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Solution of an infinite system of fractional
differential equations in tempered sequence space

Rahul, Sukanta Halder, and Nihar Kumar Mahato*

ABSTRACT. In this article, we study an infinite system of fractional differential
equations involving a generalized Caputo-Fabrizio fractional operator. By using
Darbo’s fixed point theorem and the concept of measure of noncompactness, we
establish the existence of a solution for the proposed system in tempered sequence
space. Suitable examples are given to strengthen our article. At the end, we give
an iterative algorithm using the homotopy perturbation method and Adomian
decomposition method to solve our given example with high accuracy.

1. Introduction

Fractional calculus is a mathematical field that confines the study of derivatives
and integrals of arbitrary order. The beginning of fractional calculus was done in
the seventeenth century when Leibniz first proposed the notion of a derivative with
an order of r = % in his letter to L’'Hospital in 1695. This historical marks the early
origins of fractional calculus, as documented in references [24, 26, 33|. Since its
inception, fractional calculus has preserved contributions from distinguished mathe-
maticians including Abel, Laurent, Laplace, Fourier, Weyl, Riemann, Liouville, and
Euler. These distinguished individuals have played significant roles in advancing
the field throughout its history. The studies of fractional operators have given rise
to numerous definitions, and the theories of fractional calculus have been advanced
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by prominent mathematicians, including Caputo, Leibniz, Riemann, Grunwald, Li-
ouville, and Letnikov. For further in-depth information, one can refer to relevant
references [9, 10, 11, 22]|. This branch of mathematics perceives utility in simulating
manifold, physical and engineering phenomena, including but not limited to electro-
magnetics, fluid mechanics, and signal processing. To advance fractional calculus,
many researchers have dedicated their efforts to establishing solutions for nonlinear
differential equations that involve multiple fractional differential operators, like Hil-
fer, Riemann-Liouville, Caputo, and others. For more details, see [4, 20, 29, 35].
In order to overcome the constraints of the existing operators, Caputo and Fabrizio
[12] proposed an innovative definition of fractional derivative that terminates the
presence of a singular kernel

FDf(r) = - _5/%]9( Lo )>f'(u)du, >0, (1)

where 0 < ¢ < 1. This new formulation provides a solution to the problem, providing
a more effective approach for modeling fractional calculus in various applications.
The introduction of the Caputo-Fabrizio fractional derivative has provoked extended
interest among researchers in exploring FDE. This is essentially due to its special
characteristic of possessing a non-singular kernel. This approach has garnered at-
tention for its ability to effectively model a wide range of phenomena, including
fractional dynamics [36], radiotherapy for cancer cells using fractional derivatives
[17], interactions between immune and tumour cells in immunogenetic tumours [18],
as well as processes demonstrate manifold memory effects. Losada and Nieto [23]
considered the following three types of Caputo-Fabrizio FDE (2), (3) and (4). They
established the existence and uniqueness solution of the following FDE

EDou(r) =~(1), 7>0, 0< 6§ <1,
w(0) = ug € R, (2)

CFDou(r) = Au(r) + (1), 7> 0, AER,
u(O) =Ug € R? (3>

CEDOu(t) = ¢(1,u(r)), 7>0, 0 <6 <1,
u(O) =ug € R. (4>

where R denotes the set of real numbers, v, ¢ are continuous functions on [0, o),
and [0,7] x R, T" > 0, respectively, and u(7) is the solution of the corresponding
equation.

In 2020, Alshabanat et al. [3] proposed a new fractional operator that is a gen-
eralization of Caputo-Fabrizio fractional operator, and this new formula contains
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exponential and trigonometric functions, permitting for a wider range of applica-
tions.

Definition 1.1. [3] The fractional differential operator of order (§ + n) having

kernel which contains the exponential and trigonometric functions of the function
u € C"10, 00) is defined by

T

1 h? + k? —hé(r—v) ké(t —v)
o+n = 1— (n+1)
(Do) (1) (1 — 5) ( - ) /6 ; COS( 5 )u (v)dv, T > 0,
0

(5)

where h >0, k>0, 0<d <1, neNU{0}, ue C"0,0c0).
Remark 1.2. [3] If we take h = 1 and k = 0 in Definition 1.1, then we have

(ng%u) (1) = 1—i5 e:ch(—_(sl(T__(S V))fl(y)dy, T>0= “F (D) (1) T >0,

which is the Caputo-Fabrizio fractional operator “FD%*" of order (§ + n).

Alshabanat et al. [3] studied the existence and uniqueness solution of the follow-
ing linear and nonlinear FDE by taking the generalized Caputo-Fabrizio fractional
derivative defined by Definition 1.1

(Dg,h,ku) (1) =~(1), 0<7<T,
u(0) = uy € R, (6)

and
(Dg’h’ku) (1) =¢(r,u(r)), 0<7<T,
U(O) = Ug € R, (7)

where, 0 < 6 < 1 and T > 0 and 7 is a continuous functions on [0,7] and ¢ is a
continuous functions on ([0,7] x R).

Motivated by the article [3], we consider the following infinite system of nonlinear
FDE of order 0 < 6 < 1 as

(D87h7kun) (1) = fulr,un(7)), 0 <7< T, (8)

where (D& th“) is the generalized Caputo-Fabrizio fractional operator defined in [3]
with initial condition u,(7),;—0 = u,(0) = 0, u, € C*[0,T], and f, € C*([0,T] x R)
with f,(0,u,(0)) = 0. Here, we are concerned with the existence of a solution of the
infinite system of nonlinear FDE (8). As a main tool, we use MNC to accomplish
our aim. The MNC is defined by Kuratowski [21] in 1930. The concept of the MNC
is used by various authors to explore the existence of solutions for infinite system of
differential and integral equations. The contributions include the work of Mursaleen
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et al. [27], who established the existence of solutions for an infinite system of FDE
in the spaces ¢y and [,. Mursaleen and Mohiuddine [28] investigated the existence
of solution of an infinite system of differential equations in the [, space. Also, Das
et al. [14] studied the existence of solutions of an infinite system of FDE in the
tempered sequence space as well as Rabbani et al. [31] studied the existence of
solutions for FDE in the tempered sequence space. These works serve as significant
references for those who are interested in this particular area of research. In recent
years, Mehravarana et al. [25] and Das et al. [15] have further studied this field
by obtaining the existence of solutions of a system of FDE and a method of hybrid
FDE, respectively, in the tempered sequence space.

In our study, we discussed some preliminaries of MNC with some important fixed
point theorem and an important proposition in section 2. Next, the existence of a
solution of the Eq. (8) using DFPT via MNC is discussed in tempered sequence
space in section 3. In section 4 and 5 an example and an iterative algorithm are
presented and discussed to understand the importance of our results. Finally, in
section 6 we give the conclusion of this article.

2. Preliminaries

The notion of MNC is given in the research of Banas and Lecko [5] as follows.

Definition 2.1. Let E be a Banach space, then we define Ay is the class of all
nonempty bounded subsets of a Banach space E and Bg is the set of all relatively
compact sets of a Banach space E. So, an MNC is a mapping 3 : Ag — R satisfies
the following conditions for all T, T{, Ty € Ag.

(I) The family ker 5 ={Y € Ag : 5(T) =0} # 0 and ker 8 C Bg.
(I1I) B(Y) = B(Y), where T is the closure of a nonempty bounded subset T of
E.
(IV) B(ConvY) = B(Y), where ConvY is the convex closure of a nonempty
bounded subset T of E.
(V) B (KT, + (1 — k) Ya) < kB (Y1) + (1— k) B (Ts) for k € [0,1].

VhHuY,eAg, Y, Yy, ¥, =71, forn=123,..and lim 3(Y,) =0,

n—o0

then Yoo = ﬂ T, # () and precompact.

n=1

Remark 2.2. Since 5(T) = (ﬁ Tn> < B(T), B(Tw) =0, Yoo € kerps.
n=1

Definition 2.3. [5] Let ) be an element of metric space (Y,d). Then the
Hausdorfft MNC H(7) is the infimum of the set of all real € > 0 such that @) covered
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by a finite number of balls of radii strictly less than ¢, that is

H(T) :inf{5>O:Q C UB(yi,ri),yi €eQ,r <9, (i= 1,2,3,...,n),n6N},

=1

where B(y;,r;) is the closed ball of radius 7; centered at y; € Q.

Now, we are concerned with certain sequence spaces which are associated with
the ¢, spaces. Let us define the set

P={p=(pr):0<p1 <pr < pry1, (k+1)px > pri1}-

In 1960, Sargent [34] introduced a space, where J(s) denotes the set of all
sequences that can be obtained by rearranging the elements of s. For p € P, and

po=70
h(p) = {S = (5n) : lIllne) = sup <Z !vnIApn> < oo},

vEJ(s) \ =1
where Ap = Ap, = pp — pn_1. Also, if p = 1 then h(p) = {y, and if py = k then
h(p) = 1.

In 2017, Bands and Krajewska [6] give a new direction to an existence space by
introducing a fix non-increasing real sequence a=(«;)$2; is known as a tempering
sequence. Assume h*(p) be the space of all real or complex sequences u=(u;)2,
such that au = (apuy) € h(p), and h*(p) forms a Banach space with the norm

[ullne (o) = llovul[n(p) = sup (Zan!vn!/\pn>~
veJ(u) \ =1
Now, consider G : h*(p) — h(p) is a mapping defined by
G(s) = G((sn)nZr) = (ansn)ily = (@),

where s = (5,)%%, € h*(p) and (a,$,)22; = as € h(p). For any a = (a,)5; and
b= (b,)>, € h*(p), we have

“G(a) - G(b)“h(p) = H(O‘nan);ozl - (O‘nbn);ozlnh(p)

= |Jaa — ab||np)

= sup (Z !vn!/\pn>

veJ(a(a—b))

n=1
= sup | wn | Apy,
weJ(a—b) (nz::l
= [la = bllne(p).

where for any sequence v in J(a(a — b)) can be obtained as the product of a and
a sequence w in J(a — b). Since condition ||G(a) — G(b)||n) = |la — b|[pa(p) holds.
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Hence, the spaces h®(p) and h(p) are isometric to each other. The Hausdorff MNC
in Banach spaces h(p) and h®(p) are as follows. The Hausdorff MNC Hy, for a
nonempty and bounded set B is determined by the formula (see[28])

Hyp)(B) = lim [sup ( sup <Z |Um|Apn>)] , (9)
N0 | seB \ veJ(s)

m=n

Since h*(p) and h(p) are isometric to each other, the Hausdorff MNC Hja(,) for
the nonempty and bounded set B is defined by the formula

Hyo((BY) = lim |sup | sup O | Wi | Ay, ) 10
)= i Lo (s (S nloin) )] a0

Let C(I,h*(p)) be collection of all continuous functions defined on the interval
I =[0,J] for some J > 0, and have a value on the space h*(p) and the norm is

defined as
ullone(p)) = sup [lu(q)|lne(p),
qel

where u(q) = (u(q))32; € h*(p). Now, we present a fixed point theorem along with
definitions that are used for establishing and proving our results.

Theorem 2.1. [2] A mapping G : T — Y which is compact and continuous has
a fixed point, where T is a nonempty convex closed subset of a Banach space E.

Theorem 2.2. [13] A continuous mapping G : ¥ — T satisfying

p(GD) <k B(D),

for any set D of T, where k is constant, k € [0,1), and 3 is an MNC. Then the
mapping G has a fixed point in Y. This theorem is known as DFPT.

Definition 2.4. [3] The fractional operator of order § + n for the function
u € C'0,00) having a non-singular kernel is defined as

T

2, 1.2 s _
o) 0= (755) (F57) [0 o (57 e 0
0
(11)

where h >0, k>0, 0<§ <1,n € NUO and u € C*[0,00) are given. Similarly, we

define the fractional operator of order § 4+ n for the functions u, € C*[0,00) having
a non-singular kernel as

T

2 2 RSl _
(D33 un) (1) = (1 . 5) (h Zk ) / s (%ﬁ)uw(y)d% >0,
0

(12)

where h >0, k>0, 0 <§ <1, n € NU{0} and u,, € C'[0,00) are given.
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Definition 2.5. [3] Let h > 0,k > 0,0 < J < 1, and f € C[0,T]. The fractional
integral of order 0 < § < 1 for a function f having a non-singular kernel is defined
as

h —hé(r—v
(Zopnf) (1) = h<2+k2 )+46 /f du— /el(ﬂf(,/)dT :

where 0 <7 < T < oo and ( o,h,kf)( )=0

Similarly, we define a fractional integral operator of order 0 < 6 < 1 for the
functions f,, having a non-singular kernel is defined as

; _h(1-9)
(@ih) (7) = G (s 00(7)

k2 r —h8(r—v)
+9 /fn v, Un dv — h2+k2/6 1=0 fn(Vaun(V))dV s (13)

0
where f, € C*([0,T]xR), u, € C*([0,T]), 0 <7< T < o0

with (I3, 5.fn) (0) = 0.

Proposition 2.3. The problem given by Eq. (8) is equivalent to the following
system of integral equations

un(7) = (Lo pafulun() (1), 07 < T, (14)

i.e., the problem of infinite system of Eq. (8) and Eq. (14) have the same solution.

PROOF. Suppose u,, € C'[0,T] is the solution of Eq. (8), then we have

(Dg’hkun)/ (1) = fl(T,un(7)), 0 <7 <T. (15)



78

RAHUL, HALDER, AND MAHATO
By using Eq. (12), we obtain

(Dg,h,kun), (1)

_ <1i5> (hQZW) {u;(r)+0/%<eh‘i“s” cos (W))u;(y)du}
- () (5 o - (5) (75) ()
T cos (kdiT—_ay))“:L(”)d”_ (1i5) (1]165> <h22k2) g

B (115) (1?5) <h2;;k2> (), (16)

Y(r) = / e~ 15 sin (%‘5”)) o (v)dv. (17)

Differentiating with respect to 7 of the Eq. (17), we have

Y(r) = 0/ %(a”‘i”{” sin (%))u;(y)dy

T(r)+ (h_k(i) Jo(T, un(7)). (18)
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Hence, from Eq. (16) we have

D) )= (155 ) () ) = (25 ) i)

k6 \2 [ o
— (1—_5> /e =5 fo(v, u,(v))dv. (19)
0
Now by using the Eq. (15) and Eq. (19) we have
_h(1—-9) h%§

Uy, (7) —mfﬁ(ﬂ un (7)) + mfn(ﬂ un (7))

hk25? I hen)
! ((1—5)(h2+k2))/6 T fa(vun(v))dv.
0

Integrating above equality from v = 0 to v = 7 and using u,,(7),—0 = u,(0) and
fn(0,u,(0)) = 0, we obtain

h(l—94¢ h2(5

N (( hk;ﬁ: - ) / / P () dvdo. (20)

To use the Fubini’s theorem, we have

/ / 2 b (1, wn(v))dvdo
/ Ful 1 (v))e 75 ( / 6_1}:55ch> dv
- (% )/ s~ (57 / s ()

Hence, from Eq. (20) and Eq. (21), we have

n(7) = (Lo i un(.) (1)

Since f,(0,u,(0)) = 0 and uy,(7);=0 = u,(0) = 0, u, is the solution of the Eq.
(14).

Assuming that u, satisfies Eq. (14), it is obvious that u, € C'[0,T]. Moreover,
since f,,(0,u,(0)) = 0, we have u,(0) = 0. Also, an easy calculation show that
(D uitin) (1) = ful(T,un(7)) for 0 < 7 < T. Hence, it can be deduced that wu,
possesses a solution to Eq. (8). O
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Now, we reach at a position to demonstrate our main result, i.e., the existence
of the solution of an infinite system of FDE (8) in the sequence space C(I,h%(p))
using the DFPT.

3. Existence of solution of Eq. (8) in sequence space C(I,h%(p))

To demonstrate the existence of solution for Eq. (8), and we introduce the
following assumptions:

(1) The functions G,, : IxC(I,h*(p)) — R (n € N) and operator G : C(I, h*(p)) —
C(I,h*(p)) is defined as

(7, u(7)) = Gu(7) = (Gu(7,u(T)))2

n=1»

where
h(l—¢
Gu, (1) = ﬁfn(ﬂ Un (7))
f k2 f —hé(r—v
#0 | [ vanoar - 5 [ oo
0 0

Besides that, the class ((Gu)(7))-er is equicontinuous at all points of C(1, h*(p)).
(74) The continuous functions f,, : I x R — R (n € N) satisfying

| fo(T,un (7)) < ¥n(7)|un(7)|, where 1, are continuous functions on I and

(an¥n (7)) is equibounded sequence on I.

. h(l—6 2
Write ¢ = sup {¢,(7)}, Ms = h(zlJer) and N = fﬂk—JfW'
neN,rel

(i73) Assume that ¢(Ms + N;T + 0T) < 1.

Theorem 3.1. If an infinite system of FDE (8) follows the assumptions (i) — (i),
then Eq. (8) possesses at least one solution u(7) = (u,(7))s2, € C(I,h*(p)) for
every 7 € I.

PROOF. Suppose that J(u(7)) is the set of sequences which are rearrangements
[e.e]

of u(7) and assume that if v(7) € J(u(r)), then Y au|vm(7)|As, < L, where
m=1
L >0, and u(71) = (un(7))22, € h*(p) for every 7 € I = [0,7T] with 7" > 0.
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From Eq. (14), we have the following expression for any 7 € I = [0, 7]

[[u(m)l[ne o) =llew(m)lIng)

—  sup [iamwmmmsm]

veJ (u(r)) m=1

— e [ia (‘2(2+k2)fm( Un(7))

veJ(u(r)) L,,—1

r Sk? [ —hé(r—v)
£6 [ fulromdy — 2 [ b (1 v ()
j j

o

h? + k2
0
h(1 —0)
< sup O | == [ (T, U (7)) | ASpn
veJ (u(r)) mZ:l h? + k2 ( ( ))
+ sup 5Zam / fn (Vv (v))dv|Asy,
veJ (u(T)) m—1 0
> k2 S )
+ sup ) an —/ Wy v (v))dv|Asy,
ved (u(r)) mzzl h? + k2 /
h(1 —9) =
<—F sup Qm fm T, Um\T ASm
) ))le [Fn(7, 0 (7))
#o s S an | 1nmtoplavas,
veJ(u(1)) ,,,
k2 > 7 7h5(7' v)
+ 4 sup am/ e m(V, U (V) |dUvAs,,
m,ﬁ%em); / fn, v (1))

<Ms sup Zamh/)m YO (T) | Ay,
ved (u(t )

v {5 / (Zamwm(y)vm(y)msm)dy
n [ (Zamwm )lAs, ) av}

T

<Mslu(r)aegy + 00+ Now)L [ dv
0
SMst[|u(T)|ne (o) + (09 + Nso) LT
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ie.,

) Nsy)LT
(e < 2 Aj@ = O(say).

Let B = {u(r) € C(I,h%(p)) : HUHC rhe(p) < 0}. Then B is closed, convex and
bounded. Consider S = (S,,) be an operator on C(I,h*(p)) such that for any 7 € I

(Su)(1) = {(Snu)(7)}721 = {Gn(7 u()) 1525,

where, u(7) = (u, (7)), € h*(p), and u,(7) € C(I,R) by assumption (7). Using
assumption (7), we get, for all 7 €

(Su)(1) € h*(p) and  sup (Z Q| (Spw) |Asm> <0 < oo,
veJ (u(r))
with (S,u)(0) = 0. Since ||[(Su)(7)||na(p) < 0, therefore S : B — B is self mapping.
Hence, we can say that S is continuous operator on C(I, B) by assumption (i).
Now, we define the Hausdorff MNC on the space B C C(I,h%(p)) as follows.
For any fixed 7 € I, we have

Hpo(p)(SB) = lim | sup sup |V (T) | A S
n—o0 _u(‘r)GB vEJ(u(T));

= i
im | sup_ sup { Z Qi

| u(r)eBve(u(r) L =

h(1 - §)

R

T

k? f —hb(r—v)
+§/fm(u,vm(y))dy—§m/e =5 fo(v, v (v))dy

0 0

Asm}

<Msp lim [ sup ( sup Zan|vn(7)|Asn>

N0 | u(r)eB \ veJ(u(r))

m>n

+ 0yT lim [ sup ( sup Zozn]vn(TﬂAsn)

N0 | u(r)eB \ veJ(u(r)) on

sup( sup Zanh}n ]Asn>

uw(r)eB \veJ(u(r)) m>n

+ NsoT lim

n—oo

- (Mg?/J + 0T + N5¢T> Hhyo (o) (B).

Hence, we have

Hh”‘(p)(SB) < <M5 + 0T + N5T> Hha(p)(B)_
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As ¢ (Ms+ 6T + NsT') < 1 and S satisfies all the conditions of Theorem 2.2.
Hence, S has a fixed point in B. Therefore an infinite system of FDE (8) has a
solution in C'(I,h%(p)). O

Now, we give an example of an infinite system of FDE of the type (8) to validate
our results.

4. Example
Example 4.1. Consider an infinite system of Caputo-Fabrizio FDE

1 Sin (U, (7
<D§,1,Ou'ﬂ> <T> - Z Ma T € [07 1]7 Up € C(]yR), n c N (22)
m>n

with u,(0) = 0.

Here, f,.(7,u,(7)) = S{gsg’;gz), 7 € [0,1] = I and for every n € N. But
m>n
un(7) € C(I,R), then for every n € N, f,,’s are continuous functions and for every

n € N, we have

sin(ty, (7 |um
f” ™ u” Z 2.2 Z 2 2’
10m?n eT 10m?n
1
. 'm>n 1 o _ 7T2 _ 4
where ¢, (7) = “55-=—. Let a, = -3 and s, = n. Then, we have ¢ = &5, Ms = ¢,

and Ns = 0 and

o (Ms + 6T + N5T) = (Ao Zoaea <1
’ b 60\5 5) '

Therefore, Theorem 3.1 figure out that an infinite system of FDE (22) possesses
a solution in the sequence space C'(I, h*(p)).

5. Homotopy perturbation and ADM to solve Example (4.1)

In this section, we approximated the following infinite system of an integral
equation, which is equivalent to the infinite system of differential Eq. (22)

4 sin(ty, (7 Sin(wy, (v
() == v, 23
n(7) 5 mz; 10m2n267 / Z 1Om2n2€l’ (23)

by a coupled semi-analytical method. This method is a combination of the mHPM
and ADM. For more details about these methods and their application, one can see
the references [1, 7, 16, 32]. In this article, we generalize the mHPM to infinite
functions and use the ADM for the simplification of nonlinear terms. In order to
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do so, we consider the nonlinear problem with boundary conditions of the following
form

A(ur (1), uz(7), ooy un(7),...) = f(1,n) =0 (7 € Q,n € N), (24)
B (ul,%> =0, (rel),

where A is the general nonlinear operator and B is the boundary operator and f
is an analytic function. By observing the work of [19] and [30], we convert the
operator A into nonlinear operators Ny and Ny (sometimes N7 and N; can be linear
operators) and divide f into f; and fy. Therefore, we can write Eq. (24) as

Ny(ui(7),us(7), ooy un (1), ...) — fi(m,m) + Ni(ug(7), ua(7), .oy un(7), ...) — fo(m,m) = 0.

Applying mHPM for an infinite functions, we have

H<U1(7)7 UQ(T)7 s vn(T)7 7p> = NI(UI(T)a UQ(T)u sy Un(T)’ ) - fl(Ta n)
+p(No(v1(7), v2(T), ooy U (7), ...)) = fo(T,n) =0
(p € [0,1]),
(25)
where p is a perturbation parameter and v; are the approximation of u; for ¢ € N.
Variating perturbation parameter p from p =0 to p = 1, we have

Ni(v1(7),09(7), ooy v (7), ...) = f1(T,n),

A(vy (1), v2(T)y ooy 0 (T), ...) — f(T,n) = 0.

Therefore, we get the solution of Eq. (24) by putting p = 1 in the Eq. (25) and
let the solution is in series form

() % () = 3 Pus(7)

un (1) = LILI% Un (7).

(26)

To solve the nonlinear infinite system of integral Eq. (23), we select the operators
N; and Ny and f as

Ni(ui(7), ua(7), ooy un(7), ) = un(7),
No(ur(r), u2(7), ooy tn(7), ) = =4 3 Tongscd — 5] 2 Towsmsardv,  (27)
m>n 0

m>n
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Putting the values of Eq. (27) and Eq. (26) into the Eq. (25), we have

4 sin(ty, (7 Sin(uy, (v
5 Z 1Om2n2eT / Z 1Om2n2e” — h(7n)
>n >n

m_

+Zp]vjn — fi(r,n) = 0. (28)

To approximate the nonlinear term in Eq. (28), we apply the ADM of the form,
Sin(wy, (T
Z 10m2n2 ZPJAJ n (29>
m>n

where the Adomian polynomial is

sin (i pjvjvn(7)>
=0
Ak,n(T = _; dpk Z

10m?2n?

m>n

p=0

Using Eq. (29) into the Eq. (28), we get
4 = 1/ Iy
—ze Zp]Ajm(T) /¢ Zp’Aj’n(y)dV — fo(1,n)
=0 ) =0
—1—2]9]1)]” — fi(r,n) = 0. (30)

Comparing the coefficient of p"*-powers of the Eq. (30), we have

P’ (on(7) = fi(r,n)),

T

4 1
pl : Ul,n<7-) — geiTAojn(T) — g / 671/140 n(V)dI/ — fg(T, n) s

4
pk : Uk,n(7—> 5 Ak 1n

OT|H

/el’Ak 1n(v)dv |, where (k> 2).
0

Since, Eq. (30) is equal to zero, the coefficients of p* powers are equal to zero.
Thus, we obtain an iterative algorithm to solve the Eq. (23) as follows.
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Algorithm

UO,n (T) = fl (Ta n),
() = Folr, ) + 3¢ Aun(r) + 3 [ € Ao ),

0
-

4 1
Ok (T) = =€ T Ap_10(7) + = | €V Ap_10(v)dy, where (k> 2).
5 )

0

For test purposes, we evaluate some terms of the sequence {u;(7),us(7),...} by
the above algorithm, where the Adomian polynomial is

Ao (7) — Z sin (Uom(T))‘

10m?2n?
m>n
Since f(r,n) = 0 in Eq. (23), we choose fi(7,n) = —fa(7,n) = § and set
vo,(7) = f1(7,n) = § = —fa(7,n). Therefore, we have

T 31
V1, (T) = -5+ Zée_TAO,n(T) + % f e VAo (v)dy, (31)
0

and for n =1 we get

vo,1(T) = 3
s w2 T 2 —T
v11(7) = =5+ e+ (1 —e7).
To approximate the solution, we only consider first two terms of the series Eq.
(26), therefore we have

uy (T) = 9.1 () + v1.1(7) = 0.0329 + 0.0987¢ 7.
(32)

Similarly, we get some terms of the above series by using MATLAB (R2023a)
version as follows

up(T) = 0.0082 + 0.0247¢ 7,

uz(T) = 8.7763¢ % + 0.0026¢ 7, (33)
uy(T) = 3.5478¢ 7% 4 0.0011e™ 7,

us(7) = 2.2000e + 6.6000e e 7.

We find out some terms of the sequence {u,(7)}, in Eq. (32) and Eq. (33) for
n = 1,2,3,4,5. Moreover tracing them in the Figures 1 and 2, it shows that for
any 0 < 7 < 1, uy(7) < 1.4 X 107, up(7) < 1.3 x 1072, uz(r) < 3.6 x 1073,..,
us(7) < 9.0 x 1071, Thus, we conclude that for any 0 < 7 < 1 and n large,
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ot g

o

0, (7) “\,
1 o o)
02 ~

otk S g S,

....

FIGURE 2. The third and fifth terms of the sequence.

un(7) — 0. Figure 3 illustrated the better understanding of the convergence of the
sequence {u,(7)}.

6. Conclusion

In this article, we find an infinite system of FDE involving a generalized Caputo-
Fabrizio fractional derivative with a kernel function having trigonometric and expo-
nential functions. Using the DFPT, we established the existence of the solution of
the given equation in the tempered sequence space C'(I,h*(p)). Moreover, we pro-
vide an example and an algorithm based on mHPM and ADM methods to validate
our obtained results and approximate the solution with high accuracy.
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015

T, o-ufr)
-0 ujfr)
o, - u))
——=un)

0.05-
uf)

FiGure 3. Convergence of u,— 0.
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