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Some analytical properties of the hyperbolic sine
integral

Kwara Nantomah

ABSTRACT. By using some tools of analysis, we establish some analytical prop-
erties such as monotonicity and inequalities involving the hyperbolic sine integral
function. As applications of some of the established properties, we obtain some
rational bounds for the hyperbolic tangent function.

1. Introduction

The cardinal hyperbolic sine function which is also known as sinhc function or
hyperbolic sinc function is defined for z € (—o0, 00) as [16]
sinh(z)7 p 7& 0

sinhe(z) = z 0
z=0.

1 (1)

)

It has been very useful in various areas of mathematics, physics and engineering.
For example, it has been demonstrated that the function exhibits a clear geometric
interpretation as the ratio between length and chord of a symmetric catenary seg-
ment [9, 16]. Due to its usefulness, it has been investigated by several researchers
and many remarkable inequalities have been established concerning the function.
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For further information and recent developments on such inequalities, one may con-
sult the works [3, 4, 5, 6, 7, 8, 10, 11, 17, 18] and the references therein.

Closely related to the sinch function is the hyperbolic sine integral function which
is defined for z € (—o0,00) as [1, p. 231]

Shi(z) = /0 “sinh() ) @)

t

In [13], the author considered three representations in terms of the hypergeo-
metric function o F3 for a certain indefinite hyperbolic sine integral. A review of
the literature reveals that, unlike the cardinal hyperbolic sine function which is well
researched in terms of its inequalities or bounds, the hyperbolic sine integral is yet
to receive a similar attention.

The purpose of this paper is to trigger the process for such investigations and
attention. Precisely, we establish some analytical properties such as monotonicity
and inequalities involving the hyperbolic sine integral function. As applications of
some of the established properties, we obtain some rational bounds for the hyperbolic
tangent function. We present our findings in the subsequent sections.

2. Some Properties of the Hyperbolic Sine Integral

The hyperbolic sine integral function may also be defined for z € (—o0, 00) by
the following equivalent forms.

.. [!sinh(zt)
Shl(z)—/o Tdt, (3)

00
Z2r+1

2r+1)2r+ 1)1

(4)

r=0

By change of variable, representation (3) is obtained from (2) and representation
sinh(z)

(4) is obtained from either (2) or (3) by using the series representation of ~—=.

By utilizing representation (3), the derivatives of Shi(z) are obtained as follows.

Shit®) (z) = /1 t*"tsinh(zt)dt, k€ {2m:m € Ny}, (5)
10
Shit®) (z) = / t*Lcosh(zt)dt, k€ {2m+1:m € Ny}, (6)
where Ny = {0, 1,2, 3, ...}.OIn particular, the first and second derivatives are
Shi'(z) — /0  cosh(zt)dt = ﬂz(z) (1)

Shi”(z) = /0 ltsinh(zt)dt _ coshz) _ Si“hQ(Z). (8)

z z
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REMARK 2.1. Identity (8) implies that

sinh(z)
z

cosh(z) > (9)

for z > 0 and this is well known in the literature.

LEMMA 2.2. If a function I% 15 increasing or decreasing on an interval I, then
p(z) supperadditive or subadditive on I respectively.

PROOF. See Lemma 3.2 of [15] or Theorem 3.1 of [2]. O

THEOREM 2.3. The function Shi(z) is supperadditive on (0,00). That is, the
imequality

Shi(u + v) > Shi(u) + Shi(v) (10)
holds for w > 0 and v > 0.

FIRST PROOF. Let A(z) = 2 for 2 > 0. Then

22 A'(z) = 2Shi’(z) — Shi(z)

27‘—1—1 27"—}—1

Z (2r+1 Z (2r +1)(2r+1)!

r=0

2T+1
[ 27“+1] 2r 4+ 1)!

Vool
°lM8

Hence A(z) is increasing and the conclusion follows from Lemma 2.2. O

SECOND PROOF. Let v > 0 and v > 0. Then

1 .
Shi(u + v) = / —Smh(uervt) dt
0
1 _: 1 .
_/ sinh(ut) cosh(vt) dt—i—/ Cosh(ut)tsmh(vt) gt
0 0

1 . 1 .
- / sinh(ut) it + / sinh(vt) "
0 t 0 t

— Shi(u) + Shi(v)

since cosh(z) > 1 for all z # 0. O
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THIRD PROOF. Let ¢(u,v) = Shi(u + v) — Shi(u) — Shi(v) for u > 0 and v > 0.
Without loss of generality, let v be fixed. Then

%(b(u, v) = Shi'(u + v) — Shi’(u)

1 1
= / cosh(ut 4 vt)dt — / cosh(ut)dt
N ’ 1
= / [cosh(ut) cosh(vt) + sinh(ut) sinh(vt)] dt — / cosh(ut) dt
0 0

= /1 cosh(ut)[cosh(vt) — 1]dt + /1 sinh(ut) sinh(vt)dt
N Oo 0
since cosh(z) > 1 for all z # 0. Thus, ¢(u, v) is increasing and so
o) > Timy (,0) = 0
which gives the desired result. 0
THEOREM 2.4. The inequality
Shi(u) + Shi(v) > u + v (11)

holds for w,v > 0, and the inequality

(12)

holds for 0 < u <w.

PRrROOF. The monotonicity property of the function %(Z) implies that, for z > 0,

we have

Shi(z) - lim Shi(z) _
Z z—0t z
That is,
Shi(z) > z.

Hence for u > 0 and v > 0, we have Shi(u) > u and Shi(v) > v which results to
(11). Likewise, for 0 < u < v, we have
Shi(u) < Shi(v)
u v
which results to (12). O

THEOREM 2.5. Let z >0 and A € (0,1). Then the inequality
Shi(Az) > AShi(z) (13)
holds. If A > 1, then the inequality is reversed.
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PROOF. Let a(z) = Shi(Az) — AShi(z) for z > 0 and A € (0,1). Then
a'(z) = A[Shi'(Az) — Shi'(2)] < 0
since Shi’(z) is increasing for z > 0. Hence a(z) is decreasing and then, we have

a(z) > lim a(z) =0

z—0t
which gives (13). O
THEOREM 2.6. For z > 0, the inequality
! sinh(¢
Shi(z) + Shi(1/z) > 2/ wdt ~ 2.11450 (14)
0

holds. Equality is attained if z = 1.

PROOF. The case for z = 1 is easily seen. Because of this, let P(z) = Shi(z) +
Shi(1/z) for z € (0,1) U (1,00). Then

/ <! 1 !
P'(z) = Shi'(z) — ;Shl (1/2),
which means that
zP'(z) = sinh(z) — sinh(1/z) := E(z).

Since sinh(z) is increasing, then E(z) < 0if z € (0,1) and E(z) > 0if z € (1, 00).
Thus, P(z) is decreasing on (0,1) and increasing on (1,00). Therefore, on both
intervals, we have

1 .- h
sinh(t) o\ 5 11450

P(z) > lim P(z) = 2Shi(1) = 2/
z—1 0
completing the proof. O

LEMMA 2.7 ([14]). Let —co < u < v < 00 and p and q be continuous functions
that are differentiable on (u,v), with p(u+) = q(u+) = 0 or p(v—) = ¢q(v—) = 0.
Suppose that q(z) and ¢'(z) are nonzero for all z € (u,v). If % is increasing (or
decreasing) on (u,v), then % is also increasing (or decreasing) on (u,v).

In the literature, Lemma 2.7 is referred to as I’'Hospital rule for monotonicy. It
has become a remarkable tool in proving various results in mathematical analysis.

LEMMA 2.8. For z > 0, the function T(z) = Séi?((zz)) is increasing.

PRrROOF. For z € (0, 00), we have

T(z)

_ sinh(z) _ p1(2)

Shi(z)  qi(2)’
where py(z) = sinh(z), ¢1(2) = Shi(z) and p;(0) = ¢1(0) = 0. Then
pi(z)  zcosh(z)  pa(2)
(2)

qi(z)  sinh(z) (2
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where po(z) = 2z cosh(z), ga(z) = sinh(z) and p2(0) = ¢2(0) = 0. Then

inh? p2(2) /—cos 2) 4+ zsinh(z)] sinh(z) — z cosh?(z
smh(z)(m)—[ h(z) + h(z)] sinh(z) h7(2)

= cosh(z) sinh(z) + z [sinh*(z) — cosh?(z)]
= cosh(z) sinh(z) — 2
>0

since cosh(z) > 1 and sinh(z) > z, for z > 0. Thus, z éég is increasing. Hence by
1

Lemma 2.7, the function 7; 18 is also increasing. This completes the proof. U

THEOREM 2.9. For z > 0, the inequality

Shi(z)Shi(1/z) > (/01 w&> ~ 1.11778 (15)

holds. Equality 1s attained if z = 1.

PROOF. The case for z = 1 is easily seen. And so, let Q(z) = Shi(z)Shi(1/z)
and 0(z) =InQ(z) for z € (0,1) U (1,00). Then
ZShi’(z) 1 Shi'(1/2)

Shi(z) 2% Shi(1/z)
sinh(z)  sinh(1/z)
Shi(z)  Shi(1/z)
= H(2).

Because of Lemma 2.8, then H(z) < 0if z € (0,1) and H(z) > 0 if z € (1, 00).
Subsequently, Q(z) is decreasing on (0, 1) and increasing on (1, 00). Therefore, on
both intervals, we have

20'(z) =

Q(2) > lim Q(2) = (Shi(1))* = (/O Sm?(t)dt> ~ 1.11778

completing the proof. O

LEMMA 2.10. For z > 0, the function V(z) = Shi(z) — sinh(z) is decreasing and
the inequality
Shi(z) — sinh(z) < 0 (16)
holds.
PRrROOF. We have
V'(2) = Shi’(z) — cosh(z)

_ sinh(z)
2

—cosh(z) <0
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as a result of (9). Hence
V(z) <limV(z)=0

z—0

which proves (16). O
LEMMA 2.11. For z > 0, the function K(z) = Zlhnl%((z is decreasing.

PROOF. For z € (0,00), we have

_ sinh(z2)  pi(2)
K(z) = Shi*(z)  qi(2)’

where p;(z) = sinh(z), ¢1(2) = Shi*(z) and p;(0) = ¢;(0) = 0. Then

pi(z) _ zcosh(z)  pa(2)
¢i(z)  2Shi(z)sinh(z)  ga2(2)
where po(z) = 2z cosh(z), ga(z) = 2Shi(z) sinh(z) and p2(0) = ¢2(0) = 0. Then

2Shi?(2) (%) = Shi(z) coth(z) — zShi(z)cosech?(z) — cosh(z)

= cosh(z) L?EL((ZZ)) — 1] — 2Shi(z)cosech?(z)

<0

as a result of (16). Thus, % is decreasing. Hence by Lemma 2.7, the function
p1(2)

e is also decreasing. This completes the proof. O
REMARK 2.12. The increasing property of the function Ssi?l}il((j)) is equivalent to
2Shi(z) cosh(z) — sinh?(z) > 0. (17)
Also, the decreasing property of the function glhnlLQ((g is equivalent to
2Shi(z) cosh(z) — 2sinh*(z) < 0. (18)
Combining (17) and (18) yields
sinh?(2) < 2Shi(z) cosh(z) < 2sinh?(z) (19)

which is also equivalent to
tanh(z)  Shi(z) - 2tanh(z).

20
z sinh(z) z (20)
THEOREM 2.13. For z > 0, the inequality
h(z) -1 h(z) -1
% T G2 ) < Shi(z) < 2 (—COS (2) ) (21)
z z

holds.
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PROOF. Recall that ¢ < Shi(t) < sinh(¢) for ¢ > 0. Then, integrating over the
interval (0, z), we have

/ t < / Shi(t)dt < / sinh(#)dt
0 0 0

22

5 < zShi(z) — cosh(z) + 1 < cosh(z) — 1
and this simplifies to (21). O

which gives

THEOREM 2.14. For z > 0, the inequality
. . 1 .
QS'hl(z)Shlgl/z) S/ Smh(t)dt% | 05795 (22)
Shi(z) 4+ Shi(1/z) o
holds. Equality is attained if z = 1.

PROOF. The case for z = 1 is easily seen. On that note, let W(z) = Zm(z)5hill/=)

" Shi(z)+Shi(1/z)
and h(z) =In¥(z) for z € (0,1) U (1,00). Then
_ Shi'(z)  1Shi'(1/z) Shi(z) — Shi'(1/2)

Wiz) = Shi(z) 22 Shi(1/z)  Shi(z) + Shi(1/z)
which implies that

+[Shi(z) + Shi(1/2)] #'(2) = zssill((j)) Shi(1/2) — %%Shi(z).
This further gives rise to
1 1 , Shi'(z) 1 Shi'(1/z
* sty sy M) = ZShi2<(z)) N ;Shi2<(1//z))
_ sinh(z)  sinh(1/z2)
Shi*(z)  Shi*(1/2)
= D(z)

Owing to Lemma 2.11, we have D(z) > 0if z € (0,1) and D(z) < 0if z € (1, 00).
Thus, h(z) is increasing on (0, 1) and decreasing on (1,00). Accordingly, ¥(z) is
increasing on (0, 1) and decreasing on (1, 00). Therefore, on both intervals, we have

! sinh(t
U(z) <lim\I!(z):Shi(1):/ wczmmm%
0

z—1
completing the proof. O
REMARK 2.15. Theorem 2.14 can be interpreted to mean that, for z > 0, the

harmonic mean of Shi(z) and Shi(1/z) can never be greater than the quantity Shi(1).
Inequality (22) can also be rearranged as

% Shil(z) " Shi(ll /z)} = ( /01 Sm?(t)dt> - (23)
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LEMMA 2.16 ([12]). Let the function o : I C (0,00) — (0,00) be differentiable.
Then a(z) is is geometrically convezr (concave) if and only if Zg‘ég) is increasing

(decreasing) respectively.

THEOREM 2.17. The function Shi(z) is geometrically convex on (0,00). That is,

the inequality
Shi(uFv' %) < (Shi(u))” (Shi(v))" " (24)

holds for w >0, v >0 and k € [0,1].
PrOOF. Applying Lemma 2.8, we have
d (zShi’(z)) _d (sinh(z)) =0
dz \_ Shi(z) dz \ Shi(z)
and by Lemma 2.16, we conclude that Shi(z) is geometrically convex. This is equiv-
alent to (24). O

REMARK 2.18. It is interesting to note that, by letting u = z, v = 1/z and k = %
in (24), we recover the inequality (15).

3. Rational Bounds for the Hyperbolic Tangent Function

In this section, as applications of the hyperbolic sine integral, we obtain some
rational bounds for the hyperbolic tangent function.

THEOREM 3.1. For z > 0, the inequalities
23+ 62
322+ 6

< tanh(z) < (25)

2242
hold.

PRrROOF. By direct computations, we obtain

1
Shi(3)(z):/ t* cosh(zt)dt
0

(2% + 2) sinh(z) — 22 cosh(z)
= e > 0.

Upon rearrangement, we obtain
2z

tanh(z) >
anh(z) 2242

which gives the left hand side of (25). Also,
1
sm@@y_/t%mmamt
0

(22 + 62) cosh(z) — (322 + 6) sinh(z)
= i > 0.




10 NANTOMAH

Hence ,
20 462
tanh(z) < ———
anh(z) 5216
which gives the right hand side of (25). This completes the proof. O

THEOREM 3.2. For z > 0, the inequalities

423 4+ 242 ¢ h( ) - 25 +202% + 1202
anh(z
A4+ 12224+ 24 524 4+ 6022 4+ 120

hold.
PROOF. By direct computations, we obtain
1
Shi®(z) :/ t* cosh(zt)dt
0

(2" +122% + 24) sinh(z) — (42° + 242) cosh(z) 50
- = .

This implies that

423 + 24z
24+ 1222 + 24
which gives the left hand side of (26). Also,

tanh(z) >

1
Shi(6)(z):/ t° sinh(zt)dt
0

(2% + 2023 4 1202) cosh(z) — (5z* + 6022 + 120) sinh(z)

56
> 0.
Hence
- 25 42023 + 1202
524 4+ 6022 + 120
which gives the right hand side of (26). This completes the proof. O

tanh(z)

THEOREM 3.3. For z > 0, the inequalities

62° 4+ 12023 4+ 720z 27+ 422° + 84023 + 50402
< tanh(z) <
26 + 302% + 36022 + 720 726 4+ 21024 + 252022 + 5040
hold.

(27)

PRroOF. By direct computations, we obtain
1

Shi(M(z) = / t% cosh(zt)dt
0

(2% + 302 4 36022 + 720) sinh(z) — (62° + 1202% + 7202) cosh(z)
7

> 0.
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This implies that

62° + 12022 + 7202
26 + 3024 + 36022 + 720

tanh(z) >
which gives the left hand side of (27). Also,
Shi®(2)

1
:/ t"sinh(zt)dt
0

(27 +422° + 84023 + 50402) cosh(z) — (72° + 2102* + 252022 + 5040) sinh(z)
8

> 0.

Hence

2T+ 422° + 84023 + 50402

tanh <
anh(2) < -5 5105 4 252052 + 5040

which gives the right hand side of (27). This completes the proof. O

THEOREM 3.4. For z > 0, the inequalities

82" + 3362° + 67202 + 403202
28 + 5626 4 16802* 4 2016022 4 40320
- 29 4+ 7227 + 302425 4 6048023 + 3628802
928 4+ 50426 4 151202* + 18144022 + 362880

< tanh(z)

(28)
hold.

PROOF. By direct computations, we obtain

1
Shi®(z) = / t8 cosh(zt)dt
0

1
= — [(2® +562° + 16802" + 20160z + 40320) sinh(z)
z
— (827 + 3362° + 6720z + 40320z) cosh(z)]
> 0.

This implies that

827 + 33625 + 672023 + 403202
28 + 5625 + 16802* + 2016022 + 40320

tanh(z) >
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which gives the left hand side of (28). Also,
1
Shi(0)(z) — / 19 sinh (£t
0

1
= —5 [(2° + 7227 4 30242° + 604802° + 362880z) cosh(z)
z
—(92° 4 5042° + 15120z" + 1814402z + 362880) sinh(z)]

> 0.
Hence
2%+ 7227 4+ 30242° + 6048023 + 362880z
tanh(z) <
928 + 50425 4+ 151202* + 18144022 + 362880
which gives the right hand side of (28). This completes the proof. O

REMARK 3.5. The bounds in (28) are better than those in (27). The bounds in
(27) are also better than those in (26). And the bounds in (26) are also better than
those in (25).

REMARK 3.6. Due to their monotonicity properties, for m > 2, the derivatives of
the hyperbolic sine integral, Shi™ (z) give rational bounds for the hyperbolic tangent
function. Particularly, odd derivatives give lower bounds and even derivatives give
upper bounds. The corresponding bounds get better as m increases. It is also

observed that, the lower bounds obtained this way, are of the form 1;/ ((ZZ)) and the

for some polynomials p(z) and ¢(z).

q(2)
q(2)

As a byproduct of Theorem 3.1, we obtain the following result which provides

upper bounds are of the form

bounds for the hyperbolic cosine function.

COROLLARY 3.7. For z > 0, the inequalities

2 2 42 2 2 %
: ; < cosh(z) <e® (Z ;_ ) (29)

hold.

PROOF. By integrating (25) over the interval (0, z), we have
s 2t : “ 746t

/ dt < / tanh(£)dt < / O
. 212 ; . 3216

22 2
In(2? 4+2) —In2 < Incosh(z) < % + 3 In(2? +2) — 3 In 2.

2 2 42 2 2 %
In > ;_ < In cosh(z) <ln{66 (Z ;— ) }

and by taking exponents, we obtain (29). O

which gives

That is
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