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T-norms over complex fuzzy subgroups

Rasul Rasuli

ABSTRACT. In this paper, by using t-norms, we define complex fuzzy subgroups
and normal complex fuzzy subgroups and investigate some of characteristics of
them. Later we introduce and study the intersection and composition of them.
Next, we define the concept of normality between two complex fuzzy subgroups
under t-norms and obtain some properties of them. Finally, we define the image
and the inverse image of them under group homomorphisms.

1. Introduction

Zadeh [38] proposed the fuzzy sets. The idea of fuzzy sets is based on real
number system. Buckley [4, 5] introduced the idea of fuzzy complex sets. In
Buckley’s definition, the representation of fuzzy complex number in the polar form
is quite unstable. Ramot et al. [11, 12] proposed a new concept of defining a fuzzy
complex set. Group theory has applications in physics, chemistry, and computer
science, and even puzzles like Rubik’s Cube can be represented using group theory.
Rosenfeld [36] introduced fuzzy sets in the realm of group theory and formulated the
concepts of fuzzy subgroups of a group. Many authors have worked on fuzzy group
theory [9, 10, 37]|. Especially, some authors considered the fuzzy subgroups with
respect to a t-norm and gave some results [1, 3, 37|. Alsarahead and Ahmad [2]
defined the complex fuzzy subgroup and investigate some of its characteristics. The
author by using norms, investigated some properties of fuzzy algebraic structures
[13]-[35].

In this paper, by using t-norms, we investigate complex fuzzy subgroups of group
G. In Section 2, we recall some basic definitions and preliminary results which will
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be needed in the sequel. In Section 3, we define complex fuzzy subgroups of G
under t-norm 7" as CFST(G) and investigate some properties of them. Later, we
define the composition of two py, s € CFST(G) and obtain some of their char-
acteristics. Also we introduce the intersection of two i, pus € CFST(G) and we
prove that p; N ps € CFST(G). Next, we define the normality of p € CFST(G) as
NCFST(G) and we show that if py, uy € NCFST(G), then s Nps € NCFST(G).
Finally, we introduce the normality between two py, s € CFST(G) and inves-
tigate some important properties of them. In Section 4, we investigate obtained
conceptions by group homomorphism f : G — H. For this if 4 € CFST(G) and
v € CFST(H), then we prove that f(u) € CFST(H) and f~'(v) € CFST(G). Also
if u e NCFST(G) and v € NCFST(H), then we prove that f(u) € NCFST(H)
and f~'(v) € NCFST(G). Finally, if py, puy € CFST(G) such that py < po, then
we show that f(u1) < f(pe) and if gy, us € CFST(H) such that py < o, then we
obtain that f~'(u1) < f~(12).

2. Preliminaries

Definition 2.1. [7] A group is a nonempty set G on which there is a binary
operation (a,b) — ab such that
(1) if @ and b belong to G then ab is also in G (closure),
(2) a(be) = (ab)c for all a,b, c € G (associativity),
(3) there is an element eg € G such that aeq = ega = a for all a € G (identity),
(4)

4)if a € G, then there is an element a~! € G such that aa™ = a~'a = e¢ (inverse).

One can easily check that this implies the unicity of the identity and of the
inverse. A group G is called abelian if the binary operation is commutative, i.e.,
ab = ba for all a,b € G.

Remark 2.2. There are two standard notations for the binary group operation:
either the additive notation, that is (a,b) — a + b in which case the identity is
denoted by 0, or the multiplicative notation, that is (a,b) — ab for which the
identity is denoted by e.

Definition 2.3. [8] Let G be an arbitrary group with a multiplicative binary
operation and identity e. As fuzzy subset of G, we mean a function from G into
[0,1]. The set of all fuzzy subsets of G is called the [0, 1]-power set of G and is
denoted [0, 1]9.

Definition 2.4. [11] Let X be a nonempty set. A complex fuzzy set A on
X is an object having the form A = {(x,pua(z))|z € X}, where pus denotes the
degree of membership function that assigns each element z € X a complex number
ta(x) lies within the unit circle in the complex plane. We shall assume that is
pa(x) will be represented by r4(z)e™4®) where i = /—1, and r : X — [0,1] and
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w: X — [0,27]. Note that by setting w(z) = 0 in the definition above, we return
back to the traditional fuzzy subset. Let u; = re™", and ps = r2€“? be two complex
numbers lie within the unit circle in the complex plane. By p; < po, we mean ry < 7o
and wy; < ws.

Definition 2.5. [6] A t-norm T is a function T : [0, 1] x [0,1] — [0, 1] having
the following four properties:
(T1) T(x,1) = x (neutral element),
(T2) T(x,y) < T(z,z) if y < z (monotonicity),
(T3) T'(z,y) = T(y,z) (commutativity),
(T4) T(x,T(y,z)) = T(T(z,y), z) (associativity),
for all z,y, z € [0,1].

We say that T is idempotent if for all z € [0, 1] we have T'(z,z) = x.

Example 2.6. The basic t-norms are T,,(z,y) = min{z,y} and T)(z,y) =
max{0, x4+y—1} and T),(z,y) = xy, which are called standard intersection, bounded
sum and algebraic product respectively.

Lemma 2.1. [1] Let T be a t-norm. Then
I(T(z,y), T(w, 2)) = T(T(x,w), T(y, 2)),

for all x,y,w, z € [0, 1].
3. T-norms over complex fuzzy subgroups

Definition 3.1. Let G be a group and i : G — [0, 1] be a complex fuzzy set on
G. Then p = re™ is said to be a complex fuzzy subgroup of G' under t-norm 7' as
CFST(G) if the following conditions hold:
(1) r(zy) = T(r(z),r(y)),
(2) r(z™) = r(x),
(3) w(zy) = min{w(z), w(y)},
(4) w(a™) =2 w(),

for all z,y € G.

Example 3.2. Let G = {0, a, b, ¢} be the Klein’s group. Every element is its own
inverse, and the product of any two distinct non-identity elements is the remaining
non-identity element. Thus the Klein 4-group admits the elegant presentation a? =
b =c? =abc=0.

Define r : G — [0, 1] by

05 ifx=a
r(z) = 06 ifz=0
- 0.7 ifz=c

08 ifz=0
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and w : G — [0, 27] by

04r ifx=a
w(z) = 04 ifx=0b
0.5 ifx=c
0.6mr if x =0.

Let T(a,b) = T,(a,b) = ab for all a,b € [0,1], then p(z) = r(zr)e™® ¢
CFST(G) for all z € G.

Proposition 3.1. Let p = re™ € CFST(G) such that T = min be idempotent
t-norm. Then
(1) ule) = p(z) for all z € G,
(2) p(x™) > p(x) for allx € G and n > 1,

(3) p(x) = p(x™) for allx € G.

PROOF. Let p=re™ € CFST(G) and z € G and n > 1 Then
(1)
re) =r(zz™") 2 T(r(z),r(@™")) 2 T(r(z),r(x)) = r(z)
and
w(e) = w(zz™") > min{w(z), w(z ")} > min{w(z), w(z)} = w(z),

which mean that

(2)

and

w(z") = w(ge..x) > min{zu(x), w(x),...,w(z)} = w(z),

v~
n

which yield
(™) = r(z™)e™) > r(z)e®@ = p(z).
r((z7H)™ > r(x7Y) > r(z) and so r(x) = r(z7'). Also w(r) =
w(x) and then w(z) = w(z™"). Thus p(z) = r(z)e™® =
r(z= e ) = p(zh). O
Proposition 3.2. Let p =re™ € CFST(G) and x € G such that T be idempo-
tent t-norm. Then p(xy) = p(y) for every y € G if and only if u(x) = u(e).

ProoOF. If u(zy) = u(y), for all y € G, then as y = e so pu(z) = p(e). Conversely,
let u(x) = p(e), then r(z) = r(e) and w(x) = w(e) and from Proposition 3.1(part
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1) we get that r(z) > r(y) and r(z) > r(zy) also w(z) > w(y) and w(z) > w(xy).
Now

r(@),r(y)) = T(r(y),r(y)) =r(y) = r(a" 2y) = T(z™" r(zy))
r(z),r(zy)) = T(r(zy), r(vy)) = r(zy),

and then r(zy) = r(y). Also

in{w(z), w(y)} > min{w(y), w(y)} = w(y) = w(z""zy)
in{w(z), w(ry)} > min{w(zy), w(zry)} = w(zy),
thus w(zy) = w(y). Therefore

play) = r(ey)e ™ = r(y)e™V = u(y).
O

Definition 3.3. Let G be a set and let p; = rie®™! and py = ree™? be two
complex fuzzy sets on G. Denote the composition of p; and ps as puy o py = (ry o
ry)eWew2) such that 07y : G — [0,1] and wy o wy : G — [0,27] and define by
(1 0 po)(z) = (r1 0 1) ()’ Wrow2)(@) (1) such that

roma)) = { e T 2 — b

and
min,_q{wi(a), wy(b)} if v = ab

(w1 0 wp)() = { 0 if x # ab,
We can say that

(11 0 12) () = sup T(r1(a), ra(b))e ™= {u (a), ws (B)}.

r=ab

Proposition 3.3. Let ! be the inverse of u such that p='(x) = p(x™1). Then
p € CFST(G) if and only if u satisfies the following conditions:

(1) > pop;
(2) = p
PROOF. Let z,y,2z € G with = yz and p € CFST(G). Then

r(z) =r(yz) 2 T(r(y),r(z)) = (ror)(z)
and
w(z) = w(yz) = min{w(y), w(z)} = (wow)(x),
then
u(z) = r(@)e@ > (0 ) () @D = (40 p)(z)
so gt > po p. Also as Proposition 3.1 (part3), for all x € G we have p~!(z) =
p(z™t) = p(z) and so p~t = p.
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Conversely let p > pop and =t = . We prove that u € CFST(G). As u > pop
sor(x) > (ror)(z) and w(z) > (wow)(x) and thus

r(yz) =r(z) = (ror)(x) = sup T(r(y),r(z)) = T(r(y),r())

and
w(yz) = w(z) 2 (wow)(z) = minfw(y), w(z)} = {w(y), w(z)}.
Since ! = pso r~1(z) = r(z) and w1 (z) = w(z), r(z7') = r~1(z) = r(x) and
w(z™) = w (z) = w(z). Then p € CFST(G). O

Corollary 3.4. Let uy,ps € CFST(G) and G be commutative group. Then
o pg € CEST(G) if and only if ji1 0 pa = pa 0 puy.
PROOF. As py, e € CEFST(G) and py o g € CFST(G) then from Proposition
3.3 we get that ;' = py and py' = po and (pg 0 1) ™t = pg 0 py. Then
p oy = pyt oyt = (g o)t = g 0 gy
Conversely, let p; o g = 9 o 11 then
(Hopz)o(prope) = pro(uzop)ops = po(pops)ous = (popr)o(pzope) < props.
Also
(p10opa) ™ = (o o)™ = pit oyt = o pig.
Thus Proposition 3.3 gives us that py o puy € CFST(G). O
Definition 3.4. Let py = rie™ € CFST(G) and py = rye™? € CFST(G).
Define the intersection p; N o as
f1 0 fig = 1€ N rget™ = (1y N ry)etwr0w2)
such that 7 Nry : G — [0,1] and wy Nwe : G — [0,27] and for all x € G define

(r ) (@) = T(ri(2), 2(2))
and
(w1 Nws)(x) = min{w, (), we(x)}.
Proposition 3.5. Let iy = rie™ € CFST(G) and pay = re™? € CFST(G).
Then py N pe € CFST(G).
PROOF. (1) Let g1,¢92 € G. Then

(11N 712)(g192) = T(Tl(glgz) 72(9192))
T(T(r1(g1),m1(92)), T(r2(91), m2(92)))
T(T(ri(g1),m2(91)), T(r1(g2), m2(g2))) (Lemma 2.1)
T((ri N r2)(g1), (11 N72)(g2))
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and thus
(r1 N r2)(g1g2) = T((r1 N 72)(g1), (11 N7a)(g2))-
(2) If g € G, then

(rNr)(g™) =T(r(g™),ralg™) = T(ri(g), m2(g)) = (11 Nr2)(g)
and so
(rNra)(g™") > (rNra)(g).
(3) Let g1, 92 € G. Then

(w1 Nw2)(g192) = min{wi(g192), w2(g192)}
), wi(g2)}, min{wa(g1), wa(g2)}}
= min{min{w; (¢1), w2(g1)}, min{wi (g2), w2(g2)) } }
= min{ (w1 Nw2)(g1), (w1 Nw2)(g2))}

> min{min{w; (¢

and so
(w1 N ws)(g192) = min{(wy Nw2)(g1), (w1 Nw2)(g2))}-

(4) Let g € G so

(w1 Nwz)(g™") = min{wi(g™"), wa(g ™)} = minfwi(g), wa(g)} = (wr Nw2)(g)
and then

(wi Nw)(g™") = (wi Nw2)(g).
Thus from (1)-(4) we give that uy N pe € CFST(G). O
Corollary 3.6. Let I, = {1,2,...,n}. If {p; |1 € I,} C CFST(QG) then
W= Nier, b € CFST(G)

Definition 3.5. p € CFST(G) is called normal as NCFST(G), if for all z,y €

G we have p(zyz™) = u(y).

Proposition 3.7. Let uy = re™* € NCFST(G) and s = rye™2 € NCFST(G).
Then py Ny € NCEFST(G).

PROOF. By Proposition 3.5 we will have that pyNps € CFST(G). Let g1, 92 € G
then

(r1 N 72) (19297 ) = T(r1(g19297 ), m2(919291 1)) = T(r1(g2), m2(92)) = (11 N7r2)(g2)
and

(w1 Nws) (919297 ') =min{wi(g19297 "), w2(g19297 )}
=min{w:(ga), w2(g2) } = (w1 Nwz)(g2)
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and thus
(11 0 112) (919297 1) =(r1 (172) (grgagy el 2 @102017)
=(r1 N72)(g2)e" ™ ™)) = (13 N o) (g2)
and therefore py Ny € NCEFST(G). O

Corollary 3.8. Let I, = {1,2,...,n}. If {u;|i € I,} € NCFST(G), Then
w=Nier, b € NCFST(G)

Definition 3.6. Let y; = rie™t € CFST(G) and py = rye™? € CFST(G) such
that 1 C ps. We say that py is normal of the uo, written py < o, if

(919207 ") > T(r1(g2), 2(91)) and wi(g1g29,") > min{w; (ga), wa(g1)}
for all g1, 92 € G.

Proposition 3.9. If T be idempotent, then every p = re™ € CFST(G) will be

normal of itself.
PROOF. Let g1,¢9, € G and = re®™ € CFST(G). Then

)
r(g19297") > T(r(g1),7(g297"))

and so

Also

w(glgzgfl) > min{w

and then
w(g19297 ") > min{w(gs), w(g1)}-
Therefore p = re™ < p = re®. O
Proposition 3.10. Let ju; = et € NCFST(G) and pg = rye™? € CFST(G)
such that T be idempotent. Then py N ps <X fho.
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PROOF. By Proposition 3.5 (u1 N u2) < pe and (g N pe) € CFST(G). Let
g1,92 € G and p1 N pig = (11 N ry)e’@1M2) Then

(919291 ), m2(919291 1))
T 92) 7”2(919291 ))
1 92)7

(
(
(
(92),
(
(
(

(r1 N 7o) (grg2g;, ) =T

AVARAVARAY,
=

<
—

<

=

~—~ N —~ —~
~

~

Il
= N I
=3

(91)
(7”1 (92), 7"2(92)
)(92)

and thus
(r1 N 7r2) (919207 ") = T((r1 N 72)(g2), 72(g1))-
Also

(w1 Nw3)(919297 ") = min{ws (919297 1), w2 (919291 )}

= min{w; (g2), w2(g1929; ")}
min{w; (g2), min{ws(g192), w297 ") }}
min{w (g2), min{ws(g192), w2(g1) } }

(92), min{min{ws(g1), wa2(g2)}, w2(g1)} }
min{wi (go), min{min{ws(g1), w2(g1)) }, w2(g2)} }
min{wi (ga), min{ws(g1), wa(g2)}}
= min{min{wi (g2), w2(g2) }, w2(g1)}
= min{(w; Nwy)(g2), wa(g1)}

AV VALY,

min{w1 g

and then
(w1 Nw2)(g19297 1) > min{(w; Nws)(ga), w2(g1)}-
Therefore g M piy = (11 N ry)ef®1Mw2) <y, O
Proposition 3.11. Let juy = re™ € CFST(G) and py = ree™? € CFST(G)

and psz = r3e™s € CFST(G) and T be idempotent t-norm. If py < puz and po < s,
then py N pg < pi3.

PROOF. As Proposition 3.5 we will have that pu; N puy € CFST(G) and p; N
pe < ps. Let gi,90 € G. As iy < p3 so 11(gigagy ') > T(ri(g2),73(g1)) and
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wi(g19297 ") > min{w; (g2), w3(g1)} and as ps < w3 50 12(919297 ) > T(ra(ga),73(g1))
and w2(gngg1_1) > min{ws(g2),ws(g1)}. Now

(r1N72)(919201 ") = T(r1(919297 "), r2(919291 "))
> T(T(r1(g2),73(91)), T(r2(92), 73(91)))
=T(T(r1(g2),2(92)), T(r3(91),73(91))) (Lemma 2.1)
=T(T(r1(g2),m2(92)),73(g1))
=T((r1 Nr2)(g2),r3(g1))

and then
(r1 N r2) (919291 1) = T((r1 N r2)(g2), 73(91)).
Also

(w1 Nw2) (919297 ") = min{wy (g19291 ), w2 (919291 ')}
> min{min{wi (g2), ws(g1)}, min{ws(g2), w3(g1)}}
= min{min{wi(g2), w2(g2) }, min{ws(g1), w3(g1)} }
= min{min{w;(g2), wa(g2) },ws(g1)}
= min{(wi Nw2)(g2), w3(g1)}
and so
(w1 Nwa) (919297 ") = min{(w; Nw2)(g2), ws(g1)}-
Thus pq N e = (ry Nr)e?@rw2) < pya. O
Corollary 3.12. Let I,, = {1,2,....n} and {p; | i € I,} C CFST(G) such that
{uilie Iy & Then = Nier, s < €.

4. Investigated obtained conceptions under group homomorphisms

Definition 4.1. Let f : G — H be a mapping and ug = rqge™s and ug =
rge™H be two complex fuzzy sets on G and H, respectively. Define f(ug) : H —
[0,1] as

flue) = free™e) = f(ra)e’ ™),
such that for all h € H we define

f(ra)(h) =sup{ra(g) | g € G, f(g) = h}
and

f(wg)(h) = sup{we(g) | g € G, f(g) = h}.
Also define f~'(ugy) : G —[0,1] as

f—l(,r,Hein) — f—l(,,,,H)eiffl(wH)
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such that for all g € G we define
f e ) (g) = ru(f(g))e™ V@),

Proposition 4.1. Let ug = rge™s € CFST(G) and f : G — H be a group
homomorphism. Then f(ue) € CFST(H).

PROOF. (1) Let hy,hy € H and g1, go € G such that hy = f(g1) and hy = f(g2).
Then
f(ra)(hihy) = sup{ra(9192) | 91,92 € G, f(g1) = h1, f(g2) = ha}
> sup{T(ra(g1),7c¢(92)) | 91,92 € G, f(g1) = h1, f(g2) = ha}
=T(sup{rc(g1) | g1 € G, f(g1) = },sup{ra(g2) | 92 € G, f(g2) = ha})
=T(f(re)(), f(rc)(h2))

and so

f(re)(hihe) > T(f(re)(M), f(re)(h2)).
(2) Let h € H and g € G such that h = f(g). Then
fre)(h™h) =sup{ra(g™) g7 € G, fg™") =h7'}
> sup{ra(9) | g€ G, fH(9) =h™'}
sup{rc(9) | g € G, f(g9) = h}
f(ra)(h)

and so

flre)(h™) = f(ra)(h).
(3) Let hy,he € H and g1, g2 € G such that hy = f(g1) and hy = f(g2). Then
fwe)(hihe) = sup{we(g192) | 91,92 € G, f(g1) = ha, f(g2) = ha}
> sup{min{we(g1), we(g2)} [ 91,92 € G, f(g1) = h, f(g2) = ha}
= min{sup{we(g1) | g1 € G, f(g1) = I}, sup{we(g2) | 92 € G, f(g2) = h2})
= min{ f(we) (M), f(we)(h2)}
and thus
f(we)(hihs) > min{ f(we)(h), f(we)(he)}-
(4) Let h € H and g € G such that h = f(g). As
flwe)(h™") = sup{wa(g™) g7 € G, fg™") =h7'}
> sup{we(g) g7 € G, fH(g)=h7"}
sup{wa(g) | g € G, f(g) = h}
= f(we)(h)
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flwe)(h™) > f(we)(h).
Thus (1) - (4) mean that f(ug) = f(rae™e) = f(rq)efwe) ¢ CFST(H). O

Proposition 4.2. Let uy = rge™# € CFST(H) and f : G — H be a group
homomorphism. Then f~'(uy) € CFST(Q).

PROOF. (1) Let g1, g2 € G, then

f- (TH)(gl),f_l(TH)(gz)),
therefore

FHra)(91g2) = T(f (ru)(90), £ (ru) (92))-
(2) Let g € G then

S o)) =ru(flgh) =ru(f'(9) = ra(f(9) = f ' (ru)(g)

and thus

(3) Let g1,92 € G so

fHwr)(9192) = wu(f(9192))
= wi(f(91)f(92))
> min{wy (f(91)), wr(f(g2))}
= min{ /™ (wu)(g1), [~ (wn)(g2)}

and then
fH(wn)(g192) = min{f ™ (wn)(91), [~ (wm)(g2))}-
(4) Let g € G then
fHwn) (g™ = wa(f(9)) = wu(f(9)) = f~ (wn)(9)-
Therefore (1)-(4) give us f~'(rge™#)(g) = ru(f(g))e™#F9) ¢ CFST(G). O

Proposition 4.3. Let pug = rge®™c € NCFST(G) and f : G — H be a group
homomorphism. Then f(ug) € NCFST(H).
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PROOF. As Proposition 4.1 we get that f(ug) € CFST(H). Let g1, g2 € G and
hi,he € H such that f(g1) = hy and f(g2) = ha. Now

F(ra)(hihohi?) = sup{ra (919201 ") | (919297 ") = hahahi'}
= sup{ra(g2) | f(91)f(92)f(g7") = hahahi"}
= sup{ra(g2) | f(91)f(92)f (1) = hahahi '}
= sup{rg(g2) | f(g2) = ha}

= f(r¢)(ha).
Also
fwe)(hihahi') = sup{we (919291 1) | f(g19201 1) = hahahi'}
= sup{wg(g2) | f(91)f(92) f(g1") = hahahi'}
= sup{we(g2) | f(91)f(92) " (g1) = hahahi'}
= sup{we(g2) | f(92) = ha}
= f(we)(h2).
Then
F(ne) (hihahi™) = f(re)(hahahy)e! @ mhm) = f(1q) (hy)e' el h2) = (16 (hy)
and so f(ug) € NCFST(H). O

Proposition 4.4. Let ug = rge™ € NCFST(H) and f : G — H be a group
homomorphism. Then f~(uyg) € NCFST(G).

PROOF. Using Proposition 4.2 we get that f~'(ug) € CFST(G). Let g1, 92 € G
then
FHra) (919291 = ru(f(919207))
ri(f(91)f(g2)f(91))
1 (f(g1)f(92).f (1))
u(f(g2))
“Hrm)(

(ra)(92)-

I
<

Il
<

Also

FHwn) (919201 ") = wu(f (919201 1))
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Thus
S ) (@rgagy el e
Frm)(ga)ed H(wr)(92)
fH na)(g2)

F ) (919207 ") =

and thus f~'(uy) € NCFST(G).

O

Proposition 4.5. Let y; = rie®™ € CFST(G) and py = rye™? € CFST(G)

and f: G — H be a group homomorphism. If uy < po, then f(ur) < f(pe).

PROOF. We know that f(u;) = f(r1)e @) and f(uy) = f(r2)e®2). By Propo-
sition 4.1 we get that f(u1) € CFST(H) and f(us) € CFST(H). Let g1,90 € G

and hy, hy € H such that f(g1) = hy and f(g2) = hs. Since p; < po 50 71(g1929; ") >

T(r1(g2),72(g1)) and wy(g1g297 ") > min{w(g2), wa(g1)}. Now

f(r1)(haihohi) = sup{ri(g1929: ") | f(919291 ") = hahahy'}
> sup{T(r1(g2),r2(91)) | f(91)f(92) f(91") = hahahi'}
= sup{T'(r1(g2), 72(91)) | f(91)f(92)f " (g1) = hahalii '}
= T(sup{ri(g2) | f(g2) = ha},sup{ra(g1) | f(g1) = ha})
=T(f(r1)(ha), f(r2)(M1))
and then
f(ri)(hahshit) = T(f(r1)(ha), f(r2)(ha)).
Also

fwi)(hahohit) = sup{wi (919297 7) | f(919297 ") = hahohi'}
> sup{min{wi(ga), wa(g1)} | f(91) f(92)f(g1") = hhohi'}
= sup{min{w;(ga2), w2(g1)} | f(91)f(92) /" (91) = hahahi '}
= min{sup{wi(g2) | f(g2) = ho}, sup{wa(g1) | f(g1) = h1}}
= min{ f(w1)(h2), f(w2)(h1)}
and so
f(wi)(hahohi) > min{ f(w1) (ha), f(w2)(h1)}.
Then f(u1) < f(p2)-

O

Proposition 4.6. Let py = rie™* € CFST(H) and pgy = rqe™? € CFST(H)

and f: G — H be a group homomorphism. If 1 < o, then f=1(uy) < f71 (u2).

PROOF. Let f~'(ju1) = f~'(r1)e ™) and f~(py) = f'(ry)e " *2) and as
Proposition 4.2 we obtain that f~(u;) € CFST(G) and f~1(up) € CFST(G). Let
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91,92 € G then

FH ) (919291 ) = ri(f(9192911))
=r1(f(91)f(92) f(g1))
=r1(f(91)f(g2) (1))
> T(r1(f(g2)), r2(f(g1)))
=T (r1)(g2), ' (r2)(9n)-
Also
S Hwn) (919207 ) = wi(f (919201 1))
= w1 (f(91)f(g2)f(91"))
= wi(f(91)f(g2) " (1))
> min{wi (f(g2)), wa(f(91))}
= min{f ™" (w1)(g2), f ' (w2)(g1}-
Therefore f~'(u1) < f 7 (12). O
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