanh*(t))
= (2n)! B 1 + (tanh(t) tan(xt))? ’

(18)
where B,, are Bernoulli numbers.
PRrROOF. From
_ - (_1)n+1(22n — 1)B2n 2n—1
tanx = ; (2n)! T
we have
. - (_1)n+1(22n _ 1)B2n \2n—1,2n—1
tan((z — i)t) = ; 2] (z —i)2n 2L (19)

. . tan(zt) — tan(it)
Since tan((z —i)t) = 1 + tan(it) tan(xt)

and tan(it) = i tanh(t), we have

tan(z — i)t = tan(zt) —itanh(t) 1 —itanh(¢) tan(at)

1 +itanh(t) tan(xt) 1 — itanh(¢) tan(zt)
_ tan(zt)(1 — tanh®(t)) . tanh(t)(1 4 tan®(zt))
"~ 1+ (tanh(t) tan(zt))? T+ (tanh(¢) tan(at))?’

If we multiply equation (19) by (z —¢) and take the real and imaginary parts we
obtain (18). O

Remark 4.1. We give another proof for Theorem 2.4.
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PROOF. Let A # 1,3 = 1, A = =131 A2 = X AN = 1, A\ + X = —1, following [4,
Remark 4.1] we have

2
eteMert = 1.

Then
et = e MeA
= (Txo(t) — NT51(t) + NTs2(t)) (Ts0(t) — NTi1(t) + AT32(2))
= (Txo(t) — NT51(t) + NT32(t)) (T30(t) — AT31(t) + AT32(t))
= T5o(t) + T35 (1) + T (t) + Tao(t)Ts1 (t) — Tao(t)Ta(t) + Ty (¢) Tia(2).
Now

€7t = Tgo(t) — T31 (t) + T32(t>

and by a® — b® + & + 3abc = (a — b+ ¢)(a* + V* + * + ab — ac + bc) and e'e™t =1
we obtain the result. O

Theorem 4.2. (An open problem from [4]) There exists a polynomial of degree
q > 5 such that

Pq(TqO(t)7 qu(t)’ T aqu—l(t)) =1

ProoFr. We demonstrate a proof when ¢ = 5.
Let A # 1,\° =1,

47

2 2 4
A= cos(%) —i—z’sin(%) =a+id P COS(E) - isin(%) =—b+ic
2= cos(ﬁ—ﬁ) +isin(6—7r) =—b—ic M= 008(8—7T) + isin(8—ﬂ) =a—id
5} 5) 5) 5
where a = —11\/57[) = 1+4‘/5,c = 10;2\/5,d = X 10+2\[ . By the use [4, Remark 4.1]
we have
6t€)\t€)\2t€/\3t6)\4t -1
Then
et — 67)\1567)\%67)\31567)\415
= (Tso(t) = AT1(t) + NTo(t) — NT53(t) + AN T54(t))
(Tro(t) — NTs1(t) + A T52(t) — AT53(t) + XN*Tha(t))
(Ts0(t) — N*T51(t) + ATs2(t) — XN Ts3(t) + N Tra(2))
(Ts0(t) — A*T51(t) + N¥Tsa(t) — N2Ts3(t) + ATs4(2)) -
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Since
(Tso(t) — AT51(t) + N*Tsa(t) — NTs3(t) + A T5a(t))
=(T50(t) — (a+id)T51(t) + (=b+ ic)Tsa(t) — (—b —ic)Ts3(t) + (a — id)T54(t))
= (T50(t) — aT51(t) — bTsa(t) + bT53(t) + aTs4(t))
+ i (—dT51(t) + cTsa(t) + cT3(t) — dTs4(t))
=A+1B,

(Tso(t) — NTs1(t) + ANTa(t) — ATss(t) + A2 Tsa(t))
= (Tso(t) — (=b +ic)Ts1(t) + (a — id)Tso(t) — (a4 id)Tss(t) + (=b — ic)Ts4(t))
= (Tso(t) + bT51(t) + aTsa(t) — aTss(t) — bTs4(t))
+ i (—cTs1 (t) — dTs(t) — dTs3(t) — cTsa(t))
=Ay + 1By

(Tso(t) — NT51(t) + ATsa(t) — XTs5(t) + AN*Ts4(2))
=(T50(t) — (=b—ic)T51(t) + (a +id)T52(t) — (@ — id)T53(t) + (—b + ic)T54(t))
= (T50(t) + bT5:1(¢) + aTsa(t) — aT53(t) — bT54(1))
+ i (cT51(t) + dTs9(t) + dTs3(t) + Tr4(t))
=A3+ 183

(Tso(t) — NTs1(t) + N2 Ta(t) — NTss(t) + NT5a(t))
= (T50(t) — (@ — id)T51(t) + (=b — ic)T5a(t) — (—b+ic)Ts3(t) + (a + id)Tsa(t))
= (T50(t) — aT51(t) — bTs2(t) + bT53(t) + aTs4(t))

+ i (dTs51(t) — cTsa(t) — Ts3(t) + dT54(1))
=A, + 1By,

then
e' = (A1 Ay — B1By)(A3Ay — B3B,) — (A1 By — By As)(A3By — BsAy).

This is polynomial of degree 4 (by T5,(t), j =0,...,4), so from

= T50(t) = Tsa(t) + Ts2(t) — T53(t) + Tsa(?)

t

we conclude that e‘e is of degree 5. 0

Now we can prove the Theorem 4.2.

PROOF. Solutions of equation A? = 1 are
2n(k — 1 2n(k — 1
Ak :COSM —l—isinM, k=1,...q.
q q
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Since, for A # 1

q—1 .

k A9—-1
He)\t:e)\flt:]_
k=0

we have
q—1 q—1 g—1
e =T =D (—1\T,(1)
k=1 k=1 j=0 (20)
(i omj(k — 1) omj(k — 1)
= H (—1) (cos——l—isin —) T,i(t).

k=1 j=0 q q

As conjugate complex solutions of equation A? = 1 come in pairs, following

Remark 4.1 and proof of the theorem for ¢ = 5 we conclude that a polynomial (20)
is a degree of ¢ — 1 (by T};(t), j=0,...,¢ —1). Since

—_

q—

et =) (—1YTy(1),

.
Il
o

form e’ - et = 1 we obtain the assertion. 0

5. Conclusion

In [13] the authors constructed a novel class of special polynomials and spe-
cial functions. The uniqueness of those classes lies in the fact that these special
polynomials are not orthogonal (the special polynomials most commonly used are
orthogonal), but the corresponding class of special functions, with respect to the
weight function, is orthonormal. In this paper, through Theorems 3.2 and 3.3, con-
formable fractional Sturm -Liuoville equations (1) and (2) using novel classes of
special polynomials and special functions are solved.

With development the fractional calculus, the importance of the Mittag-Leffler
functions was fully understood, since the Mittag-Leffler function arises naturally in
the solution of fractional differential equations or fractional integral equations. So,
the authors connected the special polynomials introduced in [13] with Mittag-Leffler
functions (Theorems 3.4 and 3.5). Also, in the Theorem 3.6 conformable fractional
derivatives of certain Mittag-Leffler functions are determined.

In the end of the paper some interesting summation formulas, associated with
the novel class of special polynomials, are given and an open problem from [4] is
solved.
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