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Fixed point theorems for cyclic contractions on
intuitionistic generalized fuzzy metric spaces

Jeyaraman Mathuraiveeran', Suganthi Mookiah*?, and A. Ramachandran?

ABSTRACT. In this work, we have brought in the notion of cyclic contraction into
the intuitionistic generalized fuzzy metric spaces. We have set up some common
fixed point theorems for these contractions and continuous mappings by consider-
ing their weakly commuting nature.

1. Introduction

Joseph Liouville [14] and Charles Emile Picard [16] presented independently the
idea of fixed points. Stefan Banach [2] used it formally to bring out his contraction
principle, the most famous in 1931 and thereon. It is here that the study of fixed
points began to rise and is now densely filled with the numerous results over various
settings.

One of these noteworthy settings is the intuitionistic fuzzy sets [1], an extension
of fuzzy sets [21]. As the intuitionistic fuzzy setting has the features to deal with
uncertainty and vagueness, a series of authors have been working on it. Several
kinds of generalized spaces have been constructed. Numerous fixed point theorems,
under various contractive conditions, have been established in these spaces.

In addition, in 2003, Kirk et al. introduced cyclic contractions and used these
contractions to extend the most important fixed point results of Banach, Edelstein,
and Caristi. Below are, respectively, these extensions.

Theorem 1.1. (Kirk et.al. 2003) [12] Let A snd B be nonempty closed subsets
of a complete metric space X, and suppose F': X — X satisfies (1) F(A) C B and
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F(B) C A, (2)d(F(x),F(y)) < kd(z,y) for allz € A and y € B, where k € (0,1).
Then F has a unique fized point in AN B.

Theorem 1.2. (Kirk et.al. 2003) [12] Let {A;}_; be nonempty closed subsets of
a complete metric space, at least one of which is compact, and suppose F : U_j A; —
UY_, A; satisfies the following conditions (where A,y = Ay):
(1) F(A;) € Ay for 1 <i<p,
(2) d(F(x), F(y)) < d(z,y) whenever x € A;, y € Ajr1 and x #y, (1 <i<p).
Then F' has a unique fixed point.

Theorem 1.3. (Kirk et.al. 2003) [12] Let Ay, Ao, ..., Ay, Apr1 = Ay be nonempty
closed subsets of a complete metric space X, and suppose f : X — X satisfies the
following conditions.

(1) f(Ai) € Aiyy for 1 <i <p,

(2)d(x, f(z)) < ¢i(x)—pir (f(x)) for allz € A;(1 <1 < p), where each ¢; : A; — R
15 lower semi-continuousand bounded below.

Then f has a fized point.

In the year 2012, Karapinar et al.[11] have brought in cyclic contractions into G-
metric spaces. He derived cyclic contractive version of Banach’s principle as below.
He also proved fixed point results for generalized cyclic weak ¢-contractions.

Theorem 1.4. (Karapinar et al. 2012)[11] Let (X, G) be a G-complete G-metric
space and {Aj};”:l be a family of nonempty G-closed subsets of X. Let Y = UL A;
and T :Y =Y be a map satisfying T(A;) C Ajr1, j =1,...,m, where A, 11 = A;.
If there exists k € (0,1) such that G(Tx, Ty, Tz) < kG(x,y, z) holds for all x € A;
and y,z € Aji1, j=1,...,m then, T has a unique fived point in U7 A;.

In the year 2014, Jleli and Samet [9] introduced the notion of #-contractions. In
the year 2017, Zheng et al. introduced the following notion of  — ¢ contraction and
extended the fixed point results of [4, 5, 7, 8, 2, 20|

Definition 1.1. (Zheng et al. 2017) [22] Let (X,d) be a metric space and
T : X — X be amapping. For the classes of functions ® and ©, as defined in [20],
T is said to be a 6 — ¢ contraction, if there exist # € © and ¢ € ® such that for any
z,y € X, d(Tx,Ty) # 0 implies 0(d(Tz, Ty)) < ¢[0(N(z,y))].

These findings inspired us to bring in the concept of cyclic contraction into the
intuitionistic generalized fuzzy metric spaces [15] and to prove some common fixed
point theorems for these contractions.

2. Preliminaries

This section begins with the definitions of triangular norms [17], the most im-
portant concepts, as they have been the main frame work in defining various metric
spaces.
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Definition 2.1. [17] A binary operation x : [0, 1] x [0, 1] — [0, 1] is a continuous
t-norm, if
(i) * is commutative, associative and continuous,
(i) t* 1 =t¢, for all t € [0,1],
(iii) ¢ * s < u*v whenever t < wu and s < v, and s,t,u,v € [0, 1].

Definition 2.2. [17] A binary operation ¢ : [0, 1] x [0, 1] — [0, 1] is a continuous
t-conorm, if
(i) ¢ is commutative, associative and continuous,
(ii) to0 =t for all t € [0,1],
(iii) t * s < u v whenever t < wu and s < v, and s,t,u,v € [0, 1].

These norms were used by Sedghi and Shobe[18] to introduce the following 9t-
fuzzy metric space as a generalisation of Dhage’s D-metric[6].

Definition 2.3. [18] A 3-tuple (Z,00, %) is called an 9M-fuzzy metric space, if
Z is a nonempty set, * is a continuous t-norm and 9N is a fuzzy set on Z3 x (0, 00),
satisfying the following conditions for each n,(,v,£ € Z and t,s > O:
(i) M(n, ¢, v,t) >0,
(ii) M(n,,v,t) =1 if and only if n = ( = v,
(iii) M(n, ¢, v, t) = M(p(n,(, z),t), where p is a permutation,
(iv) M(n, ¢ v, t+s) = M(n, ¢, & 1) * M(E v, v, 5),
(v) M(n, ¢, z,-) : (0,00) — [0, 1] is continuous.

Following the 9-fuzzy metric space, Muthuraj and Pandiselvi have introduced
a generalization of the same in the fuzzy setting as given below.

Definition 2.4. [15] An Intuitionistic Generalized Fuzzy Metric Space (shortly,
IGFM Space) is a 5-tuple (Z, 9, 9, *, o) where Z is an arbitrary set, * is a contin-
uous t-norm, ¢ is a continuous ¢-conorm and M and N are fuzzy sets in Z* x [0, 1]
satisfying the following conditions:

For n,(,z,a € Z and t,s € [0, 1],

() M, C,0,8) + N, &, v,8) < 1,

(if) M(n, (v, t) >0,

(iii) M(n, (,v,t) = 1 if and only if n = ( = v,

(iv) M(n, (,v,t) = M(p(n, (,v),t) where p is a permutation,

(v) (0, €0, + ) > M1, C,€,1)  M(E, 0,0, 5),

(vi) N(n, C,v,-) : (0,400) — [0, 1] is continuous,
(
(
(i
(
(

—

vil) N(n, ¢, v,t) < 1,

viil) M(n, ¢, v, t)—Olfandonlylfn—C:fU’
ix) N(n, ¢, v,t) = N(p(n, ¢, v, 1)),

x) N(n, v, t+s) <Nn, ¢, & t) o N(E, v, 0, 8),
xi) N(n, ¢, v,-) : (0,+00) — [0, 1] is continuous.
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The pair (9, N) is called an Intuitionistic Generalized Fuzzy Metric on Z.
M(n, ,v,t) and N(n, ¢, v, t) give, respectively, the degree of nearness and the degree
of nonnearness between 7, ( and v with respect to t.

Definition 2.5. [13]The self-mappings I', T : X — Z defined on an IGFM space
(X, 0,0, %, ¢) are said to be weakly commuting, if for all n € Z and t > 0,

My, YTy, YTn,t) > M(I'n, Tn, Tn, 1),
M(T Yy, YTy, YTn,t) < Ny, Tn, Tn,t).

The next is the definition of cyclic representation introduced by Kirk et al.[12]
which has laid the base for defining cyclic contractive conditions.

Definition 2.6. Let Z be a nonempty set and I' : Z7 — Z be an operator
Zy,...,Zy be subsets of Z. Then |J;“, Z; is a cyclic representation of Z with
respect to I, if
(i) Z =", Zi, where Z;,i = 1,...,m are nonempty set,

(i) I(Zy) C Zs, ..., T (Zm-1) C Zm, U(Zy,) C Z4.

Erdal Karapinar et al. [10] extend the above definition to a pair of mappings as
follows:

Definition 2.7. [10] Let Z be a nonempty set, m be a positive integer and
YT : X — Z be two mappings. Z = |J", Z; is said to be a cyclic representation
of Z with respect to (I' = 1), if
(i) Z;,i =1,...,m are nonempty sets,

(i) T(Z1) € Y(Za), ..., T(Zynor) € Y(Z), T(Zn) C Y(Z1).

Definition 2.8. [13]Let Z be a nonempty set. An element 7 € Z is said to be
a common fixed point of the mappings I': Z x Z — and g: Z — Z, if

n=gn="I(nn).

3. Main Results

Let us start with the following sets of functions which are essential to accomplish
the intended work.
© is the set of all functions 6 : [0, 1] — [0, 1] satisfying the following conditions:
[©4] 6 is nondecreasing and continuous,
[02] O(r) > 0, if r > 0,
03] O(r) =1, if r € {0,1},
[04] O(r) < r, for all r € (0,1).

©’ is the set of all functions ¢’ : [0, 1] — [0, 1] satisfying the following conditions:
[©)] ¢ is nonincreasing and continuous,
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O] 0(r) < 1,if r < 1,
(4] 8(r) = . if r € 0,1},
[©)] 0'(r) > r, for all r € (0, 1).

® is the set of all functions ¢ : [0, 1] — [0, 1] satisfying the conditions:
[®] ¢ is nondecreasing left continuous,
[®2] &(r) > r, for all r € (0,1),
(5] 6(1) = 1.
[D4] lim,, o0 ¢"(r) = 1, for all 7 € (0,1).

@’ is the set of all functions ¢’ : [0, 1] — [0, 1] satisfying the following conditions:
[®]] ¢’ is nonincreasing right continuous,

[D5] &' (r) <, for all r € (0,1),

(@3] ¢(0) =0,

[®)] limy, 00 ¢" (1) = 0 for all r € (0, 1).

Rest of this section assumes that 0 € ©, 60 € @', ¢ € & and ¢ € ¥,

Definition 3.1. Let (Z, 91,91, *,¢) be an intuitionistic generalized fuzzy metric
space and |}, Z; be a cyclic representation of W with respect to I' : W — W where
Zi,. .., 2y are subsets of Z. T is called a cyclic (6 o ¢, 0" o ¢')-contraction, if there
exists 0, 0', ¢ and ¢’ such that

O(M(Tn, TC, Tv, 1))
o/ (N(Ty, TC, Tv, 1))
fOI'??EZZ',CEZZ'_H,UEZH_Q,Z':L...,

IN IV

P(O(M(n, ¢, v, 1)),
¢'(6'(N(n, ¢ v, 1)),

e

Theorem 3.1. Let Z; and Zy be a closed subset of Z and W = Z1 U Zy and
F-WxW—=Wand G: W — W be such that

(i)F is a cyclic (po0,¢" ob)—contraction, (1)
(1)) F(Zy) C G(Zy), F(Zy) C G(Zy). (2)
Then F' has a unique fixed point.

PRrROOF. Let g € Z; and &, € Zs.
Consider the sequences {7, } and {,} where

h+1 = F(nn7£n>7 €n+1 = F(éﬂnnn)
From (1),

m(n"“ Miny Tin+1 t) Z Q(W(nna Mns Mn+1,5 t))
= O(M(F (1, &0 1), F (a1, €01), 1))
¢

(9 (f)ﬁ(nnfla Mn—15 s t)))
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> ¢n <9(m<770777077717t))>
For m > 0,
t _ t
m(nnu My Tn+ms t) > ¢n (6(9)?(7]0, Nos T, E) oo Xk ¢k+m le(m(n(% Mo, 71, E) (3>
From (2),

m(nTH Tns Tin+1, t) < 0 (m(nna My Tin+ 1, t)
= 0/ (m(F(nnfla fnfl)y F(nnfla gnfl)a t))

< ¢ (0/ (m<77n—1777n—17 nn,t))>.
For m > 0,
; ) t
s s Nt 1) < ¢'"<9’(m(no,no,m, ) R T (R, ). (4)

Letting n — oo in (3) and (4), the properties of ¢ and ¢’ make the sequence {n,}
Cauchy.
From (1),

0<m(§na f’m £n+17 t) = ¢£Ut(F(€n—1> Cn—l)a F(én—l» Cn—l)a F(gna Cn); t)
> Qbe(m(gn—la gn—h t) .
This gives,

m(§n7€n7£n+1a t) Z Dﬁ (§n7€n7€n+17 %) koooee 3k EDI (fn-ﬁ-m—l)g’n-ﬁ-m—lvfn-‘rma %) .

This gives,

G(W(fn,fmgnﬂ,t) > (/5"9(9.71 (&],50,51, %) )* gt <6(9ﬁ (507&)7&’ %) ))

(5)
From (2),

6/ (m(frm éna §n+17 t)) = (blm(F(fnfla Cnfl)a F(fnfla Cnfl); F(&n; Cn)a t)
<&/ (0/(N(en1.61.1))).
This gives,

m(&n; fm §n+17 t) S m <§n7 éna fn—l—la %) koeee ok m <§n+m—1; fn—l—m—ly é-n—&—mu %) .

This gives,

el(m(gna€n7€n+l7t) S ¢/n9/(m (607 607617 %) koo X ¢/n+m—19/(m (507507517 %) .
(6)
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Taking n — oo in (5) and (6), the sequence {,} becomes Cauchy.

Therefore, we can find v € Z; and £ € Z, such that v, — v,§, — €. As all the
sub sequences of {v,} and {&,} converge, respectively, to v and £, we have that
v, EeW.

Let F/w : W x W — W be the restricted function of F' to W.

Then from (1) and (2),

w0 ol ) o)
N(F/w(0,€), Fluw(v,€),t) < &' (¢(N ( 91) - ( 91) ).
which gives, F/yw(v,£) = v e W.
M(F /(& ). Fw(€,0).£.8) > 6(6( (5,5,5n+1, %) )+ o(0(m (g,g,gnﬂ, %) ).
N(F/w(E0), Fw(6 v).6.8) < o (¢/(0 (5,5,5n+1, g) )) o (0(n <§,§,gn+1, g) ).

which gives, F/w (&, v) =& € W.

Now,
0(M(v,v,&,1)) > ¢<9(9Jt(v,v,§,t)))> > 0(M(v,0,,1)).
' (MN(v,v, &) < ¢/(9’(‘ﬂ(v,v,£,t> < 6’(‘ﬁ(v,v,£,t>))-
Therefore, v = ¢ and hence we have F(v,v) = v. O

Theorem 3.2. Let (Z, M, N, x,0) be a complete IGFM space. Let Z; and Zs be
closed subsets of Z and W = Zy U Zy. Consider F': W x W — W and continuous
functions G, H : W — W satisfying the following conditions:

(i) FW x W) cC GW)nH(W),
(11) F is a cyclic (0 o ¢,8 o ¢')-contraction,
(iii)

M(Gn, Gn, HE, c),
M(Gn, Gn, F(n,¢), 0),
M(Gn, Gn, F (&, v), 0,
M(HE, HE, F(S,v),¢)

O(M(F(n,C), F(n,¢), F(§,v),¢)) = ¢ | 0 [ min

N(Gn,Gn, HE, ¢),
N(Gn, Gn, F(n,¢), c),
N(Gn, Gn, F(§,v),c), ’
N(HE HE, F(E,v),¢)

0 (N(F(0,C), F(n,C), F(£,v),0)) < ¢ | 0 | max
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fOT 7]7< € Zl; £7U € Z2'
() (F,G) and (F, H) are weakly commuting pairs.
Then F,G and H have a unique common fized point in W.

PROOF. Let ny € Z; and (y € Zs.
Consider n,,, v, € Z; and (,, &, € Z5, where

F(n, Cn) = Giingr = U,
F(Cnynn) = GGas1 = &n,s
F(nn1: Gur1) = Hnngo = Uppa,
F(Cat15Mnt1) = HGur2 = o
From (12),

9<5m<vn+27 Un+2; Un+1, t)) = G(F(Unﬁv Cat2)s F(Mnt2, Cot2)s F (g1 Gogr)s 75)

( m(Gnn—ﬂa Gﬁn+2, H77n+1, t)»

(Gns2, Gnsa, F(Nnga, Cusa), t)
(GNnt2, Gz, F(Mng1, Gusr) s t)
(Hnns1, HOng1, F(na1, Gugr),

m(vn-‘rl? Un+1, Un, t)v

I

)

288

Y

=
=8

(UnJrl y Un+1, Un+t2,
(

i
|

t)
Un+1; Un+1, Un+1, t)u
\ g‘n(anr?a Un+42, Un41, t)

_ : m(UnJrl? Un+17 Un, t);
a ¢ (9 (mln { m<vn+27 Un42; Un+1, t) '
Since ¢(t) > t, we get,

e(m(vn+27 Un4-2; Uni1, t)) Z ¢(0(m(vn+17 Un+1, Un, C))) : (9)
Repeated application of (9) gives

O(M(Vpt2, Unt2, Vg1, 1)) > @™ (0(9M (01, 01, 19))).

Since lim,,_,o, ¢"(t) = 1, we have

lim 6<m(vn+2, Un+2, Un+1, t)) =1. (10)

n—oo

From (13),

0 (m(vn+27 Un+2; Un+1; t)) =0 (F<77n+27 CTL+2)7 F<77n+27 Cn+2>7 F(77n+17 CTLJrl)v t)

m(Gnn-‘r?? Gnn+2, Hnn+17 t)7
W(Gnnm, Gnnya, F(Tln+2, Cn+2),
N(GNnt2, Gty F(Mnt1, Gugr),
N(H g1, Hp1, F (g1, Cosn),

)

)

<¢' |0 | min 2
t
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MN(Vna1, Unit, Un, t)
_ ¢/ 9/ : m<vn+17 Un+1, Un+2, t
N(Vnt1s Ung1, Uns1, t
N(Vnt2, Unt2, Unygi, 1)

/ / : m<vn+17 Un—i—l; Un, t)? }) )
= 7 :
¢ ( <mln { m(Un+27 Un+2, Un+1, t)
Since ¢'(t) < t, we get,

9/ (m(Un+2> Un+2, Un+1, t)) S ¢, (el(m(vn—l-l; Un+1, Un, C))) . (11)
Repeated application of (11) gives

)
)

)

(m(vn+27 Un+2, Un+1, t)) < ¢m (Ql(m(vl, U1, Uo))) .

91
Since lim,, o, ¢ (t) = 0, we have

lim 9(m(vn+2,vn+2,vn+1,t)) =0. (12)

n—0o0

(10) and (12) make the sequences {v,}, and hence {¢,}, Cauchy. Therefore we can
find v € Z; and £ € Z5 such that v, — v and &, — £. This makes {F(n,,(,)} — v

Now,

M (v, U, F(0,€), 1) > H(W(Un,vn, F(U,g),t)) > qb(G(Dﬁ(nn,nn,U,t))),
N(Un, Vn, F(v,€), 1) < 0" (N(vn, vn, F(0,€),1)) < ¢ (0 (N0, 1, v, 1))
Letting n — oo, we get,
M(v,v, F(v,€),t) = (M0, 10, v,1))), Nv,v, F(v,6),1) < ¢ (0'(N(0, 00, v,1)))
This gives M(v, v, F(v,€),t) = 1 and N(v, v, F(v,£),t) = 0. Therefore, F(v,§) = v.

In a similar way, we can obtain that F(v,£) = £. Since all the subsequences of
{F(nn,(y)} converge to v, and, all the subsequences of {F((,,n,)} converge to &,
we have G, = v, Hn, = v, G(, — &, and H(, — £. Hence, we have

G, o) = Gv, (P (Gay)) — GE,
G*n, — G, G*¢, — GE.
Since (F, H) and (F,G) are weakly commuting, we have
F(Hn,, HC)) — Ho, F(HCp, Hnp) — HE F(Gn, GG) — Gu, F(GCo, Gn)  — GE.
Then from (12) and (12), we get
Hv=v,H =€ Gu=v,G¢ =¢.

Hence, we have F(v,§) = Hv = Gu = v, F(§,v) = H{ = GE = €. 1f we take v # &,
then from (12) and (13), we will get the following contradictions:
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O(OM(v, 0,€.1)) = B(M(F (v, ), F(0,€), FI,v),1))
> gb(&(im(v, v, 57 t)))
> Q(W(U,U,f,t)),

0" (N(v, v, w,t)) =0 (N(F( v, ), F(&v),1))
< ¢ (0'(M(v, v 5 t) ))
< 0'(N(v,v,§,1)).
Therefore, v = ¢ and F(v,v) = Guv = Hv = v. Since Z; and Z, intersect, we have
thatve Z1NZy=W. OJ

Corollary 3.2. Let (Z, 9,0, %, ¢) be a complete IGFM space. Let Z; and Z; be
closed subsets of Z and W = Z; U Z,. Consider F : W x W — W and a continuous
function G : W — W satisfying the following conditions:

(i) FIW x W) Cc G(W),
(i) F is a cyclic (0 o ¢, 6 o ¢')-contraction,

(iii)

B, O), F(, () F(€0),¢)) > ¢ | 0 | mind TG G0 Fln.C).c),

M(Gn,Gn, GE, ¢),
M(Gn,Gn, F(&,v),c), )
M(GE,GE, F(E,v),¢) (

N(Gn, Gn, G¢, ¢),

: W N(Gn, G, F(1,€), ¢),
O OUF (0,0 F(1.0), F(&0).)) < o' | 0 | ] O E D000
N(GE, GE, F(€,v),¢)
(13)
for n,& € Z1,(,v € Z,.
(iv) (F, Q) is weakly commuting. Then F' and G have a unique common fixed point.
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