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Investigated on Neutrosophic 2-normed

I-convergent double sequence spaces with

bounded linear operator

M. Jeyaraman and S. Iswariya�

Abstract. The research here that we develop an operator of the bounded linear

method generates certain Neutrosophic 2-normed double sequence spaces of I-

convergent that are specifying their results. In addition, we search for certain

fundamental topological as well as algebraic characteristics among these particular

fields.

1. Introduction

Fuzzy topology has become one of the most essential and valuable methods

for interacting with circumstances where conventional hypotheses fail. The newest

improvement in fuzzy topology includes the concepts of Neutrosophic Normed (NN)

space [12] along with Neutrosophic 2-Normed space (N2-NS). Unfortunately, there

are some scenarios in which the usual standard fails to apply; hence, the idea of

the Neutrosophic norm appears to be more feasible for these kinds of conditions;

therefore, we may deal with problems like this by modelling the inexactness of the

norm in certain environments.

Sal’at and others [13], Khan et al. [7, 8, 9], Tripathy and Hazarika [16], as

well as several more researchers in the future, investigated it. Das et al. [3] have

researched the idea of I in addition to double sequences of I-convergence within R.

To begin with, according to an application of Mursaleen et al.’s [11], Khan and
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others investigated statistical convergence and the idea of double sequence of I-

convergence within intuitionistic fuzzy normed spaces, while Mursaleen and Lohani

improved I-convergence as well as I-Cauchy over sequence in N2-NS.

In 1998, Smarandache [14] developed the ideas of neutrosophic logic in addition

to the Neutrosophic Set [NS]. Jeyaraman, Ramachandran, and Shakila [6] estab-

lished theorems of approximate fixed points in 2022 regarding weak contractions

in Neutrosophic Normed Spaces [NNS]. Statistical ∆m convergence in NNS was

recently presented by Jeyaraman and Jenifer [5].

2. Preliminaries

Definition 2.1. Let I � 2N�N be a non trivial ideal and anN-2-NS pΞ, 9µ, :ν, ;τ , �,∆,fq.

After that x � pxijq sequence is said to have an I-Convergent towards L P Ξ in relate

within a NN p 9µ, :ν, ;τq2, when for all ε ¡ 0 as well as t ¡ 0, the set

tpi, jq : 9µpxij � L, p̌; tq ¤ 1� ε or :νpxij � L, p̌; tq ¥ ε and ;τpxij � L, p̌; tq ¥ εu P I.

Here, the present part L is referred to as the I-limit among the pxijq sequence in

regard for the NN p 9µ, :ν, ;τq2 therefore we write Ip 9µ,:ν,;τq2 � lim xij � L.

Definition 2.2. Let pΞ, 9µ, :ν, ;τ , �,∆,fq be an N-2-NS. After that x � pxijq se-

quence is said to be a I- Cauchy sequence in relate within a NN p 9µ, :ν, ;τq2, when for

all ε ¡ 0 as well as t ¡ 0, the set

tpi, jq : 9µpxij � xmn, p̌; tq ¤ 1� ε or :νpxij � xmn, p̌; tq ¥ ε and ;τpxij � xmn, p̌; tq ¥ εu P I.

3. Main Results

We introduce the double sequence spaces in the following section:

2S
I
p 9µ,:ν,;τq2

pṼq �

$&
%pxijq P 2ℓ8 :

$&
%
pi, jq : 9µpṼpxijq � L, ŷ; tq ¤ 1� ε or

:νpṼpxijq � L, ŷ; tq ¥ ε and

;τpṼpxijq � L, ŷ; tq ¥ ε

,.
- P I

,.
- ;

2S
I
0p 9µ,:ν,;τq2

pṼq �

"
pxijq P 2ℓ8 :

"
pi, jq : 9µpṼpxijq, ŷ; tq ¤ 1� ε or

:νpṼpxijq, ŷ; tq ¥ ε and ;τpṼpxijq, ŷ; tq ¥ ε

*
P I

*
.

Take x P Ξ, r̆ P p0, 1q along with for every t ¡ 0, after that a set becomes

2Bxpr̆, tqpṼq �

$&
%pŷijq P 2ℓ8 :

$&
%
pi, jq : 9µpṼpxijq � Ṽpŷijq, p̌; tq ¡ 1� r̆ or

:νpṼpxijq � Ṽpŷijq, p̌; tq   r̆ and

;τpṼpxijq � Ṽpŷijq, p̌; tq   r̆

,.
- P I

,.
-

is known as that open ball has a center of x with a radius of r̆ relative to t.

Theorem 3.1. If there is a sequence x � pxijq P 2S
I
p 9µ,:ν,;τq2

pṼq and then 2S
I
0p 9µ,:ν,;τq2

pṼq

is I-convergent with relate to the N2-N p 9µ, :ν, ;τq2, and then it is an unique limit.
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Proof. Let us assume that Ip 9µ,:ν,;τq2 � lim x � L1 and Ip 9µ,:ν,;τq2 � lim x � L2. Take

r̆ ¡ 0 which yields p1 � r̆q � p1 � r̆q ¡ 1 � ε, r̆ ∆ r̆   ε and r̆ f r̆   ε, given ε ¡ 0.

Then, determine the subsequent sets as follows for any t ¡ 0:

2Kp 9µ,1q2pr̆, tqpṼq �

"
pi, jq : 9µ

�
Ṽpxij � L1q, p̌;

t

2



¤ 1� r̆

*
,

2Kp 9µ,2q2pr̆, tqpṼq �

"
pi, jq : 9µ

�
Ṽpxij � L2q, p̌;

t

2



¤ 1� r̆

*
,

2Kp:ν,1q2pr̆, tqpṼq �

"
pi, jq : :ν

�
Ṽpxij � L1q, p̌;

t

2



¥ r̆

*
,

2Kp:ν,2q2pr̆, tqpṼq �

"
pi, jq : :ν

�
Ṽpxij � L2q, p̌;

t

2



¥ r̆

*
,

2Kp;τ ,1q2pr̆, tqpṼq �

"
pi, jq : ;τ

�
Ṽpxij � L1q, p̌;

t

2



¥ r̆

*
,

2Kp;τ ,2q2pr̆, tqpṼq �

"
pi, jq : ;τ

�
Ṽpxij � L2q, p̌;

t

2



¥ r̆

*
.

Since Ip 9µ,:ν,;τq2 � lim x � L1, we have

2Kp 9µ,1q2pr̆, tqpṼq, 2Kp:ν,1q2pr̆, tqpṼq and 2Kp;τ ,1q2pr̆, tqpṼq P I.

In addition, by applying Ip 9µ,:ν,;τq2 � lim x � L2, we get

2Kp 9µ,2q2pr̆, tqpṼq, 2Kp:ν,2q2pr̆, tqpṼq and 2Kp;τ ,2q2pr̆, tqpṼq P I.

Let us now

2Kp 9µ,:ν,;τq2pr̆, tqpṼq �
�
2Kp 9µ,1q2pr̆, tqpṼq Y 2Kp 9µ,2q2pr̆, tqpṼq

	

X
�
2Kp:ν,1q2pr̆, tqpṼq Y 2Kp:ν,2q2pr̆, tqpṼq

	

X
�
2Kp;τ ,1q2pr̆, tqpṼq Y 2Kp;τ ,2q2pr̆, tqpṼq

	
P I,

afterwards, we observe that 2Kp 9µ,:ν,;τq2pr̆, tqpṼq P I. This suggests that the comple-

ment is 2K
c
p 9µ,:ν,;τq2

pr̆, tqpṼq P FpIq. We get three possible cases, if pi, jq P 2K
c
p 9µ,:ν,;τq2

pr̆, tqpṼq.

That is,

pi, jq P 2K
c
p 9µ,1q2

pr̆, tqpṼqX 2K
c
p 9µ,2q2

pr̆, tqpṼq or pi, jq P 2K
c
p:ν,1q2

pr̆, tqpṼqX 2K
c
p:ν,2q2

pr̆, tqpṼq

and pi, jq P 2K
c
p;τ ,1q2

pr̆, tqpṼq X 2K
c
p;τ ,2q2

pr̆, tqpṼq. Let we first consider that pi, jq P

2K
c
p 9µ,1q2

pr̆, tqpṼq X 2K
c
p 9µ,2q2

pr̆, tqpṼq. After, we have

9µpṼpL1 � L2q, p̌; tq ¥ 9µ

�
Ṽpxij � L1q, p̌;

t

2



� 9µ

�
Ṽpxij � L2q, p̌;

t

2




¡ p1� r̆q � p1� r̆q ¡ 1� ε.
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As a result that ε ¡ 0 is arbitrarily in nature, consider 9µpṼpL1 � L2q, p̌; tq � 1

for all t ¡ 0, which yields L1 � L2, according to 9µpx, p̌; tq ¡ 0 for every t ¡ 0 as

well as bounded linear operator Ṽ (BLO). Let the second part, we write that if

pi, jq P 2K
c
p:ν,1q2

pr̆, tqpṼq X 2K
c
p:ν,2q2

pr̆, tqpṼq,

:νpṼpL1 � L2q, p̌; tq ¤ :ν

�
Ṽpxij � L1q, p̌;

t

2



∆ :ν

�
Ṽpxij � L2q, p̌;

t

2



  r̆ ∆ r̆   ε.

Therefore, we have :νpṼpL1 � L2q, p̌; tq � 0, for all t ¡ 0, which suggest that

L1 � L2, the fact that :νpx, p̌; tq ¡ 0 for any t ¡ 0 and a BLO B. Consider the

another hand, when pi, jq P 2K
c
p;τ ,1q2

pr̆, tqpṼq X 2K
c
p;τ ,2q2

pr̆, tqpṼq, then we write

;τpṼpL1 � L2q, p̌; tq ¤ ;τpṼpxij � L1q, p̌;
t

2
q f ;τpṼpxij � L2q, p̌;

t

2
q   r̆ f r̆   ε.

Therefore, we get ;τpṼpL1 � L2q, p̌; tq � 0, for all t ¡ 0, which implies that

L1 � L2, since ;τpx, p̌; tq ¡ 0 for every t ¡ 0 where Ṽ is a linear bounded operator.

Hence, we obtain the conclusion that the limit is unique in every case. Thus, the

theorem is now fully proven. □

Theorem 3.2. Let Ṽ bounded linear operator that defines χpṼq be an N-2-NS

and let I become an admissible ideal. And following that

(i) if Ip 9µ,:ν,;τq2 � lim xij � L1 and Ip 9µ,:ν,;τq2 � lim yij � L2, then

Ip 9µ,:ν,;τq2 � limpxij � yijq � L1 � L2

(ii) if Ip 9µ,:ν,;τq2 � lim xij � L then Ip 9µ,:ν,;τq2 � limαxij � αL

where α acts as a scalar and χ � 2S
I
p 9µ,:ν,;τq2

pṼq along with 2S
I
0p 9µ,:ν,;τq2

pṼq.

Proof. (i) Let Ip 9µ,:ν,;τq2 � lim xij � L1 and Ip 9µ,:ν,;τq2 � lim yij � L2. Select r̆ ¡ 0

in which case p1 � r̆q � p1 � r̆q ¡ 1 � ε, r̆ ∆ r̆   ε and r̆ f r̆   ε with given ε ¡ 0.

Define the subsequent sets as follows for all t ¡ 0:

2Kp 9µ,1q2pr̆, tqpṼq �

"
pi, jq : 9µ

�
Ṽpxij � L1q, p̌;

t

2



¤ 1� r̆

*
,

2Kp 9µ,2q2pr̆, tqpṼq �

"
pi, jq : 9µ

�
Ṽpyij � L2q, p̌;

t

2



¤ 1� r̆

*
,

2Kp:ν,1q2pr̆, tqpṼq �

"
pi, jq : :ν

�
Ṽpxij � L1q, p̌;

t

2



¥ r̆

*
,

2Kp:ν,2q2pr̆, tqpṼq �

"
pi, jq : :ν

�
Ṽpyij � L2q, p̌;

t

2



¥ r̆

*
, and

2Kp;τ ,1q2pr̆, tqpṼq �

"
pi, jq : ;τ

�
Ṽpxij � L1q, p̌;

t

2



¥ r̆

*
,

2Kp;τ ,2q2pr̆, tqpṼq �

"
pi, jq : ;τ

�
Ṽpyij � L2q, p̌;

t

2



¥ r̆

*
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Since Ip 9µ,:ν,;τq2 � lim xij � L1, we have

2Kp 9µ,1q2pr̆, tqpṼq, 2Kp:ν,1q2pr̆, tqpṼq and 2Kp;τ ,1q2pr̆, tqpṼq P I.

In addition, by applying Ip 9µ,:ν,;τq2 � lim yij � L2, we have

2Kp 9µ,2q2pr̆, tqpṼq, 2Kp:ν,2q2pr̆, tqpṼq and 2Kp;τ ,2q2pr̆, tqpṼq P I.

Let us now

2Kp 9µ,:ν,;τq2pr̆, tqpṼq �
�
2Kp 9µ,1q2pr̆, tqpṼq Y 2Kp 9µ,2q2pr̆, tqpṼq

	

X
�
2Kp:ν,1q2pr̆, tqpṼq Y 2Kp:ν,2q2pr̆, tqpṼq

	

X
�
2Kp;τ ,1q2pr̆, tqpṼq Y 2Kp;τ ,2q2pr̆, tqpṼq

	
P I,

this indicates that non empty set 2K
c
p 9µ,:ν,;τq2

pr̆, tqpṼq within FpIq. At this point, we

must demonstrate that

2K
c
p 9µ,:ν,;τq2

pr̆, tqpṼq �

$&
%
pi, jq : 9µpṼpxij � ŷijq � ṼpL1 � L2q, p̌; tq ¡ 1� ε,

:νpṼpxij � ŷijq � ṼpL1 � L2q, p̌; tq   ε and

;τpṼpxij � ŷijq � ṼpL1 � L2q, p̌; tq   ε

,.
- .

If pi, jq P 2K
c
p 9µ,:ν,;τq2

pr̆, tqpṼq, then we get

9µ

�
Ṽpxij � L1q, p̌;

t

2



¡ 1� r̆, 9µ

�
Ṽpŷij � L2q, p̌;

t

2



¡ 1� r̆,

:ν

�
Ṽpxij � L1q, p̌;

t

2



  r̆, :ν

�
Ṽpŷij � L2q, p̌;

t

2



  r̆, and

;τ

�
Ṽpxij � L1q, p̌;

t

2



  r̆, ;τ

�
Ṽpŷij � L2q, p̌;

t

2



  r̆.

Therefore

9µpṼpxij � ŷijq � ṼpL1 � L2q, p̌; tq ¥ 9µ

�
Ṽpxij � L1q, p̌;

t

2



� 9µ

�
Ṽpyij � L2q, p̌;

t

2




¡ p1� r̆q � p1� r̆q ¡ 1� ε,

:νpṼpxij � ŷijq � ṼpL1 � L2q, p̌; tq ¤ :ν

�
Ṽpxij � L1q, p̌;

t

2



∆ :ν

�
Ṽpyij � L2q, p̌;

t

2




  r̆ ∆ r̆   ε and

;τpṼpxij � ŷijq � ṼpL1 � L2q, p̌; tq ¤ ;τ

�
Ṽpxij � L1q, p̌;

t

2



f ;τ

�
Ṽpyij � L2q, p̌;

t

2




  r̆ f r̆   ε.
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This shows that

2K
c
p 9µ,:ν,;τq2

pr̆, tqpṼq �

$&
%
pi, jq : 9µpṼpxij � ŷijq � ṼpL1 � L2q, p̌; tq ¡ 1� ε,

:νpṼpxij � ŷijq � ṼpL1 � L2q, p̌; tq   ε and

;τpṼpxij � ŷijq � ṼpL1 � L2q, p̌; tq   ε

,.
- .

Since 2K
c
p 9µ,:ν,;τq2

pr̆, tqpṼq P FpIq, we have Ip 9µ,:ν,;τq2 � limpxij � ŷijq � L1 � L2. As a

result BLO Ṽ.

(ii) For α � 0, that is obvious. By let α � 0. When a given ε ¡ 0 in addition

t ¡ 0,

Ṽpεq �

$&
%
pi, jq : 9µpṼpxij � Lq, p̌; tq ¡ 1� ε,

:νpṼpxij � Lq, p̌; tq   ε and

;τpṼpxij � Lq, p̌; tq   ε

,.
- P FpIq.

It provides sufficient proof that for every ε ¡ 0 along with t ¡ 0,

Ṽpεq �

$&
%
pi, jq : 9µpṼpαxij � αLq, p̌; tq ¡ 1� ε,

:νpṼpαxij � αLq, p̌; tq   ε and

;τpṼpαxij � αLq, p̌; tq   ε

,.
- . (1)

Let us say pi, jq P Ṽpεq. And then we get

9µpṼpxij � Lq, p̌; tq ¡ 1� ε, :νpṼpxij � Lq, p̌; tq   ε and ;τpṼpxij � Lq, p̌; tq   ε.

So, we have

9µpṼpαxij � αLq, p̌; tq � 9µ

�
Ṽpxij � Lq, p̌;

t

|α|



¥ 9µpṼpxij � Lq, p̌; tq � 9µ

�
0, p̌;

t

|α|
� t




� 9µpṼpxij � Lq, p̌; tq � 1 � 9µpṼpxij � Lq, p̌; tq ¡ 1� ϵ.

Furthermore,

:νpṼpαxij � αLq, p̌; tq � :ν

�
Ṽpxij � Lq, p̌;

t

|α|



¤ :νpṼpxij � Lq, p̌; tq ∆ :ν

�
0, p̌;

t

|α|
� t




� :νpṼpxij � Lq, p̌; tq ∆ 0 � :νpṼpxij � Lq, p̌; tq   ϵ and

;τpṼpαxij � αLq, p̌; tq � ;τ

�
Ṽpxij � Lq, p̌;

t

|α|



¤ ;τpṼpxij � Lq, p̌; tq f ;τ

�
0, p̌;

t

|α|
� t




� ;τpṼpxij � Lq, p̌; tq f 0 � ;τpṼpxij � Lq, p̌; tq   ϵ.

Hence, we obtain

Ṽpεq �

$&
%
pi, jq : 9µpṼpαxij � αLq, p̌; tq ¡ 1� ε,

:νpṼpαxij � αLq, p̌; tq   ε and

;τpṼpαxij � αLq, p̌; tq   ε

,.
- ,

and we conclude from (3.1) that is Ip 9µ,:ν,;τq2 � limαxij � αL. □

Theorem 3.3. 2S
I
p 9µ,:ν,;τq2

pṼq and 2S
I
0p 9µ,:ν,;τq2

pṼq both are linear spaces.
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Proof. Let’s demonstrate to obtain space 2S
I
p 9µ,:ν,;τq2

pṼq. We can prove the other

space in a similar manner. Letting x � pxijq, ŷ � pŷijq P 2S
I
p 9µ,:ν,;τq2

pṼq along with α, β

be scalars. After that we get, for an assigned ε ¡ 0,

A1 �

$'''&
'''%

pi, jq : 9µ
�
Ṽpxijq � L1, p̌;

t
2|α|

	
¤ 1� ε or

:ν
�
Ṽpxijq � L1, p̌;

t
2|α|

	
¥ ε and

;τ
�
Ṽpxijq � L1, p̌;

t
2|α|

	
¥ ε

,///.
///-
P I;

A2 �

$'''&
'''%

pi, jq : 9µ
�
Ṽpŷijq � L2, p̌;

t
2|β|

	
¤ 1� ε or

:ν
�
Ṽpŷijq � L2, p̌;

t
2|β|

	
¥ ε and

;τ
�
Ṽpŷijq � L2, p̌;

t
2|β|

	
¥ ε

,///.
///-
P I.

Ac
1 �

$'''&
'''%

pi, jq : 9µ
�
Ṽpxijq � L1, p̌;

t
2|α|

	
¡ 1� ε or

:ν
�
Ṽpxijq � L1, p̌;

t
2|α|

	
  ε and

;τ
�
Ṽpxijq � L1, p̌;

t
2|α|

	
  ε

,///.
///-
P FpIq;

Ac
2 �

$'''&
'''%

pi, jq : 9µ
�
Ṽpŷijq � L2, p̌;

t
2|β|

	
¡ 1� ε or

:ν
�
Ṽpŷijq � L2, p̌;

t
2|β|

	
  ε and

;τ
�
Ṽpŷijq � L2, p̌;

t
2|β|

	
  ε

,///.
///-
P FpIq;

Establish that A3 � A1 Y A2 set, which means a way A3 P I. Therefore a

non-empty set Ac
3 in FpIq. For each pxijq, pŷijq P 2S

I
p 9µ,:ν,;τq2

pṼq, we will demonstrate

Ac
3 �

$'''&
'''%

pi, jq : 9µ
��

αṼpxijq � βṼpŷijq
	
� pαL1 � βL2q, p̌; t

	
¡ 1� ε,

:ν
��

αṼpxijq � βṼpŷijq
	
� pαL1 � βL2q, p̌; t

	
  ε and

;τ
��

αṼpxijq � βṼpŷijq
	
� pαL1 � βL2q, p̌; t

	
  ε

,///.
///-

.

Let us take pm, nq P Ac
3. In that case

9µ

�
Ṽpxmnq � L1, p̌;

t

2|α|



¡ 1� ε or

:ν

�
Ṽpxmnq � L1, p̌;

t

2|α|



  ε and

;τ

�
Ṽpxmnq � L1, p̌;

t

2|α|



  ε,
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and

9µ

�
Ṽpŷmnq � L2, p̌;

t

2|β|



¡ 1� ε or

:ν

�
Ṽpŷmnq � L2, p̌;

t

2|β|



  ε and

;τ

�
Ṽpŷmnq � L2, p̌;

t

2|β|



  ε.

We have

9µ
��

αṼpxmnq � βṼpŷmnq
	
� pαL1 � βL2q, p̌; t

	

¥ 9µ

�
αṼpxmnq � αL1, p̌;

t

2



� 9µ

�
βṼpxmnq � βL2, p̌;

t

2




� 9µ

�
Ṽpxmnq � L1, p̌;

t

2
|α|



� 9µ

�
Ṽpxmnq � L2, p̌;

t

2
|β|




¡ p1� εq � p1� εq � 1� ε,

:ν
��

αṼpxmnq � βṼpŷmnq
	
� pαL1 � βL2q, p̌; t

	

¤ :ν

�
αṼpxmnq � αL1, p̌;

t

2



∆ :ν

�
βṼpxmnq � βL2, p̌;

t

2




� 9µ

�
Ṽpxmnq � L1, p̌;

t

2
|α|



∆ 9µ

�
Ṽpxmnq � L2, p̌;

t

2
|β|




  ε ∆ ε � ε and

;τ
��

αṼpxmnq � βṼpŷmnq
	
� pαL1 � βL2q, p̌; t

	

¤ ;τ

�
αṼpxmnq � αL1, p̌;

t

2



f ;τ

�
βṼpxmnq � βL2, p̌;

t

2




� 9µ

�
Ṽpxmnq � L1, p̌;

t

2
|α|



f 9µ

�
Ṽpxmnq � L2, p̌;

t

2
|β|




  εf ε � ε.

This implies that

Ac
3 �

$'''&
'''%

pi, jq : 9µ
��

αṼpxijq � βṼpŷijq
	
� pαL1 � βL2q, p̌; t

	
¡ 1� ε,

:ν
��

αṼpxijq � βṼpŷijq
	
� pαL1 � βL2q, p̌; t

	
  ε and

;τ
��

αṼpxijq � βṼpŷijq
	
� pαL1 � βL2q, p̌; t

	
  ε

,///.
///-

.

Hence, the space 2S
I
p 9µ,:ν,;τq2

pṼq which is linear. □

Theorem 3.4. Every open ball 2Bxpr̆, tqpṼq is an open set in 2S
I
p 9µ,:ν,;τq2

pṼq.
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Proof. Consider the open ball 2Bxpr̆, tqpṼq, which has a centre at x with a

radius of r̆ in relate to t. It becomes

2Bxpr̆, tqpṼq �

$'''&
'''%
ŷ � pŷijq P 2ℓ8 :

$'''&
'''%

pi, jq : 9µ
�
Ṽpxijq �Bpŷijq, p̌; t

	
¡ 1� r̆ or

:ν
�
Ṽpxijq � Ṽpŷijq, p̌; t

	
  r̆ and

;τ
�
Ṽpxijq � Ṽpŷijq, p̌; t

	
  r̆

,///.
///-
P I

,///.
///-

.

Consider ŷ P 2Bxpr̆, tqpṼq, after that

9µpṼpxijq � Ṽpŷijq, p̌; tq ¡ 1� r̆, :νpṼpxijq � Ṽpŷijq, p̌; tq   r̆

and

;τpṼpxijq � Ṽpŷijq, p̌; tq   r̆.

As a result 9µpṼpxijq � Ṽpŷijq, p̌; tq ¡ 1� r̆, there exists t0 P p0, tq which means

9µpṼpxijq � Ṽpŷijq, p̌; t0q ¡ 1� r̆, :νpṼpxijq � Ṽpŷijq, p̌; t0q   r̆

and

;τpṼpxijq � Ṽpyijq, p̌; t0q   r̆.

Putting r̆0 � 9µpṼpxijq� Ṽpŷijq, t0q, we have r̆0 ¡ 1� r̆, that s P p0, 1q exist which

yields r̆0 ¡ 1 � s ¡ 1 � r̆. We possess r̆0 ¡ 1 � s, to obtain r̆1, r̆2, r̆3 P p0, 1q which

yields

r̆0 � r̆1 ¡ 1� s, p1� r̆0q ∆ p1� r̆2q ¤ s

and

p1� r̆0q f p1� r̆3q ¤ s.

Adding r̆4 � maxtr̆1, r̆2, r̆3u. Let the ball 2Bŷp1�r̆3, t�t0qpṼq, let us demonstrate

for this

2Bŷp1� r̆4, t� t0qpṼq � 2Bxpr̆, tqpṼq.

Let w � pwijq P 2Bŷp1� r̆4, t� t0qpṼq, after that

9µ
�
Ṽpŷijq � Ṽpwijq, p̌; t� t0

	
¡ r̆4,

:ν
�
Ṽpŷijq � Ṽpwijq, p̌; t� t0

	
  1� r̆4 and

;τ
�
Ṽpŷijq � Ṽpwijq, p̌; t� t0

	
  1� r̆4.
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Therefore

9µ
�
Ṽpxijq � Ṽpwijq, p̌; t

	
¥ 9µpṼpxijq � Ṽpŷijq, p̌; t0q � 9µpṼpŷijq � Ṽpwijq, p̌; t� t0q

¥ pr̆0 � r̆4q ¥ pr̆0 � r̆1q ¥ p1� sq ¥ p1� r̆q,

:νpṼpxijq � Ṽpwijq, p̌; tq ¤ :νpṼpxijq � Ṽpŷijq, p̌; t0q ∆ :νpṼpŷijq � Ṽpwijq, p̌; t� t0q

¤ p1� r̆0q ∆ p1� r̆4q ¤ p1� r̆0q ∆ p1� r̆2q ¤ s ¤ r̆ and

;τpṼpxijq � Ṽpwijq, p̌; tq ¤ ;τpṼpxijq � Ṽpŷijq, p̌; t0q f ;τpṼpŷijq � Ṽpwijq, p̌; t� t0q

¤ p1� r̆0q f p1� r̆4q ¤ p1� r̆0q f p1� r̆3q ¤ s ¤ r̆.

Consequently, w � pwijq P 2Bxpr̆, tqpṼq, thereby hence the result

2Bŷp1� r̆4, t� t0qpṼq � 2Bxpr̆, tqpṼq.

□

Remark 3.5. 2S
I
p 9µ,:ν,;τq2

pṼq is an N-2-NS. Describe

2T
I
p 9µ,:ν,;τq2

pṼq �
!
A � 2S

I
p 9µ,:ν,;τq2

pṼq : there are t ¡ 0 along with r̆ P p0, 1q which

means 2Bxpr̆, tqpṼq � A exists for each x P Au .

Then, 2T
I
p 9µ,:ν,;τq2

pṼq is a topology on 2S
I
p 9µ,:ν,;τq2

pṼq.

Theorem 3.6. 2S
I
p 9µ,:ν,;τq2

pṼq and 2S
I
0p 9µ,:ν,;τq2

pṼq Hausdorff spaces.

Proof. Let we demonstrate that outcome for 2S
I
p 9µ,:ν,;τq2

pṼq. For 2S
I
0p 9µ,:ν,;τq2

pṼq,

its proof proceeds in a similar manner. Consider x, ŷ P 2S
I
p 9µ,:ν,;τq2

pṼq where we have

x � ŷ. After that

0   9µpṼpxq � Ṽpŷq, p̌; tq   1, 0   :νpṼpxq � Ṽpŷq, p̌; tq   1

and

0   ;τpṼpxq � Ṽpŷq, p̌; tq   1.

Using r̆1 � 9µpṼpxq�Ṽpŷq, p̌; tq, r̆2 � :νpṼpxq�Ṽpŷq, p̌; tq, r̆3 � ;τpṼpxq�Ṽpŷq, p̌; tq

and r̆ � maxtr̆1, 1� r̆2, 1� r̆3u. There exists r̆4, r̆5 and r̆6 for each r̆0 P pr̆, 1q which

corresponds to r̆4 � r̆4 ¥ r̆0, p1� r̆5q ∆ p1� r̆5q ¤ p1� r̆0q and p1� r̆6q f p1� r̆6q ¤

p1 � r̆0q. Adding r̆7 � maxtr̆4, r̆5, r̆6u and for the open balls 2Bx

�
1� r̆7,

t
2

�
as well

as 2Bŷ

�
1� r̆7,

t
2

�
. Then it is evident that 2B

c
x

�
1� r̆7,

t
2

�
X 2B

c
ŷ

�
1� r̆7,

t
2

�
� H.
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For if there exists w P 2B
c
x

�
1� r̆7,

t
2

�
X 2B

c
ŷ

�
1� r̆7,

t
2

�
, then

r̆1 � 9µpṼpxq � Ṽpŷq, p̌; tq ¥ 9µ

�
Ṽpxq � Ṽpzq, p̌;

t

2



� 9µ

�
Ṽpzq � Ṽpŷq, p̌;

t

2




¥ r̆7 � r̆7 ¥ r̆4 � r̆4 ¥ r̆0 ¡ r̆1,

r̆2 � :νpṼpxq � Ṽpŷq, p̌; tq ¤ :ν

�
Ṽpxq � Ṽpŷq, p̌;

t

2



∆ :ν

�
Ṽpzq � Ṽpŷq, p̌;

t

2




¤ p1� r̆7q ∆ p1� r̆7q ¤ p1� r̆5q ∆ p1� r̆5q ¤ p1� r̆0q   r̆2

and

r̆3 � ;τpṼpxq � Ṽpŷq, p̌; tq ¤ ;τ

�
Ṽpxq � Ṽpp̌q, p̌;

t

2



f ;τ

�
Ṽpzq � Ṽpŷq, p̌;

t

2




¤ p1� r̆7q f p1� r̆7q ¤ p1� r̆6q f p1� r̆6q ¤ p1� r̆0q   r̆3.

It contradicts this way. Hence 2S
I
p 9µ,:ν,;τq2

pṼq which is Hausdorff. □

Theorem 3.7. 2S
I
p 9µ,:ν,;τq2

pṼq is a NNS and a topology 2S
I
p 9µ,:ν,;τq2

pṼq is on 2S
I
p 9µ,:ν,;τq2

pṼq.

And then a sequence pxijq P 2S
I
p 9µ,:ν,;τq2

pṼq, xij Ñ x if and only if 9µpṼpxijq�Ṽpxq, p̌; tq Ñ

1, :νpṼpxijq � Ṽpxq, p̌; tq Ñ 0 and ;τpṼpxijq � Ṽpxq, p̌; tq Ñ 0 as i, jÑ 8.

Proof. Fix that t0 ¡ 0. Assume that xij Ñ x. There are n0 P N exists in such

a way that pxijq P 2Bxpr̆, tqpṼq for every i, j ¥ n0, for r̆ P p0, 1q,

2Bxpr̆, tqpṼq �

$&
%
pi, jq : 9µpṼpxijq � Ṽpxq, p̌; tq ¤ 1� r̆ or

:νpṼpxijq � Ṽpxq, p̌; tq ¥ r̆ and

;τpṼpxijq � Ṽpxq, p̌; tq ¥ r̆

,.
- P I,

which means 2B
c
xpr, tqpṼq P FpIq. After that 1� 9µpṼpxijq�Ṽpxq, p̌; tq   r̆, :νpṼpxijq�

Ṽpxq, p̌; tq   r̆, and ;τpṼpxijq � Ṽpxq, p̌; tq   r̆. As a result,

9µpṼpxijq � Ṽpxq, p̌; tq Ñ 1, :νpṼpxijq � Ṽpxq, p̌; tq Ñ 0

and

;τpṼpxijq � Ṽpxq, p̌; tq Ñ 0 being i, jÑ 8.

In contrast, when according to each t ¡ 0,

9µpṼpxijq � Ṽpxq, p̌; tq Ñ 1, :νpṼpxijq � Ṽpxq, p̌; tq Ñ 0

and

;τpṼpxijq � Ṽpxq, p̌; tq Ñ 0 as i, jÑ 8,

after that for r̆ P p0, 1q, there are n0 P N exists that means the fact

1� 9µpṼpxijq � Ṽpxq, p̌; tq   r̆, :νpṼpxijq � Ṽpxq, p̌; tq   r̆

and

;τpṼpxijq � Ṽpxq, p̌; tq   r̆
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for all i, j ¥ n0. Thus, it implies

9µpṼpxijq � Ṽpxq, p̌; tq ¡ 1� r̆ or :νpṼpxijq � Ṽpxq, p̌; tq   r̆

and

;τpṼpxijq � Ṽpxq, p̌; tq   r̆

for all i, j ¥ n0. Thus pxijq P 2B
c
xpr̆, tqpṼq, for all i, j ¥ n and as a result xij Ñ x. □

Theorem 3.8. A x � pxijq P 2S
I
p 9µ,:ν,;τq2

pṼq sequence is I-convergent if and only

if it has an integer M � Mpx, ε, tq,N � Npx, ε, tq which means for all ε ¡ 0 and

t ¡ 0 $''&
''%
pM,Nq : 9µ

�
ṼpxMNq � L, p̌; t

2

	
¡ 1� ε or

:ν
�
ṼpxMNq � L, p̌; t

2

	
  ε and

;τpṼpxMNq � L, p̌; t
2
q   ε

,//.
//-
P FpIq.

Proof. Assume that Ip 9µ,:ν,;τq2 � lim x � L along with consider ε ¡ 0 as well as

t ¡ 0. Select s ¡ 0 for an assigned ε ¡ 0, which means p1�εq�p1�εq ¡ 1�s, ε∆ ε   s

and εf ε   s. After that, for each x � pxijq P 2S
I
p 9µ,:ν,;τq2

pṼq

P �

$'''&
'''%

pi, jq : 9µ
�
Ṽpxijq � L, p̌; t

2

	
¤ 1� ε or

:ν
�
Ṽpxijq � L, p̌; t

2

	
¥ ε and

;τ
�
Ṽpxijq � L, p̌; t

2

	
¥ ε

,///.
///-
P I.

It suggests that

Pc �

$'''&
'''%

pi, jq : 9µ
�
Ṽpxijq � L, p̌; t

2

	
¡ 1� ε or

:ν
�
Ṽpxijq � L, p̌; t

2

	
  ε and

;τ
�
Ṽpxijq � L, p̌; t

2

	
  ε

,///.
///-
P FpIq.

Let us select pM,Nq P P on the contrary. Afterwards

9µ

�
ṼpxMNq � L, p̌;

t

2



¡ 1� ε or :ν

�
ṼpxMNq � L, p̌;

t

2



  ε

and

;τ

�
ṼpxMNq � L, p̌;

t

2



  ε.

We want now to demonstrate that an integer M �Mpx, ε, tq,N � Npx, ε, tq exist

in such a way that$&
%
pi, jq : 9µpṼpxijq � ṼpxMNq, p̌; tq ¤ 1� s or

:νpṼpxijq � ṼpxMNq, p̌; tq ¥ s and

;τpṼpxijq � ṼpxMNq, p̌; tq ¥ s

,.
- P I.
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In order to do this, declare according to each x P 2S
I
p 9µ,:ν,;τq2

pṼq

Q �

$&
%
pi, jq : 9µpṼpxijq � ṼpxMNq, p̌; tq ¤ 1� s or

:νpṼpxijq � ṼpxMNq, p̌; tq ¥ s and

;τpṼpxijq � ṼpxMNq, p̌; tq ¥ s

,.
- P I.

We must now demonstrate that Q � P. Assume that a subset belonging to

P is not Q. After that there are pm, nq P Q and pm, nq R P exists. Thus, we

have 9µpṼpxmnq � ṼpxMNq, p̌; tq ¤ 1 � s or 9µpṼpxmnq � L, p̌; t
2
q ¡ 1 � ε. In particular

9µ
�
ṼpxMNq � L, p̌; t

2

	
¡ 1� ε. Therefore we get

1� s ¥ 9µpṼpxmnq � ṼpxMNq, p̌; tq ¥ 9µ

�
Ṽpxmnq � L, p̌;

t

2



� 9µ

�
ṼpxMNq � L, p̌;

t

2




¥ p1� εq � p1� εq ¡ 1� s,

this cannot be possible. But on another hand

:νpṼpxmnq � ṼpxMNq, p̌; tq ¥ s or :νpṼpxmnq � L, p̌;
t

2
q   ε.

In particular :ν
�
ṼpxMNq � L, p̌; t

2

	
  ε. Therefore we have

s ¤ :νpṼpxmnq � ṼpxMNq, p̌; tq ¤ :ν

�
Ṽpxmnq � L, p̌;

t

2



∆ :ν

�
ṼpxMNq � L, p̌;

t

2




¤ ε ∆ ε   s and

;τpṼpxmnq � ṼpxMNq, p̌; tq ¥ s or ;τpṼpxmnq � L, p̌;
t

2
q   ϵ.

In particular ;τ
�
ṼpxMNq � L, p̌; t

2

	
  ε. Therefore we have

s ¤ ;τpṼpxmnq � ṼpxMNq, p̌; tq ¤ ;τ

�
Ṽpxmnq � L, p̌;

t

2



f ;τ

�
ṼpxMNq � L, p̌;

t

2




¤ εf ε   s

it is impossible. Hence a result Q � P.P P I it suggest that Q P I. □

4. Conclusions

In the present article, we propose and investigate a few fresh double sequence

spaces derived from bounded linear operators concerning N2-NS through ideal con-

vergence, namely 2S
I
p 9µ,:ν,;τq2

pṼq and 2S
I
0p 9µ,:ν,;τq2

pṼq, for the purpose of demonstrating

that a bounded linear operator in relation to N2-NS upholds certain of these spaces

fundamental topological and algebraic characteristics The above concepts and out-

comes that we emphasise in that work present a more general structure for dealing

with the uncertainty, ambiguity, and convergence of double-sequence problems that

arise within numerous scientific fields, including technology as well as research.
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