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Toeplitzness of weighted composition operators

M. Salehi Sarvestani

ABSTRACT. For a bounded analytic map 1 on the unit disk D and analytic
self-map ¢ of I, a weighted composition operator Cy , on the Hardy space
H? = H*(D) is defined by Cy , f = 9. fo¢. In this paper, we study the asymptoti-
cally Toeplitzness of weighted composition operators and their adjoints in different
topology on B(H?).

1. Introduction and Preliminaries

The Hardy space H> = H?*(D) is a Hilbert space consisting of all holomorphic
functions on disk D whose Fourier coefficients are square summable. The Hardy
space can be consider as a closed subspace of L?(9D) (associated with normalized
arc-length measure m on the unit circle 9D), since for each f € H?, by Fatou’s
theorem, the radial limit f(e?) := lim,__, - f(re®) exists a.e. with respect to arc-
length measure on the unit circle 9D. Hence H? is isometrically isomorphic to a
closed subspace of L?*(0D).

An analytic self-map ¢ of the unit disk D (i.e. ¢(D) C D) induces the com-
position operator C, by Cy(f) = f o ¢, where f is analytic on D. It is well-know
that the restriction of a composition operator to the Hardy space H? is a bounded
operator on H? (for example see [4, pp.16].

For a function ¢ € L*>°(0D) (associated with normalized arc-lenght measure on
OD) the Toeplitz operator T, € B(H?) (the set of all bounded linear operators on
H?) defined by T,f = P(¢f), where P is the orthonormal projection of L?*(9D)
onto H2. In the case that 1 is a bounded analytic function on the unit disk, T}, is
the multiplication operator on H?, since yH? C H?. If ¢)(2) = z, one obtains the
forward shift operator S = T, and its adjoint, S* = T%, the backward shift operator.
It is well-know that an operator 7' € B(H?) is a Toeplitz operator if and only if
S*T'S = T. Barria and Halmos in [1] introduce asymptotic Toeplitz operators and
define an operator T' € B(H?) is strongly asymptotically Toeplitz if the sequence
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{S*"T'S™} converges in strong operator toplogy on B(H?). This sense of asymptotic
Toeplitzness has been extended to other usual topology on B(H?) by Feintuch [2].
Indeed an operator T' € B(H?) is called uniformly (weakly) asymptotic Toeplitz if
the sequence {S*"T'S™} converges in norm (weak) topology on B(H?). In all cases
the limit is a Toeplitz operator that its symbol is called the asymptotic symbol of
T.

The space of all functions that are analytic and bounded on D denote by H.
For analytic self-map ¢ of D and a function ¢ € H*°, the bounded operator Cy , :
H? — H? given by

Copf =0 (foy) f € 1

is called a weighted composition operator. It is clear that Cy , = T;,C,,.

The idea of this work come back to the paper [3]. The authors in [3] showed
though non-trivial composition operators are not Toeplitz but a large classes of
these operators are asymptotically closed to Toeplitz operators. They also proved a
composition operator is uniformly asymptotic Toeplitz if and only if it is compact or
identity. In the case that ¢(0) = 0, they show all composition operators C,, except
those induced by rotations, are weakly asymptotically Toeplitz. In this article, we
try to extend some of these results to weighed composition operators.

2. Toeplitzness of weighted composition operators

Proposition 2.1. The weighted composition operator Cy , is Toeplitz provided
that CQ/MP = Tw.

ProOOF. If ¢p = 0, then it is trivial. Let ¢ be non-zero. The matrix representation
of Oy, relative to the orthonormal basis of monomials {2" : n > 0} is of the form

$(0) dp(0) ?(0)
$1) (1) ve*(1)
$(2) Pp(2) ve*(2) , (1)
U(3) Ye(3) Ye*(3)

where “” denotes Fourier coefficient. If the weighted composition operator Cy, , is
Toeplitz, then it has constant diagonals. Hence we have the following equations

b(n) =go(n+1), (n=0,1,2,...) (2)
and -
vp(n) =vYp?(n+1), (n=0,1,2,...). (3)

By equations (2) and (3) we show that ¢ is the identity (therefore Cy , be the

Toeplitz operator T;;). We have three cases:
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Case I: Let $(0) = 0. If ¢ is not zero function, then consider ¢ (m) be the first
non-zero Fourier Coefﬁment of 1 for some non-negative integer number m. Thus,
by (2) we have ¥(m ) = wgo(m +1) = ¢(m)3(1). Hence 3(1) = 1 and so the
equation w(m +1) = w(m)w( ) + ¥ (m + 1)3(1) implies that ©(2) = 0. Proceeding
by induction, assume that @(i) = 0, for all 2 < ¢ < n and some posmve integer
number n. Therefore, (2) implies that ¢ (m + n) = 12( )P(n +1) + d(m + n)P(1).
Hence @(n + 1) = 0. Therefore $(n) = 0 for n > 1, by assumption. Hence ¢ = z
and C(‘O’w = T,p.

Case II: Let p(0) = 0 and 12( 0) = 0. Then, equation (2) for n = 0 implies
12(1) = 0. Suppose 15( ) =0 for i = 2,3,...,n where n is a intrger number bigger
than 1. Therefore, by (2), w(n) = Z”H (n —i+ 1)p(i) = @(O)@(n +1). So by
induction ¢ = 0 and thus Cy , = T).

Case III: Let $(0) # 0 and 12(0) # 0. By equation (3) for n =0

$(0)5(0) = D(0)p2(1) + D (1)92(0)
= 20(0)p(0)3(1) + & (1)3(0)2.

Therefore

9(0) = 20(0)3(1) + $(1)B(0), (4
when gp( ) # 0. On the other hand, (2) implies

$(0) = $(0)3(1) + (1) B(0) ()
The assumption 1;(0) # 0 and equations (4) and (5) imply @(1) = 0. Let now
p(1) =0fori=0,1,...,n—1, where n is a integer number bigger than 1. We show

that p(n) = 0. We see that equation (3) for n — 1 implies @(n —-1) = Jap\?(n) and
so by the assumption

Therefore R R
U(n—1) = 2¢(0)(n) + ¢ (n)e(0), (6)

since @ # 0. Moreover, by (2) we have
Y(n—1) = dp(n) = $(0)H(n) + $(n)3(0). (7)

(
Hence, equations (6) and (7) show that @(n) = 0, since {Z)\(O) # 0. Thus by induction

¢ is the non-zero constant function ¢(z) = @(0) and so equation (2) shows
(

b(n) = (n+ 1)H(0), n=0,1,2,...)
and thus N
~ - (0) -
Y(n) = S0 (n=0,1,2,...).



Since [3(0)] < 1, ¥(3(0)) = 22, 2O 5(0)" = £ h(0). It shows (0) = 0 and

n=03(0)"
this is a contradiction. O

The reproducing kernel for a € D is the function K, in H? that defined by

B 1
C1—az

Ku(z)

1—|al?
1—az

The H?-norm of K, is ﬁ and k, =

kernel. It is well know that for each f € H?, the values of f on the unit disk are
reproduced by the reproducing functions in the following sense:

fla) = (f,Ka), (a €D).
Another property of the reproducing kernels {K, : a € D} is that they are linear

is called the normalized reproducing

span dense in H2. If { f,,} is a sequence in H? which converges weakly to zero. Then
it is convergent point-wise to zero on the unit disk, since

fn<a) = <fnaKa> —a

for every a € D. The converse is correct if the sequence {f,} is bounded in H?.

Proposition 2.2. Let {f,} be a bounded sequence in H*. If {f,} converges
point-wise on D, then it is convergence weakly.

PROOF. If the sequence {f,} converges point-wise to zero on D, then for each
vector ¢ in the linear span of {K, : a € D}

(fasg) — 0

asn — oo. Let f € H? and £ > 0 be arbitrary. By the property of reproducing
kernels for some vector gq in the linear span {K, : a € D}

€
2M
where is a positive number that || f,|| < M for each positive integer number n.
Moreover there is a positive integer number NV such that if n > N that |(f go)| < /2.
Hence for each n > N

If = goll <

<
< flllf = goll +&/2
Me/2M +¢/2 =¢.

A\

O

By using Feintuch characterization of uniformly asymptotically Toeplitz opera-
tors [2], the authors in [3] show that a composition operator is uniformly asymptot-

ically Toeplitz if it is either compact or the identity. As follows we use their method
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to show that a weighted composition operator is uniformly asymptotically Toeplitz
if it is Toeplitz or compact.

Theorem 2.3. A weighted composition operator Cy , on H? is uniformly asymp-
totically Toeplitz if and only if it ws Toeplitz or compact.

Proor. Let Uy, be uniformly asymptotically Toeplitz. Therefore Cy, , = T;+C
for some g € L>°(0D) and compact operator C. We show that if ¢ is not the identity
and Cy, is not compact then C' = (), is not compact. Equivalently we show
C* = C’:;W — Ty is not compact. If K, is the reproducing kernel for the point a € D
and f be a vector in H? then

(Ch oK ) = ((ToCh) Ko, f)
= <KaaT1/) gaf)
(Ko, V- fop)

(a

= P(a)f(p(a))

Kq
Therefore Cy, K, = 1 (a) K. By Proposition 2.2, k, = =K =+/1—|a|?K,

converges weakly to zero, so to show C* is not compact, it is enough to prove that
the sequence {||C*k,||} does not converge to zero as |a|] — 17. For this we show
the sequence {(C*k,, k,)} is not convergent to zero.

(C*kayka) = (CF Ska,ka) — (T ka, ka)
= (1= aP)(C} ,Ka, Ka) — (P(Gka), ka)
(1= laP){$(a) K o), Ka) = (P(gka), k)
(1= lal*)¥(a) Ko@) (@) — (P(Gka), ka)
1— |al? _
= —_w<a) — <P(gka), ka>'
1—p(a)a
By the assumption g is not a.e zero on JD, so according the method that be
used in [3, Theorem 1.1] there is ( € D such that §(¢) # 0, ¢(¢) # ¢ and

(Gkrc, knc) —> 9(¢) # 0,
as r — 17. Moreover since v is bounded and ¢(¢) # ¢,

1 Jrgf? 0
I 1 S ——}
—oeo ) T T e

as r — 17. Hence the sequence {(C*kq, k,)} is not convergent to zero as |a| —
1. U
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3. Strongly asymptotically Toeplitzness of weighted composition
operators and their adjoints

Proposition 3.1. If |p| < 1 on ID, then Cy, is strongly asymptotically Toeplitz
with zero symbol.

PROOF. Let f be a vector in H?. Then

1S CpoS" fIl < || TyCuS" [
< ITlle™ (Fo o)l
1/2
< Hmmc@fu{ / |30|2”dm} |
oD

Since [p| < 1 on 0D, by Dominated Convergence Theorem [, |p|*"dm converges
to zero as n — oo. Therefore Cy , is strongly asymptotically Toeplitz. U

Proposition 3.2. Let ¢ # z, ¢(0) =0 and ¢ # 0. If Cy, is strongly asymp-
totically Toeplitz, then || < 1 a.e on OD.

Proor. If Cy,, is strongly asymptotically Toeplitz and ¢ is not identity and
fixes the origin, then the asymptotic symbol is zero. Therefore

Tim [[S™Cy 5™ = 0.

Set £ ={¢ € ID : |¢(¢)] = 1} and put ¢ = z¢p; for some holomorphic function on
D. For all non-negative integer n:

15" Cy o S™1* = 8@\5*"Tw¢”!2dm

= \S*”wz”gOﬁQdm
oD

SN
oD

= [1wdms [ ol m
E OD\E

By Dominated Convergence Theorem the sequence { [y,  [¢[*¢1[*"dm} con-
verges to zero as n — oo0. So [.|i[*dm = 0. Therefore if m(E) # 0, then
m({e? : (e?) = 0}) > 0 and by F. M. Riesz Theorem ¢ = 0 on D, so m(E) = 0
and || < 1 a.e. on JD. O

Nazarov and Shapiro in [3] show if the non-rotation ¢ fixes the origin, then C7
is SAT with zero symbol. Similarly and with the same method we extend the result
to the weighted composition operators. Let A(D) be the collection of holomorphic

functions from D to C with continues extention on 0D (i. e. A(D) = H>(D)NC(D)).
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Theorem 3.3. If ¢(0) = 0, ¢ is not a rotation and ¢ € A(D), then Cy , is
strongly asymptotically Toeplitz with zero symbol.

PROOF. The closed linear span of the reproducing kernels {K, : a € D} is H>
and the {S*"C}, S"} is uniformly bounded, so it is enough to show that

Tim [|5°7C;,. 5" K, |

for a € D. First we prove lim,, o [|S™C} S"K,|| for i) = 2™ such that m is a
negative integer number.

TonS"K, = P(2"2"K,) = P(S2a'z0 )

forn+m > 0. So

1

szSnKa - (n+

[K - P n+m-— 1( )]

where Py m_1(2) = S150 (@z)k.

Since ¢(0) = 0, then C has upper triangular matrix with respect to the orthonormal
basis {27}, for H?. Hence CyPytm—1 is a polynomial of degree less than n + m.
Therefore S*"C’;Pn+m,1 = (0 and then

P Yat] n 1 *MN
S CQOTZmS Ka == 3 (ntm) S K&p(a)
So
S CLTm S" Ko = | n+m||90( a)|" [ Kol = la™"[le(a)/a]*[[ Ko -

Since ¢(0) = 0 and ¢ is not a rotation, the Schwarz Lemma says |¢(a)] < |a.
Hence ||S*"C% ,Tom S"K,|| — 0. Hence by linearity of the map ¢ — Ty, if Q is a
trigonometric polynomial then

lim ||S*"C ,Tom S"K,|| = 0,
n—00 ’

for a € D. Let f is a non-zero vector in H?. Trigonometric polynomials are dense in
C'(0D), so by continuity of 1) and Stone Wirestress Theorem there is a trigonometric
polynomial @ such that [[v)— Q|| < ||C:][|| flle/2. Moreover there is a positive integer
number N such that for n > N, [|S™"C;TgS" f|| < e/2. If n < N, then

[SCITES fIl < 1S C(Ty — T) S" fIl + (1S CLT5S" f]]
< [CAfIlY = QI + [ CoTaS" f
< E&.
Therefore, C, , is strongly asymptotically Toeplitz. OJ
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