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Quasi fixed points of contractions on semi cone
metric spaces

Gurusamy Siva

ABSTRACT. In this article, the concept of semi-metric spaces is extended to semi-
cone metric spaces. Also, some theorems for quasi-fixed points of Banach contrac-
tions, Kannan’s contractions, and Chatterjea’s contractions on semi-cone metric
spaces are proved. Moreover, some quasi-fixed point results for different types of
contraction mappings on semi-cone metric spaces are derived.

1. Introduction

S. I. Raj extended the concept of fixed points in metric spaces to quasi fixed
points in semi metric spaces in Chapter 5 of [10]. Also, he established a quasi fixed
point result for Banach contractions on semi metric spaces in it.

In [4], L. G. Huang and X. Zhang invented the notion of cone metric space(or,
CMS). Every metric space is a CMS with respect to the natural cone P = [0, 00) of
the real line Banach space R. The reason for the introduction of CMS for fixed point
theory is the existence of some mappings on the Euclidean plane into itself which
are not contractive with respect to the usual Euclidean metric, but contractive with
respect to cone metric; for instance, see the final example provided in the article [4].
So, many articles for metric fixed point theory were extended from metric spaces
to cone metric spaces(or, CMSs), for example, see [1, 5, 11, 12, 14]|. Recently
many articles are being appeared for fixed point theory in CMSs, for example, see
3, 7, 8, 13, 15].

In this article, we generalize the extended Banach contraction theorem for quasi
fixed points(or, QFPs) in semi metric spaces in [10] for Banach contraction in semi
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28 GURUSAMY SIVA

cone metric spaces(SCMSs). Also, we prove some more theorems for Kannan’s con-
traction [6], Chatterjea’s contraction [2], and different types of contraction mappings
in order complete SCMSs. Recently fixed point theorems derived for generalized
Kannan’s contraction, and generalized Chatterjea’s contraction in [9].

2. Cone metric spaces

In this section, we generalize some definitions and known results of [4] to SCMSs.
Let E always be a real Banach space and P a subset of E. The set P is called a
cone if and only if (or, iff)

(I) P is closed, P # (), and P # {0};
(I) z,ye R, z,y>0,¢,7 € P=x¢+yr € P; and
(ITIT) ¢ € Pand —¢ € P = ¢ = 0.

Given a cone P C FE, we define a partial ordering < with respect to P by ¥ <71
iff 7 — 1 € P. We shall write ¢ < 7 to indicate that ¥ < 7 but ¢ # 7, and Y < 7
ift 7 — ¢ € intP, where int P denotes the interior of P.

The cone P is called normal if there is a number K > 0 such that for all ¢, 7 € F
satisfying 0 < ¢ < 7 we have || ¢ ||[< K || 7 ||. The least positive number K is
called the normal constant of P.

In the following, E' is a Banach space, P is a cone in E with intP # (), and < is
the partial ordering induced by P.

Definition 2.1. [4] Let S # () be a set. The mapping d: S x S — E is called a
cone metric on S if
(i) 0<d(®,7),Vo,7 € S and
(i) d(¢,7) =0 iff ¢ = 7; and
(i) d(, ) = d(r, ), ¥, 7 € 5; and
(iv) d(¢,7) < d(¥,v) +d(v, 7), Vo, v, 7 € 5.
Then (S, d) is called a cone metric space(CMS).

Definition 2.2. Let S # () be a set. The mapping d : S x S — E is said to be a
semi cone metric on S if (i), (iii) and (iv) of Definition 2.1 are satisfied, and ¢ = 7
implies d(¢,7) = 0 but d(¢,7) = 0 need not imply ¢» = 7. Then (5, d) is called a
semi cone metric space(or, SCMS).

Definition 2.3. Let (5,d) be a SCMS. Let {1} be a sequence in S. Then

(I) {tn} is called an order convergent to v if for every ¢ € E with 0 < ¢ there
is N € N such that for all n > N, d(¢,, 1) < ¢, for some ¢ € S.
(IT) {4y} is said to be order Cauchy sequence(or, OCS) if for any ¢ € E with
0 < ¢, there is N € N such that for all n,m > N, d(1,, ) < c.
(III) (S, d) is called order complete, if every OCS is order convergent in S.
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Lemma 2.1. Let (S,d) be a SCMS, and P be a normal cone. Let {1} be a
sequence in S. Then

(I) {vn} order converges to ¢ in S iff d(n, ) — 0 as n — 0.
(I1) {¢n} is an OCS iff d(Vn,Ym) — 0 as n,m — 0.

PRrROOF. It is alike to the proof of Lemma 1 and Lemma 4 of [4]. O
Since Lemma 2.1, we get the next Remark 2.4.

Remark 2.4. Suppose that for every sequence {¢,,} in S such that d(¢,, ¥.,) —
0 as n,m — o0, there is a point ¥ in S such that d(i,,?) — 0 as n — co. Then
(S,d) is an order complete SCMS. The converse is also true.

Definition 2.5. Let (S,d) be a SCMS and f be a function on S to itself. A
point ¢ € S is quasi fixed point(or, QFP) if d(f(¢), ) = 0. Uniqueness of the QFP
Y means that d(¢, 7) = 0 whenever 7 is also a QFP.

3. fixed point theorems

The next one is a generalization of main theorem of [10] for Banach contraction,
to SCMSs.

Theorem 3.1. Let (S,d) be an order complete SCMS, and P be a normal cone
with normal constant(or, NCWNC) K. Let f be a given function on S to itself such

that d(f(¥), f(1)) < qd(, ), Vib, T € S, satisfying d(v,T) # 0, for some q € (0,1).
Then f has a unique QFP * in S. If d(1,¢*) =0 =d(f(7), f(¢")), then T is also

a QFP of f.
PROOF. Define 9,11 = f(¢n), where n = 0,1,2,3, ..., and 1) is fixed in S. If

d(Vpy1,%n) =0, for some n =0, 1,2, 3, ..., then 1, is a QFP. Suppose d(Vn11, V) #
0, for every n =0,1,2,3,.... Then we have

A(Ynt1,%n) = d(f(¢ﬂ)7 f(n1)) < qd(¢n7 %_1)
< PdWp_1,n—2) < ... < ¢"d(¥1, ).

For m > n > 1, we have

d(¢m7 wn) d<wm7 wm—l) + d(wm—la wm—Q) + ...+ d(wn—&-l; wn)
(" " 4+ q")d (3, %0)

n

(75, )b o)

VARVAN

IN

We get [[d(tm, Yu)ll < (F5)K[|d(¥1,%0)||. This implies that d(¢,,v,) — 0 as
n,m — oo. By Remark 2.4, there is a ¢* € S such that d(i,,19*) — 0 as n — oc.
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Also, when d(¢,,1*) # 0, we have

d(f(*),0") < d(f(W7), f(¥n)) + d(f (), ¥7)
< qd(¥7,¥n) + AV, ¥7)
d(f @), ) < aK||d(@", n)l] + Kld(¥n41, 7).
If d(in,,*) # 0, for infinitely many n, then d(¢*, f(¢*)) = 0. If d(¢,,¥*) =0
except for finitely many n, then
d(Vns Yns1) < d(Wn, ") + d(Y7, hns1)
d(Wn, i)l < Kd(Wn, ©7)|] + K[|d(¥7, ¢ps1)]]-
So d(Yn, ¥ny1) = 0, for atleast one n. This is a contradiction, because d(,,, ¥,11) #
0, Vn. Therefore d(f(¢*),¥*) =0, and * is a QFP.

If f has two quasi fixed points(or, QFPs) ¢ and 7, then d(¢, 7) = 0 or d(¢), 7) # 0
and in this case we have

d(r,v) < d(r, f(7)) +d(f(7), f(¥)) +d(f(¥), ¥)
d(f(r), (1))
< qd(r,v)
d(r,v) < q¢md(r,v), for every m =1,2,3,...., and
lld(r, )| < q¢"K||d(T,v)]], for every m = 1,2,3,....

Since (¢)"K — 0 as m — oo, we get d(¢,7) = 0, which is a contradiction and
f has a unique QFP. If ¢* is a QFP and d(7,v*) = 0 = d(f(7), f(v*)), for some
T €S, then

d(f(r),m) < d(f(7), f(¥7) +d(f(¢7),¥") +d(¥7,7) =0
Therefore, d(f(7),7) = 0, and 7 is also a QFP. O

Example 3.1. Let P = {(b,z) € E : b,z > 0} be a subset of the real Banach
space F = R?, the Euclidean plane. Then P is a NCWNC K = 1. Let S = R?, and
@5 x § = E be defined by d(v,7) = d((¥1, ¥s), (71, 72)) = (1 = 7], Bl = 711,
Vi = (Y1,12), T = (11, 72) € S, where 8 > 1 is a fixed constant. Then (5, d) is an
order complete SCMS with respect to P. Define T': S — S by T(¢) = T'(¢1,9) =
(%,%) For ¢ = (¢Y1,v¢9), 7 = (11,72) € S, we have d(T(¥),T(1)) < %d(l/),T).
Then, hypotheses of Theorem 3.1 are satisfied with ¢ = % Also, the unique QFP is
ZEero.

Remark 3.2. Let (S, d) be an order complete SCMS, and P be a NCWNC K.
Let f be a given function on S to itself. If ¢* is a QFP of f and d(7,¢*) = 0
d(f(7), f(¥*)), then 7 is also a QFP of f.
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Remark 3.2 is true in the following all theorems.
The next theorem consider Kannan’s contractions [6], for QFPs in SCMSs.

Theorem 3.2. Let (S,d) be an order complete SCMS, and P be a NCWNC K.
Let f be a given function on S to itself such that d(f(¢¥), f(1)) < q[d(f(¥),¥) +
d(f(r),7)], Yoo, 7 € S, satisfying d(ip,7) # 0, for some q € (0, %) Then [ has a
unique QFP y* in S.

PROOF. Define 9,11 = f(¢,), where n = 0,1,2,3, ..., and 1) is fixed in S. If
d(Ypi1,¥,) = 0, for some n = 0,1,2,3, ..., then 1, is a QFP. Suppose d(¢,, 11, ¥y,) #
0, for every n =0,1,2,3,.... Then, with [ = (ﬁ) we have

d(¢n+17 %) = d(f(¢n)7 f(wn—l)) Q[d(fw}n)? ¢n) + d(f(@/)n_l), ¢n—1)]
Q[d(¢n+lu 77Z)n) + d(¢n7 ¢n—1)]

(72 ), )

ld(wm wn—l)
Pd(tn-1,Vn—2) < ... <1"d(¥1, o).

I IA

d(wn—l-l; wn)

IN

IA

For m > n > 1, we have

d<¢m7 wn) d(wma ¢m—1) + d(¢m_1, wm—Q) + .+ d(l/}n—&-la ¢n>
(I 12 I, o)

(7 )t o)

We get ||d(Vm, ¥n)]|] < (%)Kﬂd(wl,@/zo)ﬂ. This implies that d(v,,¥,) — 0 as
n,m — oo. By Remark 2.4, there is a ¢* € S such that d(i,,1*) — 0 as n — oc.
Also, when d(¢,,,¥*) # 0, we have

d(f(¥%),¥") < d(f(¥"), f(¥n)) +d(f(¥n), ¥")
< Q[d(f(w*)a V") +d(f (¥n), wn)] + d(Vny1,¥")

IA A

IN

AW 07) < e )]+ (7 ) s, )
< W, 0) + A" 0]+ (72 ), 7). and
) 0 < KNG, 07) + (6 )]+ (7 ) s, )

If d(¢,,*) # 0, for infinitely many n, then d(¢*, f(¢*)) = 0. If d(¢,,¥*) =0
except for finitely many n, then

d(wna wn-i-l)

||d(¢n7 ¢n+1)||

d(wmw*) + d(w*, ¢n+1), and

<
<
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So d(tn, ¥ny1) = 0, for atleast one n. This is contradiction, because d(¢,,, ¥n11) # 0,
Vn. Therefore d(f(1*),¢*) = 0, and ¢* is a QFP. If f have two QFPs ¢ and 7 and
d(¢,7) # 0, then

d(r,¢) < d(r, f(7)) +d(f(7), f(¥)) +d(f(¥),¥)
< qld(f(7),7) +d(f(¥), )] =0
So d(¢,7) = 0 and f has a unique QFP. O

The next theorem consider Chatterjea’s contractions [2] for QFPs in SCMSs.

Theorem 3.3. Let (S,d) be an order complete SCMS, and P be a NCWNC K.
Let f be a given function on S to itself such that d(f(¢), f(7)) < qld(f(¥),T) +
d(f(r), V)], Vi, € S, satisfying d(3p,7) # 0, for some q € (0, %) Then [ has a
unique QFP y* in S.

PROOF. Define 9,11 = f(¢,), where n = 0,1,2,3, ..., and 1) is fixed in S. If
d(Yni1,¥n) = 0, for some n = 0,1,2,3, ..., then 1, is a QFP. Suppose d(¢,, 11, ¥y) #
0, for every n =0,1,2,3,.... Then, with [ = (ﬁ) we have

A(ns1,¥n) = d(f(Un), f(Wn-1)) < qld(f(W@n), n-1) + d(f(Pn-1),1n)]
= qld(¥ns1,Yn-1) + d(¥n, ¥n)]

ald(Wns1, ¥n) + d(¥n, Yn-1)]

(72, )dn )

1d (4, Y1)

Pd(thn-1,%n-2) < ... <1"d(1h1, %)

IN

d("/’n-ﬁ-lv Q/Jn)

I IA

IN

For m > n > 1, we have

d(¢m7 wn) d<wm7 wm—l) + d(wm—la wm—Q) + ...+ d(wn—&-l; wn)

(It L 1Y (Yr, ko)

<1lj l>d(¢1,¢o)'

VARVAN

IN

We get [|d(¢m, ¥n)[| < (15)Kld(v1,¢0)||. This implies that d(¢n, ¢m) — 0 as
n,m — oo. By Remark 2.4, there is a ¢* € S such that d(i,,19*) — 0 as n — oc.
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Also, when d(¢,,1*) # 0, we have

AW, < AU, F) + (W) 6)

< gl (), )+ (W), 0] - i )

< [d(f( ) )+d(¢m¢)+d(wn+la¢*>]+d(¢n+h¢*)
AW € 100 0") + Al )]+ (), ), and

)0 < KA 07) + A, )]+ (7 ) A, )

If d(¢n,*) # 0, for infinitely many n, then d(¢*, f(¥*)) = 0. If d(¢y, ¥*) = 0,
except for finitely many n, then
d(qu)na 77Z)n+1> S d(¢n7 ¢*) + d(qu)*a 77Z)n+1> and
d( P, V)] < K[|d(n, )] + K|[d(@", ng)]]-

So d(¢n, ¥ni1) = 0, for atleast one n. We have contradiction, because d(,,, ¥,11) #
0, Vn. Therefore d(f(¢*),v*) = 0, and ¥* is a QFP. If f has two QFPs ¢ and 7,
and d(v, 7) # 0, then

d(r,¢) < d(r, f(7)) +d(f(7), f(¥)) +d(f(¥), ¥)
< qld(f(7), ) +d(f(¥),7)]
< qld(f(7),7) + d(7,%) +d(f(¥), ¥) + d(, 7)].
So, d(t,v) < [™d(1,v), for every m =1,2,3, ....
lld(r, )| < I"™K]||d(r,)]|, for every m =1,2,3, ....

Since ™K — 0 as m — oo, we get d(¢, 7) = 0 and f has a unique QFP. O

Theorem 3.4. Let (S,d) be an order complete SCMS, and P be a NCWNC
K. Let f be a given function on S to itself such that d(f(v), f(7)) < qd(¢,T) +

rd(r, f(¥)), Y, 7 € S, satisfying d(v,7) # 0, for some q,r € (0,1) satisfying
L < 1. Then f has a unique QFP ¢* in S.

PROOF. Define 9,11 = f(¢,), where n = 0,1,2,3, ..., and 1) is fixed in S. If

d(Yni1,¥n) = 0, for some n = 0,1,2,3, ..., then 1, is a QFP. Suppose d(¢,, 11, ¥y) #
0, for every n =0,1,2,3,.... Then with [ = % < 1 we have

d(Wny1,Un) = d(f (W), f(Wn1)) < qd(Wn, Ynr) + 1d(n1, [ (¥n))
< qd(Yn, Yn-1) + rd(Yn-1,¥ns1)
< qd(Yn, Yn-1) + 1d(Wn-1,¥n) + rd(Vn, Yni1),
and (Wi 0n) < (D) dwn, )
= 1d(¥n, Yn-1),
< Pd(Pn-1,¥n2) < . < Ud(1,0)-
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For m > n > 1, we have

d<¢m7 wn) d(wrm wm—l) + d(¢m—la wm—2) + .t d(l/}n—&-l? ¢n>

(I 12 I, o)
lTL
(7= ) s, o).

We get [|d(Vm, n)|| < (ﬁ)K||d(¢1,¢o)||. This implies that d(¢y,¥,) — 0 as
n,m — oo. By Remark 2.4, there is a ¢* € S such that d(i,,¥*) — 0 as n — 0.
Also, when d(¢,,9*) # 0, we have

IA A

IN

(W) 07) < dF7), f(Wn)) + d(f (n), &)
< gd(v ) + (W, F)) + d(tbn, 0)
< qd(W ) + (b, )+ rd(W*, f(©7) + d(ni1, %), and
hence d(f(4°),0%) < 1d(, ) + (1= )d(tisr, v°) so that

G, 9 < R, v+ (72 ) Klld (e, 9]

If d(¢n, x*) # 0, for infinitely many n, then d(*, f(¢*)) = 0. If d(¢,, ¥*) = 0,
except for finitely many n, then

d(@z)m 77Z)n-i-1> S d(¢n7 ¢*) + d(@/)*, 77Z)n+1) and
d(ns o)l < K|d(Wn, )| + K|d(®", Ynia)]]-
So d(Yn, ¥ny1) = 0, for atleast one n. This is a contradiction, because d(,,, ¥, 11) #

0, Yn. Therefore, d(f(1*),v*) = 0, and ¢* is a QFP. If f has two QFPs ¢ and 7,
and d(¢, 7) # 0 then

d(r,¢) < d(7, f(7)) +d(f(7), f(¥)) + d(f(¥), %)
< qd(r,9) +rd(i, (7))
< qd(r,) +rd(y, ) +rd(T, f(7))
= td(r,%), wheret = (¢ + ), and hence
d(t,v) < t"d(r,v), for every m =1,2,3, ...
\|d(r,¥)|| < t"K||d(r,v)||, for every m =1,2,3,....

Since t" K — 0 as m — oo, we get d(¢,7) = 0 and f has a unique QFP. O

Theorem 3.5. Let (S,d) be an order complete SCMS, and P be a NCWNC
K. Let f be a given function on S to itself such that d(f(v), f(7)) < q[d(¢,T) +

d(f (), ) +d(f(7),7) +d(f(¥),7) +d(f(7),¥)], Vo, 7 € S, satisfying d(¢,T) # 0,
for some q € (0,%). Then f has a unique QFP ¢* in S.

7’5
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PROOF. Define ¢,,.1 = f(¢,), where n = 0,1,2,3, ..., and 1) is fixed in S. If
d(pi1,0,) = 0, for some n =0,1,2,3, ..., then wn is a QFP. Suppose d(¢,, 11, ¥,) #

0, for every n =0,1,2,3,.... Then, Wlth l = (-22-) we have
d(Vnt1,9n) d(f(vn), f(¥hn-1))
qld(Yn, Y1) + d(f(¥n), n) + d(f (Pn-1)s Yn-1) + d(f (¥n), n-1)
+d(f (hn-1)1n)]
= qld(¥n, Y1) + d(Whnr1, ¥n) + d(n; Yn-1) + d(Vns1, Pn1)
+d (W, Yn)]

(7250 ) s )

ld(wmwn 1)
Pd(n_1,0n—2) < ... <1"d(1b1, ).

For m > n > 1, we have

d<wm7 wn) d(wma zbmfl) + d(wmflu wmfZ) + ...+ d(wn+17 ¢n>
(I 12 I, o)

(17 )dwr. o).

We get ||d(¥m, n)|| < (£5)K||d(v1,10)]|. This implies that d(¢n, ¥y,) — 0 as
n,m — oo. By Remark 2.4, there is a ¢* € S such that d(¢,,v*) — 0 as n — oo.
Also, when d(¢,,v*) # 0, we have

d(f ("), v") d(f (%), f (b)) + d(f (¥n), ¥7)
qld(¥", n) +d(f (%), ) + d(f (), ¥n) + d(f (%), Un)
+d(f (¥n), ¥7)] + d(Pnia, ¥7)
1 *
_—2q>d(¢n+lv’¢ )7 and

(0 )] + (7L )d<wn+1,w*> +(
Sl )]

1-2¢q

IA

A(Ynr1,Un)

IN

IA

VARVAN

IN

VARRVAN

d(f(¥"),¢")
[|d(f ("), v

IN

IN

Kl ) + (72

(g i, )l

If d(¢n,v*) # 0, for infinitely many n, then d(¢*, f(¢*)) = 0. If d(¢,,¥*) =0
except for finitely many n, then
d(d}na @Z)n-i-l) S d(¢n> %0*) + d(’g/)*, ¢n+1)’ and
d(Wn, Vsl < KA, )] + K[|, Pnga)]]-

S0 d(¢n, Yny1) = 0, for atleast one n. We have contradiction, because d(1y,, ¥n41) #
0, Vn. Therefore d(f(1*),¥*) = 0, and ¢* is a QFP. If f have two QFPs ¢ and 7
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and d(¢, ) # 0, then

d(r,¢) < d(r, f(7)) +d(f(7), f(¥)) +d(f(¥),¥)

qld(,¥) +d(f(7),7) + d(f(¥), ) +d(f(7),¥) + d(f(¢),T)]
qld(,¥) +d(f(7),7) + d(7,¢) + d(f(¥),¥) + d(¥,T)]
So, d(7,1) h™d(T,), where h = %2(], for every m =1,2,3, ...

lld(T,¥)|| < ATK]||d(T,)]||, for every m =1,2,3,....

IN

IN

Since K™K — 0 as m — oo, we get d(¢,7) = 0 and f has a unique QFP. O

Remark 3.3. Let (S,d) be an order complete SCMS, and P be a NCWNC
K. Let f be a given function on S to itself such that d(f(v), f(7)) < qld(v,7) +
d(f(), ) +d(f(1),7)], Vib, T € S, satistying d(v, T) # 0, for some ¢ € (0, 3). Then
f has a unique QFP ¥* in S.
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