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Analysis of a class of frictional contact problem
for elastic-viscoplastic piezoelectric thermal
materials

Ahmed Hamidat

ABSTRACT. We consider a quasistatic frictional contact problem with a subdiffer-
ential boundary condition for general thermo-electro-elastic-viscoplastic materials.
The frictional contact is modeled by a general velocity-dependent dissipation func-
tion. We derive a weak formulation of the system and then prove the existence of
a unique weak solution to the problem. The proof is based on arguments of evo-
lutionary variational inequalities, parabolic equations, the variational equation,
differential equations, and the fixed-point theorem. Finally, we describe a number
of concrete contact and friction conditions to which our results apply.

1. Introduction

Due to the importance of contact processes in structural and mechanical sys-
tems, significant progress has recently been achieved in modeling and mathemati-
cally analysing various processes involved in the contact between deformable bodies.
Constitutive laws with internal variables have been employed in numerous publica-
tions to model the effect of internal variables on the behavior of real materials such as
metals, rocks, polymers, and others, where the rate of deformation depends on these
internal variables. Some of the internal state variables considered by many authors
include the spatial distribution of dislocations, material work-hardening, absolute
temperature, and damage fields. For examples, please refer to [1, 14, 16, 19, 18]
for cases involving hardening, temperature, and other internal state variables.
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Various models have been developed to describe the interaction between electric
and mechanical fields (see, e.g., [2, 6, 7, 11]). Therefore, there is a need to extend
the results on models for contact with deformable bodies that include coupling
between mechanical and electrical properties. General models for elastic materials
with piezoelectric effects can be found in [5, 6, 15], while viscoelastic piezoelectric
materials are discussed in [11, 9], and elasto-viscoplastic piezoelectric materials have
been studied in [10, 8].

In this paper, we investigate the mathematical model for the quasistatic process
of frictional contact with a subdifferential boundary condition for general thermo-
electro-elastic-viscoplastic materials. To do this, we consider a rate-type constitutive
equation with two internal variables of the form

o (t) =As(u(t)) + Bleu(t)) + EVep(t)

1
b [ Gl16) — Actits) - VoD ) 00 KD,

In this context, u denotes the displacement field, o represents the stress tensor,
and the dot above denotes the derivative with respect to the time variable. e(u)
is the linearized strain tensor, 6 represents the absolute temperature, and k is an
internal state variable. Here, A is the viscosity operator, allowed to be nonlinear, B
is the elasticity operator, and G is a nonlinear constitutive function that describes the
visco-plastic behavior of the material. ¢ is the electric potential, and £ represents
the third-order piezoelectric tensor, with £*is its transposed. It follows from (1)
that at each time moment, the stress tensor o (t) is split into three parts o (t) =
oV (t)+a%(t)+o(t) , where oV (t) = A(e(u(t))) represents the purely viscous part
of the stress, o®(t) = £*Vp(t) represents the electric part of the stress, whereas
o(t) satisfies a rate-type elastic-viscoplastic relation with absolute temperature
and internal state variable

a'(t) = B(e(u(t))) +/0 G (" (s),e(u(s)),0(s), k(s)) ds. (2)

When G = 0 in (1), it reduces to the electro-viscoelastic constitutive law given
by
o(t) = As(iu(t)) + Be(u(t)) + E*Vo(t).
The evolution of the state internal variable field is given by the following differ-
ential equation

k=& (o — As(i) — EV,e(u),0, k), (3)

Here, ® is a nonlinear function that also depends on the internal state variable
k. The following constitutive law is employed for the electric potential

D = &e(u) + BV(p), (4)

where D is the electric displacement field and B is the electric permittivity tensor.
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The differential inclusion used for the evolution of the temperature field is
9 - ker = ¢(0' o Ag(“’)? 5(u), 07 k) + P, (5>

where 1 is a nonlinear constitutive function which represents the heat generated by
the work of internal forces and p is a given volume heat source.

Finally, we model the frictional contact with a subdifferential boundary condition
of the form

uelU, h(v)—~hu)>-ovv—1a), Yvel, (6)

In this expression, U represents the set of contact admissible test functions, ov
denotes the Cauchy stress vector on the contact boundary, and h is a given convex
function. The inequality in (6) holds almost everywhere on the contact surface.
Examples and detailed explanations of inequality problems in contact mechanics
that lead to boundary conditions of this form can be found in the monographs
[17, 20]. In this condition we can be to the choice of particular forms of the function
h, which can be written as the sum of two contact functions, corresponding to the
normal and tangential components of the Cauchy stress vector.

The rest of the paper is organized as follows. In Section 2 we present the me-
chanical problem, some notation, list the assumptions on the problem’s data, and we
derive the variational formulation of the model. We prove in section 3 the existence
and uniqueness of the solution, where it is carried out in several steps and is based
on a classical existence and uniqueness result on parabolic inequalities, evolutionary
variational equalities, differential equations and fixed point arguments. In Section
4 we describe a number of concrete thermal frictional conditions which may be cast
in the abstract form (6) and to which our main results apply.

2. Statement of the Problem

In this section, we present some essential tools for our main results. Let Q C
R?(d = 2,3) be a bounded domain with a Lipschitz boundary T, partitioned into
three disjoint measurable parts I'y,I's and I's, on one hand, and on two measurable
parts I', and I', on the other hand, such that measI’;y > 0, measI’, > 0. We denote
by S? the space of symmetric tensors on R?. We define the inner product and the
Euclidean norm on R? and S?, respectively, by

u-v=uv, Yu,veR? and o-T=047; Vo,TeSs,
|lul| = (w-w):, YueR! and |o||=(o-0)}, VYoeSo

Here and below, the indices ¢ and j run from 1 to d and the summation convention
over repeated indices is used and the index that follows a comma indicates a partial
derivative with respect to the corresponding component of the independent variable.
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Let Q C R? be a bounded domain with a regular boundary I' and let v denote
the unit outer normal on I'. We define the function spaces

H=LQ)={u=(w)|w €L}, H ={u=(w)|c(u) € H} = H(Q),
H:{G':(O'ij)|O'ij:0'jiEL2(Q>}, 7‘[1:{0'67‘[|D1V0'€H}.

Here ¢ : Hy — H and Div : H — H are the deformation and the divergence
operators, respectively, defined by

) = (ey(w)), elu) = 3 (uy +ug), Div(e) = o

H, H,, H and H, are real Hilbert spaces endowed with the canonical inner products
given by

(’u,,v)H:/uividx Vu,v € H, (O',T)H:/O'ijﬂjdl‘ Vo, 7 € H,
Q Q

(11, U)Hl = (’U,, v)H + (5('11,), 5(’0))7{, \V/’U,, RS Hla
(o, 7))y, = (6, 7))+ (Dive,Divr)y, o,7 € H;.
The associated norms on the spaces H, Hy, H and H;, are denoted by |.| #,
|-lays |-l and ||.]]%,, respectively. Let Hp = H%(F)d and v : Hy — Hr be the
trace map. For every element u € H;, we also write u for the trace yvu of w on I

and we denote by u, and u, the normal and tangential components of w on I' given
by

Uy = UV, U =1U— U. (7)
Similarly, normal and tangential components of the stress field o are denoted by
0,=0V -V, O,=0V—0,U. (8)

and for all o € H; the following Green’s formula holds

(0,6(v))y + (Dive,v)g = /Fm/.'vda Vv € Hj. 9)

We suppose that U C H;,U +D(Q)? C U, and let V denote the closed subspace
of Hy defined by

V={ve Hi(Q)|v=0onT,}NT,
The set of admissible internal state variables is given by
Y = {w = (@) | m € [3Q),1 <i < m}.
Let V denote the closed subspace of L?(f2) given by
V= {Ce LAQ) | ey(Q) € LAQ)} = HY(Q),
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Since meas(I'); > 0, Korn’s inequality holds and thus, there exists a positive
constant C}, depending only on §2 and I'; such that

le()ll3 = Crllvll @y, Yo eV,
On V, we consider the inner product and the associated norm given by
(w,v)y = (e(v),e(V))n, [vllv = lle(@)ll, Yu,v eV, (10)

From Korn’s inequality, it follows that [|.||1(q)e and |||y are equivalent norms
on V and therefore (V, (,)y) is a real Hilbert space. Moreover, by the Sobolev trace
theorem, there exists a constant Cy, depending only on €2, I'y and I's, such that

10]] p2rgye < Collvlly, Vo e V. (11)
Moreover, we denote by V' the dual of the space V. Identifying L*(f2), with its

own dual, we have the inclusions
VcL*Q)cV.

We use the notation (.,.)yxys to represent the duality pairing between V, V'
For the electric displacement field we use the Hilbert space

W={DeH|divD € L*(Q)},
endowed with the inner product
(D,E)y = (D,E)y + (divD, div E) 120,
and the associated norm ||.||yy, The electric potential field is to be found in
W={¢cecH(Q),{=00nT,}.
Since meas (I'y) > 0, the Poincaré-Friedrichs inequality holds
IVClli = crllClla, YCeW, (12)

where cp > 0 is a constant which depends only on 2 and I',. On W we use the
inner product

and ||.||w the associated norm. It follows from (12) that |.|| g1 and |[[.||w are
equivalent norms on W and therefore (W, ||.||w) is a real Hilbert space.

For any real Hilbert space X, we use the classical notation for the spaces
LP(0,T; X) and WkP(0,T; X), where 1 < p < ocoand k > 1. For T > 0 we denote by
C(0,T; X) and C'(0,T; X) the space of continuous and continuously differentiable
functions from [0, 7] to X, respectively, with the norms

X) = t)|x-
Il = max 1 £0)x

| flloror) = mas 1£0)x + mas |F(0)]x.
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The physical setting is the following. Let us consider electro- thermo-elastic-
viscoplastic bodie occupies a bounded domain 2 C R%(d = 2,3) with a smooth
boundary I', Let 7" > 0 and let [0,7] be the time interval of interest. The body is
clamped on I'y x (0,7T), so the displacement field vanishes there, surface tractions of
density fo act on I'y x (0, 7") and a volume force of density fo is applied in Q x (0, 7).
We also assume that the electrical potential vanishes on I', x (0,7) and a surface
electrical charge of density ¢y is prescribed on I'y x (0,7)). We admit a possible
external heat source applied in 2 x (0,7"), given by the function p. The contact is
frictional, the process is quasi-static and use (6) as boundary contact condition.

The classical formulation of the mechanical problem of electro-thermo-elastic-
viscoplastic material with internal state variable, frictional, contact may be stated
as follows.

Problem P. Find a displacement field u : ©Q x (0,7) — R? a stress field
o:Qx(0,T) — S% an electric potential field ¢ : Q x (0,T) — R, a temperature
field 0 : Q x (0,7) — R, an internal state variable field k : Q2 x (0,7) — R™, and a
electric displacement field D : (0,T) — R¢ such that such that

o(t) = As(u(t)) + Bleu(t)) + EVp(t)

/ G (a(s) — As(i(s) — E"Vp(s)), € (u(s)) , 0(s), k(s)) ds (14)
in Q x (0,7),

D =¢&c(u)+ BV(p) inQx(0,7), (15)
k= (0 — As(i) — EVp,e(u),0, k) inQx(0,T), (16)
0 — koA = (o — As(it),e(n),0,k) +p in Q x (0,7), (17)
Dive + fo =0 in Q x (0,7, (18)
divD — ¢y =0 in Q% (0,7), (19)
u=0 on I'y x (0,7, (20)
ov = fy on 'y x (0,7, (21)
uelU, h(v)—~hu)>-ovv—u), YvoeU onlsx(0,7T), (22)
=0 on Iy, x (0,7), (23)
(24)

Dv=qg on I'y x (0,7), 24
k(J? +00=0 on ' x (0,7, (25)
’U,(O) = Uy, k(O) = ko, (9(0) = (90 in Q. (26)

First, equations (14)-(16) represent the thermo-electro elastic-viscoplastic con-
stitutive law with internal state variable, were A is the viscosity operator, allowed to
be nonlinear, B is the elasticity operator and G is a nonlinear constitutive function
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describing the viscoplastic behavior of the material and depending on the internal
state variable k, E(p) = —V is the electric field, & = (e;;x) represent the third or-
der piesoelectric tensor, £* is its transposition. Equation (17) represents the energy
conservation. Equations (18) and (19) represent the equilibrium equations for the
stress and electric displacement fields. Equations (20)-(21) are the displacement-
traction conditions. Condition (22) represents a subdifferential boundary condition
on I's and h : '3 x R — R is a measurable convex function.

(23) and (24) represent the electric boundary conditions. The relation (25)
represents a Fourier boundary condition for the temperature on I's. Finally, (26) is
the initial condition.

In the study of the problem P, we consider the following assumptions

The viscosity operator A : Q x S¢ — S satisfies

((a)There exists Ly > 0 such that
[ A(z, e1) — Az, &2)|| < Laller — eaf]
for all e1,e, € S¢, a.e x € Q.
(b)There exists m4 > 0 such that
(A(z,e1) — A, £2)).(e1 — €2) > maller — e (27)
for all e1,e, € S¢, a.e x € Q.
(¢) The mapping x — A(x,e€) is Lebesgue measurable on €,
for any e € S°.
| (d) The mapping = — A(zx,0) € H.

The elasticity operator B : Q x S — S? satisfies

((a) There exists Ly > 0 such that

|B(x, 1) — B(x,e5)|| < Lg|ler — &3], for all 1,65 € S%, aex € Q.

(b)The mapping « +— B(x,e) is Lebesgue measurable on €2, (28)
for any e € S7.

| (¢) The mapping @ — B(zx,0) € H.
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The visco-plasticity operator G : Q x S x S x R™ — R™ satisfies

((a) There exists a constant Lg > 0 such that
|G (x,01,e1,k1) — G (x,02, €2, k)| <
Lg (lo1 — o2 + [ler — &2f| + [[k1 — Kal])
for all e1,€s,01,0, € S?, and ki, k, € R™, aex € Q. (29)
(b) For any o,e € S%, and k € R™, z — G(x,0,¢,k) is Lebesgue
measurable on ).
[ (¢) The mapping « — G(x,0,0,0) € H.

The function ¥ : Q x S% x S¢ x R™ — R™ satisfies

((a) There exists a constant Ly, > 0 such that
[V (@, 01,61, k1) — ¥ (@, 02, €, k2)|| <
Ly (lor — o2l + [[er — 2| + [|k1 — Ka]) ,
for all €1,€5,01,05 € S?, and ki, ky € R™, aex € Q. (30)
(b) For any o,e € S?, and k € R™, x — (x,0,¢, k) is Lebesgue
measurable on ().

| (¢) The mapping x + ¥ (x,0,0,0) € L*(Q)™.

The function @ : Q x S% x S x R™ — R™ satisfies

((a) There exists a constant Le > 0 such that
|P (¢, 01,1, k1) — P (x,09,€9, k)| <
Lo (loy — oaf + [[er — €2 + [|k1 — k) ,
for all €1, €5, 01,0 € S%, and ki, k, € R™, aex € Q. (31)
(b) For any o,e € S, and k € R™, x — ®(x,0,¢, k) is Lebesgue
measurable on ().

| (¢) The mapping x +— ®(x,0,0,0) € L*(Q)™.

Electric permittivity operator B = (b;;) : Q x R — R? satisfies

(a) B(z,E) = (bjj(x)E;) for all E = (E;) € RY ae. xcQ.
(b) by = by € L¥(Q),1<4,j < d.
(¢) There exists a constant mp > 0 such that

B(E.E) > mp||E||*,VE = (E;) € R, a.e. in Q.

(32)
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The piezoelectric operator £ : Q x S — R? satisfies

(a) &€= (eijr),eijr € L(Q),1 <i,j,k<d.
{(b) Ex)o-T=0-&T VYocS?andall T € R% (33)
The piezoelectric tensor £ = (e;%) : Q@ x S¢ = R
eijk = €ik; € L=(82).
The forces, tractions and the volume heat source have the regularity
fo € C0,T;H), f,eC (O,T; 2 (rg)d) . (34)
20 €C(0,T;L*9Q)), ¢<C(0,T;L*(Ty), peC(0,T;L*Q)). (35)
The energy coefficient kg and the functions ¢ satisfy
ko >0, ¢6>0. (36)
The initial data satisfy
ug €V, 0V, kyev. (37)

We introduce the following bilinear form a : V x V — R

a(C, o) = ko /Q V(.Ved + /F C.dy. (38)

Next we define the functional j : V — (—o0, +00] by

o) = /Fsh(v)da if h(v) € L' (T3),

(39)
+00 otherwise .
and we suppose that
J is a convex lower semicontinuous function on V such that j # 4o0. (40)
Next, we use the Riesz representation theorem to define f : [0,7] — V
(f(t),v)y = / fo(t) - vdx +/ f5(t) - vda, (41)
Q I
for all v € V, t € [0,T]. Then conditions (34) and (41) imply
f(t) € C(0, T3 V). (42)
and we denote by ¢ : [0, 7] — W the function defined by
(@®.Ow = [ wlt)ids— [ a(ticda (43)
Q Iy

By a standard procedure based on Green’s formula we can derive the following
variational formulation of the contact problem (14)-(26).
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Problem PV. Find a displacement field w : (0,7) — V, a stress field o :
(0,T) — H, an electric potential ¢ : (0,7") — W, a temperature field 6 : (0,7) — V,
and an internal state variable field k : (0,7") — Y, and a electric displacement field
D :(0,7) — W, such that

o(t) =As(u(t)) + Bleu(t)) + EVp(t)

(44)

/ G (0(s) — Ac(is(s) — E°Vip(t)). « (u(s), 6(s). k(s))) ds,
k(1) = @ (o (1) — Ac(is(t) — E°Vp(t), e(u(t)), 0(t). k(1)) (45)
D= £:(u > BY(p). (46)
(o (1), e(v) — (@l(t)) + j(v) — j(a(t)) "
> (F(t),v —alt))y, YweV, aete(0,T). )
(< (u(t) + B (E (1)), V), = (—qt). 6w, Y6 € W. (48)
B(). )y + a0(B(1), v) = ({0 (), 2(a(t)), 6(1), V) )

+(p(t), V)12, Vv eV, ae te(0,T).

w(0) = uy, 0(0) =6y, Kk(0) = k. (50)

Our main existence and uniqueness result for Problem PV is in the following
section.

3. Main Results

Theorem 3.1. Assume that (27)-(40) hold, Then there exists a unique solution
(u,0,¢9,0,k, D) to problem PV. Moreover, the solution has the reqularity

u(t) € C'(0,T;V), (51)
p e C0,T;W), (52)
oecC0,T;H), (53)
6 € Wh(0,T; L*(2)) N L*(0,T; V). (54)
kecCH0,T;Y). (55)
D < C(0,T;W). (56)

The functions u, o, ¢, 0, k, and D which satisfy (44)-(50)are called a weak
solution of the contact problem P. We conclude that, under the assumptions (27)-
(40), the mechanical problem (14)-(26) has a unique weak solution satisfying (51)-
(56).

The proof of Theorem 3.1, is carried out is several steps and is based on a classical
existence and uniqueness result on evolutionary variational inequalities, differentiel
equations and fixed point argument.
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We denote by C' a constant whose value may change from line to line when no
confusing can arise.

Let (nt,n?) € C(0,T;H xY) be given, in the first step, we consider the following
variational problem.

Problem P,. Find a displacement field u, : (0,7') — V), such that

(A (it (t)), e (v — ity (1)))3e + (Be(uy (1)), €(v =ty (8))3r + (117 (1), v — (1)),

+j(v) = j (uy(t)) = (f(1),v —y(t)),,, Yo €V, ae. t € (0,T),
(57)
(

u,(0) = uy. 58)

We have the following result for 77%

Lemma 3.2. There exists a unique solution to Problem 73% with the regularity

(51).
PROOF. Let us introduce operators A:)V — Vand B:V —V
(Au,v)y = (Ae(u),e(v))y, Yu,v e V. (59)
(Bu,v)y = (Ae(u),e(v))y, VYu,vel. (60)

Therefore, (57) can be rewritten as follows

(Au(t),v —a(t))y + (Bu(t),v —u(t))y + j(v) — j(u(t)) > (£,(t),v — u(t))y,

where
£,(t)=f(t)—n'(t), aetel0,T].

It follows from (10), (59), (60) and hypothesis (27), (28) that there exist three
positive constants my4 = my, Ly = L4 and Lg = Lg, such that

(Au — Av,u — v)y > mallu — 0|3
|Au — Avly < Lallu — vy
|Bu — Bo|ly < Lg|u — vl)y.

Moreover, by using (37), (40), (42) and classical arguments of functional analysis
concerning Evolutionary variational inequalities [3, 21] we can easily prove the
existence and uniqueness of u,, satisfying (51). O

In the second step we use the displacement field obtained in Lemma 3.2, to
construct the following variational problem for the an electrical potential.
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Problem P2. Find an electrical potential ¢, : (0,7) — W such that

(Ee (uy(t)) + B(E (¢(t)y), V), = (—q(t), o)w, Vo € W. (62)
We have the following result for problem 733

Lemma 3.3. Problem (62) has unique solution y, which satisfies the reqularity

(52).
Moreover, if @, represents the solution to Problem 773 form;, 1 = 1,2, then there
exists C' > 0 such that

[p1(t) — pa()llyy < Cllua(®) —ua(®)|ly,, Yt € (0,7). (63)
PROOF. we consider the form G: W x W — R
G(p,0) = BV, Vo), Ve,0eW, (64)

we use (12), (13), (32) and (64) to show that the form G is bilinear continuous,
symmetric and coercive on W, moreover using (43) and the Riesz representation
theorem we may define an element &, : [0, 7] — W such that

(&n(1), D)y = (q(t), D)w + (Ee (uy(t)), V) Vo € Wit € (0,T),

we apply the Lax-Milgram Theorem to deduce that there exists a unique element
©,(t) € W such that

G (on(t),0) = (& (1), D)y, VO EW. (65)

It follows from (65) that ¢, is a solution of the equation (62). Let ¢,, = ¢;, and
w,, = u; for i =1,2. We use (62) to obtain

le1(t) = e2(t)lly < Cllun(t) —ua(®)ll,, VL€ (0,7).

Now since u,, € C*(0,7T;V), it implies that ¢, € C(0,T; W).This completes the
proof. O

For A € C(0,T;V"), we consider the following variational problem.
Problem P,. Find the temperature field 6, : (0,7) — R,

<9A(t),v> o F s (0n(). V) = (A@) + p(t) Vv W E VL ae tE (0.T),
(66)

05(0) = 6y, in 0. (67)

X

Lemma 3.4. There exists a unique solution 0y to the auziliary problem Py sat-
isfying (55).
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PRrROOF. By an application of the Poincaré-Friedrichs inequality, we can find a
constant ¢’ > 0 such that

5 ,
Jvepas s 2 [opar 2o [ opPas, veev.
Q 0JT Q

Thus, we obtain
a0(¢, Q) > allélli, VeV,

where ¢; = kgmin(1,6")/2, which implies that aq is V-elliptic. Consequently, based
on classical arguments of functional analysis concerning parabolic equations, the
variational equation (66) has a unique solution 6, satisfying (54). O

Now, define k,, € C*(0,T;Y) by

k,(t) =ko+ /Ot n°(s)ds. (68)

In the fourth step we use the displacement field u,, obtained in Lemma 3.2 and
k, defined in (68) to consider the following Cauchy problem for the stress field.

Problem P, . Find the stress field o, 5 : (0,7') — S,, which is a solution of the
problem

Un,x(t)=5(8(un(t)))+/0 G (ana(s),€ (uy(s), 0x(s), ky(s))) ds, vVt €[0,T].
(69)

Lemma 3.5. There exists a unique solution of Problem P, and it satisfies
(53). Moreover, if w,,, 0y, and oy, x, represent the solutions of problems Py, Py, Py

7

and Py, » , respectively, for i = 1,2, then there exists C' > 0 such that

1010 (8) = @ s (8) 3 < C (I, () = 2y (DI,

t 70
[ T (5) = w61 + 100, = 80,015 + ()~ R0 ). T
PROOF. Let 7,5 : C (0, T;H) — C (0,T;H) be the operator given by
Toao(t) = / G (o(s), ¢ (y(5), 0a(5), ko (5))) ds, ¥t € [0, 7],
()

For a1,045 € L*(0,T;H), we use (29) and (71) to obtain for all ¢ € [0, 7]
t1
|1 Toner (1) = Tanaz (013, < LéT/O lor1(s) — ora(s)ll7, ds.

Integration on the time interval (0,t5) C (0,7), it follows that

to to t1
/O ITorc (1) — Tyaca (4% dty < I2T / / loa(s) — ara(s)2, ddty.
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Therefore,

to t1
ITyrcs (£2) — Tyaca (B2)|[%, < LAT? / / low(s) — ora(s) 2, dsdty.
0 0

For tq,1s,....t, € (0,T), we generalize the procedure above by recurrence on p.
We obtain the inequality

| Typao1 (tp) — Tynoa (t

2,
< LQ”T”/ / / low(s) — ara(s) |12, dsdts . .. dt, .

Which implies

) Lépr—H T )
[ Tao1 (tp) = Toaora ()5, < T/o lo1(s) — o2(s)][3, ds.
Thus, we can infer, by integrating over the interval time (0,7’), that
L(Q_;pr+2

IN

2 2
[ Toro1 — 7:7,>\0'2Hc(o,T;H) T oy — C72||(J(0,T;H) :

It follows from this inequality that for large p enough, the operator 7:7(7’/’\) is a
contraction on the Banach space C (0, T :H), and therefore there exists a unique
element o, , € C' (0,7;H) such that T NOnx = 0y Moreover, o, is the unique
solution of Problem P, ), and using (69) the regularity of w,, the regularity of
6, and the properties of the operators B, G, it follows that o, € C(0,7;H).
Consider now ny,my € C(0;T,H X Y), A1, A2 € C(0;T,V') and for ¢ = 1,2 denote
Uy, = Ui, Oy, \, = O3, ky, = k; and 0, = 0;. We have

oi(t) = B (ui(t))—l—/otg(a,»(s),s(ui(s)),Hi(s),k,»)ds, ae. L€ (0,T),
and using the properties (28), (29) of B, G we find
Jon(6) = (o)l | |
<0 (o) = a0} + [on) - oM+ [l = ol
#1006 = 00Ny s+ [ als) — Rals)E ds) v e 0,71
72

We use Gronwall argument in the previous inequality to deduce (70), which
concludes the proof of Lemma 3.5. O

Finally, as a consequence of these results and using the properties of the operator
G the operator &, the function S for ¢ € (0,7, we consider the element

A, A () = (A, N (), A2, M) (1), AP (n, A)() e Hx Y x V', (73)
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defined by

(A (n, )\)(Q’ V) gy = (EV,(t),e(v)),

+ ( /0 G (T (5), € (wy(5)) , 0 (), Ko (5)) ds,s(v))H Ywev, (74)
A (m, X) (1) = @ (o n, € (uy (1), an(t), Ox(), kn(t)) - (75)
AP (0, N) (1) = 1 (opns€ (un(t)) , an(t), 0x(t), Ky (1)) - (76)

Here, for every (n,A) € C(0,T;H x Y x V'), u,, p,, 0\ and k,, represent the
displacement field, the electric potential field, the adhesion field and the stress field
obtained in Lemmas 3.2, 3.3, 3.4, respectively, and k,, is the internal state variable
given by (68). We have the following result.

Lemma 3.6. The mapping A has a fized point (n*,\*) € C(0,T;H xY x V'),
such that A (m*, \*) = (n*, \*).

PROOF. Let ¢t € (0,7) and (ny, A1), (N9, A2) € C (0, T;H x Y x V'). We use the
notation that w,, = w;, w,, = w;, 0\, = 0, v,, = @i, ky, = k; and o,, », = o, for
i = 1,2. Using (10)),(30),(31), and (33) to find

[A (71, A1) (8) — A (mg, A2) (t)H’QHxYXV’
<C(ller(t) = 2Bl + /0 (los(s) = oa(s)|3, + llua(s) — ua(s)]3,
101(5) = 0a(3) 10y + Fea(5) — Kea(5)113 ds) (77)
+lo1(s) = aa(s)3, + ua(s) — wa(s)|I5 + 161(s) — O2(s)[I720y
+ k1 (s) = Ra(s)]13),
we use estimates (63), (70) to obtain

1A (7, A1) (8) = A (12, A2) (D) 50y v
<CO(l[wr(s) = ua(s)ly, + [161(5) = b2(5) 72 + IKa(5) — Ka(s)lly (78)

+ /O 1 (5) = ua(s)[[5 + 161(5) = O2(5) 172y + [IKa(s) = Ka(s)ly- ds.
Using (57), we derive the relation
(.As(ul) - ./46(’[112), 6(’(11) - 6(’(12)7.[ + (BE(’U,l) - BS(UQ),S(?:Ll) - E(’llz)y
< (m — my,e(itn) — e(i2))on,

then we use assumptions (27) and (28) to derive

[y = tally < C (lur — wally + |01 —m3[,,) - (80)
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t
Since u; (t) = /uZ (s)ds + ug, vt € (0,T), we have
0

T
s () = s O} < [ i () = a5 . (s1)
Combining (80) and (81), and using the Gronwall’s inequality, we have
t
Jar(t) — el < C [ |ln} =, s, te .7, (52)

On the other hand, if we take the substitution A = A\, A = Xy in (66) and
subtracting the two obtained equations, we deduce by choosing v = ), —0,, as test
function

164(6) — 6o(0) e +a/Wa o0l
< [ ) = Xl [0~ a(o )l s, e 0.7,
employing Holder’s and Young’s inequalities, we deduce that
1646 = 020y + [ 11(5) = o) s
¢ [ 1) = alo)lfds. Vi e 0.7
we use the inclusion L*(Q) C V, we get
164(6) = 6o(6) ) + /Hm )= 02(5) 320
<c/ IMa(s) = Ma(s)lly ds, Vit € (0,7),
from this inequality, combined with Gronwall’s inequality, we deduce that
rmm—%wm@scAWM@—&@md& (33
Furthermore, from (68) we have
k1 () — K2 (1)]l3 < C/Ot [m3(s) = m3(s)]|;, ds. (84)

Form the previous inequality and estimates (83), (82) and (77) it follows now
that

1A (71, M) (2) = (leJ\z)( ey v

2 (85)
< C || Uit )\1 (7727 )\2) (S)“HXYXV’ ds.
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Let is introduce the following notations

e / 172 2) () — (2, 22) (5) sy 5,

| . / t / / 00 A () = (22 2) () by

and by induction, by denoting by A™ the m power of the operator A, we obtain

[A™ (111, A1) (£) = A™ (11, A2) (D) gy v
<O D CRI (1, M) (1) — (ma, Do) (t)”HXyX{//) :

k=1

for all t € (0,7) and m € N,

™M (71, 00) — (s M) [l evs = / . / 171, 20) = (7 Ay e

// / o (11, A1) = (M2 A2) |l o 7m0y v

H (71, A1) — (o, )‘Q)HC(O THXY XV
m—k

T
< k! H(”Ih )‘1) - (7727 AQ)”C(O,T;'HXYXV’) )

[A™ (1, M Mo, A2) ( ||C (0,T;HXY X V)

A™(
( mT:' 101, A1) () = (2, A) (t)llc(o,T;HXval)>
)

| /\

[(11, A1) (£) — (02, A2) <t>ch(o,T;HxYxV') )

Thus implies that for m large enough, the operator A™ of A is a contraction
on Banach space C' (0,T;H x Y x V') . So A™ has a unique fixed point (n*, \*) €
C(0,T;H xY x V'), and therefore (n*, \*) is a unique fixed point of A.

O
Now we have every thing that is required to prove theorem 3.1.
Existence. Let (n*,\*) € C(0,T;H x Y x V') be the fixed point of A and
u=1up, k=kp, @p=¢, 0=0 (86)
o= As(u) + EVo(t) + oy, (87)

D = &z(u) + BV(yp). (88)
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We prove that (u,o,k,p,0, D) satisfies (44)-(50) and (51)-(56). Indeed, we
write (69) for n* = n, A* = X and use (86)-(87) to obtain that (44) is satisfied.
Now we consider (57) for n* = 1 and use the first equality in (86) to find

)

(Ae(ty (1)), e(v — w,(t
f)) > (f(1),v =, (1)), (89)

(7 (00— (6), 4 3 ()~ (an
VoeV,tel0,T

The equalities A' (n*,\*) = 0™, A2 (n*,\*) = n*", and A% (9%, \*) = \*. com-
bined with (74)-(76), (86) and (87) show that for all v € V,

("7 (1), v)uxw = (Blew(t)), e(v))y + (E7Vi(t),e(v))u,
90
(/ (o (u(s)) —5*V90(t),€(U($)),9(S),k(S))dé‘ﬁ(v))H, o
n* (t) = @ (o(s) — As(u(s) — E'V(t),e (u(t), 0(t), k). (91)
A1) = P (o(s) — Ae(u(s) — EVp(t), e (u(t)) , 0(), k). (92)

From (92) and (68) we see that (45) is satisfied. We substitute (90) in (89)) and
use (44) to see that (47) is satisfied.

We write now (62) for n = n* and use (86) to find (48). Next, (50), The
regularities (51), (52), and (55) follow from Lemmas 3.2, 3.3, and the relation (68).
We write (66) for A = A\* and use (86) and (92) to find that (49) is satisfied, and
the regularity (54) follows from lemma 3.4. The regularity o € C(0,7;H) follows
from Lemmas 3.5.

Let now t1,ty € [0,7], from (12), (32), (33) and (88), we conclude that there
exists a positive constant C' > 0 verifying

1D (t1) = D (t2)ll g < C (llp (1) — o (L)l + [ (t2) — w (t2)]],) -
The regularity of w and ¢ given by (51) and (52) implies
D € C(0,T; H). (93)
We choose ¢ € D(Q)? in (48) and using (43) we find
div D, (t) = qo(t), Vt€[0,T)]. (94)

Property (56) follows from (35),(93) and (94) which concludes the existence part
the theorem.

Uniqueness. The uniqueness of the solution is a consequence of the uniqueness
of the fixed point of operator A.
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4. Examples of subdifferential conditions with friction

In this section, we report some examples of contact laws that condition (22),
which were presented in a previous paper (see reference [4]). Also note that the
relevant boundary value problem for each example has a unique weak solution

Example 4.1. Bilateral contact with Tresca’s friction law. In this case, the
boundary conditions on the contact surface are derived as follows

Uy = 07 |0-7'| S gu
o] <g=1u,=0, onlsx(0,7T) (95)
o | =9 =1, = -6, A >0
Here X represents the friction bound, i.e. the magnitude of the limiting friction
at which slip occurs. The contact is assumed to be bilateral, i.e. there is no loss of

contact during the process.
Let V denote the closed subspace of H; defined by

V={veH |v=0only, wu,=0o0nTls}.

(22) holds with the choice h(v) = g|v,|. Where g € L*(R), g > 0.

Example 4.2. Bilateral contact with elastic-viscoplastic friction condition. We
consider problems with the boundary conditions

u, =0, o,=—glu]" " u, onlsx(0,T) (96)
where g > 0 is the coefficient of friction and 0 < p < 1. In this case we consider
V={veH |v=0onTy, u,=0o0nTl3}.

and

g +1
h(v) = —— v, '™, € L™(R).
W)= Lo e 15R)

Example 4.3. elastic-viscoplastic contact with Tresca’s friction law. Here the
model of the contact reads as follows

—0y = k |7~‘L1/|q71 ’ll,,, |UT| < g,
o] <g=1u.=0, onl3x(0,T) (97)
o | =9g=1U,=-Xo,, A>0

where g,k > 0 and 0 < ¢ < 1. We choose U = Hy, V={ve H |v=0 on I'1}
and

N glu.], g k€ L¥(R).

h(v)

o

:m
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Example 4.4. Elastic-viscoplastic contact with friction. We have the following

boundary condition

3.1

[1]

—0y = k |uu|q71 ﬂ,,, Or=—4g |u'r|pi1 uT on F3 X (O? T)’ (98)

We take k,g >0,0<p,q<1,U=H;,V={veH |v=0on It} and

h(v)

Since the assumptions (40) is satisfied for each example, we may apply Theorem

9

”UV’q—H + m ‘p—l-l , g, ke LOO(R)

=1 v,

, and we deduce that there is a unique weak solution to each problem.
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