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Some fixed point theorems of rational type
contraction in complex valued b-metric spaces

Merad Souheib and Taieb Hamaizia*

ABSTRACT. The aim of this paper is to prove a common fixed point theorem
of rational type contraction in the context of complex valued b-metric spaces
and generalizing some results in the existing literature. Finally, We furnish an
interesting example in support of our main results.

1. Introduction and Preliminaries

In 2011, Azam et al. [1] defined the concept of a complex valued metric space
which is a broadening of the traditional metric space. This line of research has
inspired a lot of authors to generalize, extend and improve [1] in various ways, see
2, 5, 7, 8 10, 13, 16, 17, 18, 19]. Among them, Rao et al. [15] presented
the idea of complex valued b-metric space which was more general than the well
known complex valued metric spaces [1]. afterwards numbers of papers studied
many common fixed point results on b-metric spaces and complex b-metric spaces,
for more details, the reader may consult the papers [3, 4, 6, 9, 12, 14].

In this paper, motivated by the above facts, we extend and generalize the results
of Hamaizia et al. [11] in complex valued b-metric spaces. We'll need some basic
definitions, results, and examples from the literature before we can prove the main
results.

Let C be the set of complex numbers and 21,z € C. Define a partial order <
on C as follows:

21 S zp if and only if Re(z1) < Re(zq), Im(z1) < Im(zs).
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Thus z; < 29 if one of the following holds:

i) Re(z1) = Re(zs), Im(z1) = Im(zs);

ii) Re(z1) < Re(zs), Im(z1) = Im(29);

ili) Re(z1) = Re(z2), Im(z1) < Im(z2);

iv) Re(z1) < Re(z2), Im(z1) < Im(zg).

We will write 21 5 22 if 21 # 22 and one of (i), (i), and (iv) is satisfied; also
we will write z; < z if only (iv) is satisfied.

Notice that 0 < 21 T 22 implies |21| < |2z2| and 21 $ 22, 22 < 23 implies 2 < 2.
The following definition is recently introduced by Azam et al. [1].

Definition 1.1. Let X be a non empty set, A function d : X x X — C is
called complex valued metric space if for all z,y,z € X, the following statements
hold true:

a) d(z,y) = 0 if and only if z =y,

b) d(z, ) = d(y, z),

c) d(z,y) S d(z,z) +d(z,y).
The pair (X, d) is called complex valued metric space.

Example 1.2. [17] Let X = C. Define the mapping d : X x X — C by
d (21, 2) = exp (ik) |21 — 2|°,
where k € [0, %} . Then (X, d) is a complex valued metric space.

Definition 1.3. [15] Let X be a non empty set, s > 1 a fixed real number,
A function d : X x X — C is called complex valued b-metric space if for all
x,y,z € X, the following statements hold true:

a) d(z,y) =0if and only if z =y

b) d(z,y) = d(y, v),

c) d(z,y) < sld(z, 2) + d(z, y)].

The pair (X, d) is called complex valued b-metric space.

Example 1.4. [15] Let X = [0,1]. Define the mapping d : X x X — C by
d(z,y) = e —y[* +ilz -yl
for all z,y € X. Then (X, d) is a complex valued b-metric space with s = 2.

Definition 1.5. [15] Let (X, d) be a complex valued b-metric space.

i) A point z € X is called interior point of a set A C X whenever there exists
0 < r € Csuch that B(z,r) ={y € X : d(z,y) <r} C A.

ii) A point z € X is called a limit point of a set A whenever for every 0 < r € C,
B(x,r)n(A—A{z}) # ¢.

iii) A subset A C X is called an open set whenever each element of A is an
interior point of a set A.
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iv) A subset A C X is called closed set whenever each limit point of A belongs
to A.
v) A sub-basis for Hausdorff topology 7 on X is a family

F={B(z,r):x € X and 0<r}.

Definition 1.6. [15] Let (X,d) be a complex valued b-metric space, and let
{z,} be a sequence in X and z € X.

i) If for every ¢ € C, with 0 < ¢ there is N € N such that for all n > N,
d(zp, ) < ¢, then {x,} is said to be convergent and converges to z. We denote this
by lim,, o x, = x or {z,} — z as n — +o0.

ii) If for every ¢ € C, with 0 < ¢ there is N € N such that for all n > N,
d(zp, Tpym) < ¢ where m € N, then{z, } is said to be Cauchy sequence.

iii) If every Cauchy sequence in X is convergent in X, then (X, d) is said to be
complete complex valued b-metric space.

Lemma 1.1. [15] Let (X,d) be a complex valued b-metric space and let {x,}
be a sequence in X. Then {x,} converges to x if and only if |d(z,,x)] — 0 as
n — +00.

Lemma 1.2. [15] Let (X,d) be a complex valued b-metric space, and let {x,}
be a sequence in X. Then {x,} is Cauchy sequence if and only if |d(xp, Tpim)| — 0
as n — +oo, where m € N.

2. Main results

Now, we are ready to present our main results as follows

Theorem 2.1. Let (X, d) be a complete complex valued b-metric space with a
coefficient s > 1, and T : X — X be a mappings on X satisfying the condition

d(z,Tx)d(x,Ty) +d(y,Ty)d(y, Tx)
d(z,Ty)+d(y,Tx) ’

d(Tz,Ty) S ad(x,y)+b (1)

—~

for all, z, y in X and a,b >0, d(z,Sy) +d(y,Tx) # 0 with s(a+b) < 1. Then T
has a unique fixed point.

PROOF. Let x5 € X be an arbitrary point in X. We define the sequence {z,} in
X such that

ZTops1 = Txy,, for all n € N.



MERAD SOUHEIB AND TAIEB HAMAIZIA*

Now, we show that the sequence {x,} is Cauchy

d(Ton+1, Tonv2) = d(Ton, Ton41)
d (zon, Txa,) d (Ton, TTon11)
d (xon, TTons1) + d(xons1, Tay)
d (zons1, Txoni1) d (Tons1, Txoy)
d (me Tx?n—&-l) +d (I2n+1; T$2n)
d (T2, Tont1) d (Tan, Tania)
d (T2n, Tont2) + d (T2p11, Tant1)
d (Tant1, Tony2) d (Tant1, Tony1)
d (220, Tont2) + d (T2p11, Tant1)
= (a+0b)d(zan, Tont1) -

AN

ad (za,, Tony1) + 0

+b

ad (Tan, Tont1) + 0

+b

Thus,
d (Tant1, Tant2) S (@ +0) d (T2, Toni1) - (2)

By using lemma (1.2), implies that

|d (2n+1, Tani2)| < |(a+b)d(xon, Tani1)]
< (a+0b)|d(xon, Toni1)] -
Since a + b < 1,
|d (241, Toni2)| < (a+b) |d (22, Toni1)] - (3)

Thus, for any n € N, we obtain

(a + b) ’d (Izm $2n+1)’ < (a + b)2 |d («T2n—17 132n—2)‘ (4)
- < (a+ b d (21, 7o) -

|d (Ton+1, Tony2)| <
<

Then, for any m > n

|d (20, 2m)| < sld (20, Topa)| + 8 [d (Tng1, )]

s|d (Tn, Tny1)| + s? |d (Tns1, Tnga)| + 5? |d (Zni2, Tm)]

VAN VAN VAN

§1d (T, Tpg1)| + 5 |d (241, Tns2)| + 57 |d (Tng2, Tnys)]
+5° |d (Tn+s, Tm)|
10 (s )] + 8% 1 (Tt Ty2)] + 5° 1 (T, Tss)

o+ 8" d (g )|+ 8™ (Tae1, T -

IN
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By (4), we have

A (@0, 20)| < s (a+0)" |d (z0,20)] + 5% (a + )" [d (w0, 1))
+53 (a4 )" |d (zo, 21)| 4 .. + " (@ + b)" 2 |d (o, 21)]
+Sm—n (CL + b)m_l |d (ZL'(), C(]l)l
= > s (a+0)"" ! d (w0, 11)|.
i=1
Therefore,
|d (@0, T)| < s (a+ b)Hnil |d (w0, 1)
=1
m—1
= sP (a4 )" |d (zg, x1)|
p=n
S b)I”
< » _ [s (a+ ‘
< Dbttt o)l = 3= o0 e o)

From which we can deduce that

|d (2, )| <

[s (a+ b))

T-s(as 5 2@ )l = 0as mn = foo

Thus {z,} is a Cauchy sequence in X. Since X is complete, there exists u € X
such that x,, = v as n — +00. Assume that, there exists z € X such that

\d (u, T)| = |2| > 0. (5)

Using the triangular inequality and (1), we find

z

N

d(u,Tu) < sd(u, xopio) + s |d (xon12, Tu)|
sd (u, Tapt2) + sd (Tu, STapi1)
sd (u, Tony2) + sad (u, Topi1)
d(u, Tu)d (u, Stani1) + d (T2nt1, STant1) d (Toni1, Tu)
d (u, Stopi1) + d (x2ns1, Tu)
sd (u, Topy2) + sad (u, Top41)
d (u, Tu) d (u, Tons2) + d (Tans1, Tonio) d (Tons1, Tu)
d (u, xopio) + d (Topy1, Tu) ’

+sb

+sb

which implies that

||

|d (u, Tu)l
§ |d (w; Tan12)| + sa|d (u, 2an 1)l

+spl @ Tl |d (4 Tanio)| + |d (Zont1, Tansa)| [ (ansr, Tl
‘d (U, x2n+2) + d <x2n+l> TU)’

. (6)
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Taking the limit of (6) as n — +o0, we get that |z| = |d(u, Tu)| < 0, a contra-
diction with (5). So |z| = 0. Hence,
Tu = u.

To prove the uniqueness of common fixed point, assume that v € X be another
fixed point of T" that is

v="Tv
It follows that
d(u,v) = d(Tu,Tv)
d(u,Tu)d (u, Tv) +d(v,Tv)d (v, Tu)
d(u,Tv) +d (v, Tu)

< ad(u,v)+0b
= ad(u,v).
Since a < 1, we have d (u,v) = 0 Thus, T" has a unique fixed point in X. O

Theorem 2.2. Let(X,d) be a complete complex valued b-metric space with s > 1,
and T, S : X = X be two mappings on X satisfying the condition

d(x,Tx)d(z,Sy) +d(y,Sy)d(y, Tx)
d(z,Sy) +d(y,Tx) ’

d(Tx,Sy) < ad(x,y) +b (7)
forall, x , yin X and a,b >0, d(x,Sy) +d(y,Tx) # 0 with s(a+b) < 1. Then T
and S have a unique common fixed point.

PROOF. Let xy € X be an arbitrary point in X. We define the sequence {z,} in
X such that

Ton+1 = Tz,

Tont+2 = Sl‘2n+1, for all n € N.
Putting n = 2k, with z = 9, and y = 2911 We get

d (Topy1, Tonte) = d(Twop, STopir)
d (zor, Tor) d (o, STopi1)
d (wo, Sops1) + d (Torp41, Twor)
d (Tok41, STop+1) d (wopt1, Trop)
d (wo, STopy1) + d (Tor41, Txor)
d (SCzk, $2k+1) d (l’%, $2k+2)
d (o, Tops2) + d (Tops1, Tops1)
d ($2k+1, l’2k+2) d ($2k+17 9€2k+1)
d (Tok, Toky2) + d (Tori1, Topy1)
= (a+b)d (v, Tort1) -

AN

ad (Tog, Tog41) + b

+b

= ad (l‘gk, (Egk+1) + b

+b
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Thus,
d (g1, Tont2) S (a +0) d (Tok, Toptr) - (8)
If x, = x,.1 for some n, with n = 2k then from (8), we have
d (Top41, Torg2) = 0.

which implies that zop11 = xoky2. For n = 2k + 1, by using the same arguments
as in the case n = 2k, we get the same result. Continuing in this way we can show

that xop_1 = Top = Tog1 = .... Then, {x,} is a Cauchy sequence. Now assume that
Top # Topsq for all n € N. First, we want to show that
d(zp, xpi1) S(a+b)d(x,_1,2,), foralln € N 9)

We consider two cases,
case 1. n =2k + 1, k € N. From (8), we have

d(Tp, Tnt1) S(a+b)d(xp1,2,), n=2k+1,keN (10)
case 2. n =2k, k € N. From (8), we have

d<xn+1axn+2) S (a+ b)d($n7$n+l) (11)
S d(l'naxn—i-l) S (a+ b)d(xn—laxn) y = 2k>k € N.

So, from (10), (11), we conclude that
d(zp, xni1) S (a+b)d(x,_1,2,), for all n € N.

Thus, we obtain that(9) holds. Now, we show that the sequence {xz,,} is a Cauchy
sequence. By using lemma (1.2) and (8) we obtain

|d (20, zn1)] < [(a+b)d(Tn-1,2,)]
< (a+0b)|d(xp_1,2,)|.
Since a + b < 1,
4@, 30| < (@ 0) |d (51, 70) (12)

Thus, for any m > n,
|d (2n, Tm)| < 5]d (20, Tna) |+ 8 [d (T4, Tm)]

s |d (@n, Tpsr)| + 8% |d (Tnr1, Tag2)| + 57 d (212, 7|

§|d (T, Tny1)| + 82 |d (Tni1, Tni2)| + 8% |d (Tny2, Togs)|

+8%|d (Tpi3, T

§1d (20, Tng1)| + 87 |d (Tng1, Tnga)| + 8 |d (Tns2, Toys)|

+--- sm—n—l |d (xm—Qy l’m—l)| + sm |d ('Im_l? $m)| :

INIA TN

IN
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By (12), we find
| (2, 0m)] < s (a+)" |d (o, 21)| + 5> (a+ )" |d (o, 1)

453 (a + b)n+2 \d (20, 21)| + ... + ™" (a + b)m*2 |d (zo,21)]
‘|‘Sm_n (CL + b)mil |d (l‘o, CL’1)|

m—n

— ZSZ a+b thn—l |d(l‘0,l’1)|.
i=1
Therefore,
|d (2, 2m)| < S“L” Y(a+0) tn-l |d (zo, 21)|
=1
m—1
= s (a+b)? |d (zg, z1)|
p=n
> s(a—+b)P
< bGP = P oo,
So,
b
)| < 1 ) 0 05 > o

Thus, {x,} is a Cauchy sequence in X. Since X is complete, there exists u € X
such that x,, — u as n — +o00. Then, there exists z € X such that

|d (u, Tu)| = |z| > 0. (13)
So, by using the triangular inequality and (7), we receive
z = d(u,Tu) < sd(u,xoni2) + s |d (xoni2, Tu)|

= sd(u,xon12) + sd (Tu, Sxoni1)

S osd (u, xonie) + sad (u, Topi1)
d(u, Tu)d (u, Swopi1) + d(Tans1, STons1) d (Tans1, Tw)

d (u, Stopi1) + d(Tons1, Tu)
sd (u, Tapt2) + sad (U, Tap41)
d(u, Tu) d(u, xopi2) + d (Toni1, Tans2) d (Tons1, Tu)
d (u, Topso) + d(xope1, Tu) ,

+sb

+sb

which implies that
|d (u, T'u)]
< sld (u, 2onio)| + sald (u, Ton 1)

|d (w, Tu)| |d (u, Tonya)| + |d (T2n11, Tonta2)| |d (Tan 11, Tu)]
|d (1, Zany2) + d (Ton11, Tu)] '

||

+sb

(14)
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Taking the limit of (14) as n — +o00, we get that|z| = |d(u, Tu)| < 0, a contra-
diction with (13). We conclude |z| = 0. Hence T'u = u, Similarly, one can also show
that Su = u.

To achieve uniqueness of common fixed point, let v € X be another common
fixed point of S and T that is

v="Tv=_5v.
Then,
d(u,v) = d(Tu,Sv)
d(u,Tu)d (u,Sv) 4+ d (v, Sv)d (v,Tu)
d (u, Sv) +d (v, Tu)

< ad(u,v)+b

= ad(u,v).
Since a < 1, we have
d(u,v) = 0.
We conclude that 7" and S have a unique common fixed point in X. O

Theorem 2.3. Let(X,d) be a complete complex valued b-metric space with a
coefficient s > 1, and T, S : X — X be two mappings on X satisfying the condition

d(y,Sy)[1 +d(z,Tz)) d(y,Sy) +d(y, Tx)

T <
d(Tw,Sy) S ady) + b———"77 3 Tt d(y,59)d(y, Ta)

forall, x, y in X and a,b,c >0, and s(a+b+c) < 1. Then T and S have a unique
common fized point.

PROOF. Let x5 € X be an arbitrary point in X. Define by induction a sequence
{z,} in X such that
Ton4+1 = Tm?na
Topta = OTouy, for allm € N.
By putting n = 2k, with o = x9; and y = xor,1 We get

d (Topy1, Tokge) = d(Txop, STopir)

d (241, STopy1) [1 4 d (vor, Txop)]
1+ d (zok, Tort1)

d (Topq1, STops1) + d (Top1, Twop)

1+ d (2opq1, Swort1) d (Tops1, TTor)

d (Topq1, Topso) [1 + d (wop, Topgr)]
1+ d (2ok, Topt1)

d (Topq1, Topsa) + d (Topg1, Topgr)

1+ d (Topy1, Tory2) d (Topgr, Tory1)

= ad (2o, Togp41) + bd (Tog1, Tog+a) + cd (Top41, Tog+2) -

< ad (zok, Togy1) + 0

= ad (vop, Top1) + b

+c
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Thus,

d(I2k+1,$2k+2) 5 ﬁd (932k7 I2k+1) . (16>

a
b+ c

If x,, = x,41 for some n, with n = 2k then from (16) ,we have d (zog11, Togr2) = 0,

so that xop11 = xoky2. For n = 2k 4+ 1, by using the same arguments as in the case
n = 2k,, we find the same result. Continuing in this way, we get xop_1 = X9 =

Togt1 = -+ . We find that {z,} is a Cauchy sequence. Assume that zof # 2941 for
all n € N. First, we want to show that
a
d(mn,$n+1) § md (xn_l,xn) s for all n eN (17)

There are two cases which we have to consider.
case 1. n =2k + 1, k € N. From (16), we have
a

d (ZEn,LUn_’_l) 5 md (l’n_l, I’n) , N = 2k + 1, k e N. (18)
case 2. n =2k, k € N. For (16), we get
a
d(Tpi1, Tns2) S md (@n, Tnt1)
a
S d (I’n7l’n+1) S md(l’n_l, l'n) , N = 2]{3, k € N. (19)
So, from (18), (19) we conclude that
a
d (JTn,,I’n_H) S md (l’n_l, l‘n) s for all n € N.

Thus, we obtain that (17) holds. Now, we show that the sequence {z,} is a
Cauchy sequence. Using lemma (1.2) and (17), we obtain

ol = |(1= ) Ao

< (1) Hlmm)

|d (@, Tps1)| < D |d (2n-1,20)] - (20)
< % < 1, because s (a + b+ c¢) < 1. Thus, for any m > n,m,n €

Since a +b < 1,

1— (Z—i—c)

where h =
N,

|d (@, 2m)| < s1d (20, Tng)| + s|d (Tng1, Tm)|
$1d (2, Tpi1)| + 8% |d (241, Tag2)| + 87 |d (Tng2, 2m)]
§|d (2, Tny1)| + 82 |d (Tni1, Tni2)| + 8% |d (Tny2, Togs)|
+5° |d (Zn+s, Tm)|
s|d (2, Tos1)| + 87 [d (@ns1, Taro)| + 87 |d (Tnra, Tags)|

oo+ 8" d (g )|+ 8™ (Tae1, T -

INIA TN

IN
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By (20), we get
| (@0, xm)|] < s (R)" [d (w0, 21)| + 8% ()" |d (2o, 1)
+53 (W) P2 |d (g, 21)| 4+ ... + 8™ (W)™ 2 |d (o, 1)
+5™7 (B d (20, x1)|

m—n

= Zsl z—l—n 1|d xo,Il)’.

=1

Then,
A (n )| <Y ST ()T d (20, 2)
=1
m—1
= sP (h)p ’d(iUo,%)!
p=n
N [s (h)]”
< ;[8 (W) 1d (o, 1)] = 7= o, )
So,
p
d (o)l < L e 50 as mn - too.

1-s(h)

Thus, {z,}is a Cauchy sequence in X. Since X is complete, there exists u € X

such that x,, — u as n — +o0.

By assumption, there exists z € X such that

|d (u, Tu)| = |z| > 0. (21)
So, by using the triangular inequality and (15), we receive
= d(u,Tu) < sd(u, Tani2) + s|d (xapi2, Tu)|
= sd(u,xon12) + sd (Tu, Sxoni1)

S osd(u, xonie) + sad (u, Topi1)
d (an41, STopt1) [1 + d (u, T'u)] c d (®ant1, STont1) + d (Tony1, Tu)

b 1+ d(u, Topy1) 1+ d(xony1, Stont1) d (xopi1, Tu)
which implies that
2| = |d(u,T)|
< sld(u,xans2)| + sald (u, zon41)]
Jr(,Sb|d(902n+17 Stons1)| |1+ d (u, Tu)| |d (T2n41, STant1)| + |d (22011, Tyl
|]_ + d (U, J]2n+1)| |]. + d ($2n+1, Sl’gn_H) d ($2n+17 T?jﬂ

Taking the limit of (22) as n — +o00, we get that|z| = |d(u, Tw)| < sc|d(u, Tu)|,

a contradiction since sc¢ < 1. It follows |z| = 0. Hence Tu = .
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On similar steps, we get
|d(u, Su)| < s(b+ c)|d(u, Su)|.

Since s (b+ ¢) < 1, |d(u, Su)| = 0 thus Su = u. To prove the uniqueness of fixed
point, let v € X be another common fixed point of S and 7', it becomes

v="Tv=_58v
Then
d(u,v) = d(Tu,Sv)

d(v,Sv) 1+ d(u, Tu)] d (v, Sv) +d (v, Tu)

< ad b
ad (u,v) + 1+d(u,v) 01+d(vv51’)d(”’T“)’

= (a+c)d(u,v).

Since 0 < a+c¢ < 1, we have d (u,v) = 0. Thus, the maps 7" and S have a unique

common fixed point in X. This completes the proof.
O

The following example illustrates the result of 2.1.
Example 2.1. Let X = [0,1]. Define the mapping d : X x X — C by
d(z,y) = 3{lz =y +ilz —y’},
for all ,y € X. Then (X, d) is a complex valued b-metric space with s = 4 To verify

that (X, d) is a complete complex valued b-metric space with s = 4, it is enough to
verify the triangular inequality condition:

1 .
d(r.y) = z —y|* +ilz -yl

r—y+z—z2 tilr—y+z—z

2 (|x—z|3+ |Z—y|3) + 122 (\x—zl?’—i- \z—y|3)
4[(|x—z|3+i|x—z|3) + (|z—y|3+i|z—y|3)]
41d (z,z)+d(z,y)].

A A

Therefore s = 4. Now, define T': X — X as Tz = 3Ty = 4, for all 2,y € X.
Then
Ty
d(Tz,Ty) — d(-,—)
(T'z, Ty) 11
1 r oy | y|?
—d(Txz, Ty) = - —= - —=
34 (Tw.Ty) {4 i Vi }

= 1ﬂ$—y|+ﬂx y’}
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Under the condition (1), we have

< = —_ Z
d(Tz, Ty) < 3d ( , ) y : .

Then

11 1
b)y=4(--)==<1
s(a+0b) (43> 5 <

Thus, all the conditions of Theorem 2.1 are satisfied with the coefficients s =

4,0 = % and b = i. Observe that the point 0 € X, remains fixed under 7" and is
indeed unique.
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