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Fixed point theorem of integral type mapping in
S;-metric space

Pravin Kumar Bhikhabhai Prajapati

ABSTRACT. The purpose of this paper is to establish the existence and uniqueness
of a common coupled Fxed point result in the framework of complete symmetric
Sp-metric space. The obtained results generalize and extend some of the well-
known results in the Literature.

1. Introduction

Sedghi, Shobe and Aliouche [17] introduced the notion of S-metric space and
proved some fixed point theorem by modifying D-metric and G-metric spaces. Sedghi
and Van Dung [19] remarked that every S-metric space is topologically equivalent
to a metric space. Bakhtin [3] introduced the concept of b-metric space as a gen-
eralization of metric space. Czerwik [7] extended the Banach contraction principle
is b-metric space. Inspired by the works of Bakhtin [3] and Sedghi, Shobe and
Aliouche [17], Souayah and Mlaiki [23] introduced the concept of Sy-metric space.

In 1922, the Polish mathematician, Banach, proved a theorem which ensures, un-
der appropriate conditions, the existences and uniqueness of a fixed point. His result
is called Banach’s Fixed point Theorem or the Banach Contraction principle. This
theorems provides a technique for solving a variety of problems of applied nature
in mathematical science and engineering. Many authors have extended, generalized
and improved Banach’s Fixed point Theorem in Different ways.

2. Preliminaries

Definition 2.1. Let X be a non-empty set. A function S : X3 — [0, 00) is said
to be an S-metrics on X if for each x, y, z, a € X,
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(1) S(x,y,2) >0
(2) S(z,y,z) =0ifand only if z =y = 2
(3) S(x,y,2) < S(w,2,a) + S(y,y,a) + S(2,2,a)

A pair (z,9) is called an S-metric space.

Definition 2.2. Let (X, S) be an S-metric space. A map F': X — X is said to
be a contraction if there exists a constant 0 < L < 1 such that S(F(z), F(z), F(y)) <
LS(z,z,y).

Let (X, S) be an S-metric space, then we have

Lemma 2.1. [17] S(z,z,y)=S(y,y,x), for all x,y, € X.

Lemma 2.2. [17] The limit of {x,} in S-metric space is unique.
Lemma 2.3. [17] The convergent sequence {x,} in X is Cauchy.

Lemma 2.4. [17] If the sequences {x,} and {y,} such that lim,_,. z, = z and

limy, oo Y = y. Then, limy, o0 (T, T, yn) = S(x, 2, 7).

Definition 2.3. Let X be a non-empty set and s > 1 be a given real number.
A function d : X x X — R, is called a b-metric provided that for all x,y,z € X.
(1) d(xz,y) =0 if and only if x = y.
(2) d(z,y) = d(y, z).
(3) d(x,z) < sld(z,y) + d(y, 2)].
A pair (X, d) is called a b-metric space. It is clear that the b-metric space is an
extension of usual metric space.

Definition 2.4. [17] Let X be a nonempty set and let s > 1 be a given number.
A function Sy : X3 — [0, 00) is said to be Sy-metric if and only if for all z,y, z,t € X,
the following conditions hold:
(1) Sp(z,y,2) =0if and only if x =y = 2.
(2) Sp(z,z,y) = Sy, y, ).
(3) Sp(z,y,2) < s[Sp(x,x,t) + Sp(y, y,t) + Su(z, 2, 1)].

The pair (X, S,) is called a S,-metric space.

Definition 2.5. [17] A sequence {x,} in X converges if and only if there exists
z € X such that Sy(z,, z,,2) — 0 as n — oo. In this case we write lim,,_,o 2, = 2.

Definition 2.6. [17] A sequence {x,} in X is said to be Cauchy sequence if and
only if Sy(xp, Ty, ) — 0 as n,m — oo.

Definition 2.7. [17] The Sp-metric space (X, S,) is said to be complete if every
cauchy sequence is convergent.
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Definition 2.8. A S,-metric space is said to be symmetric if

Sb(xax7y) = Sb(ya y7$)
for all x,y €X.

Theorem 2.5. (Banach’s contraction principle) Let (X, d) be a complete met-
ric space, ¢ €(0,1) and f : X — X be a mapping such that for each z,y € X,
d(fz, fy) < cd(x,y). Then f has a unique fixed point a € X, such that for each x €
X, limn_, o f"(z) = a.

In 2002, Branciari [6] analysed the existence of fixed point for mapping f de-
fined on a complete metric space (X, d) satisfying a general contractive condition of
integral type.

Theorem 2.6. (Branciari) Let (X, d) be a complete metric space, ¢ € (0,1) and
let f: X — X be a mapping such that for each x,y € X,

/ o(t)dt < / ,
0 0

where ¢ : [0,400) — [0,400) is a Lebesque integrable mapping which is summable
on each compact subset of [0,+00), non-negative, and such that for each ¢ > 0,
foe o(t)dt > 0, then f has a unique fized point a € X, such that for each x € X,

lim, o f"(z) = a.

After the paper of Branciari [6], a lot of research works have been carried out on
generalizing contractive condition of integral type for different contractive mappings
satisfying various known properties.

d(fx,fy) max{d(x,y),d(x,fx),d(y7fy)7w}
/ o(t)dt < / (1) dt.
0 0

3. Main Result

Theorem 3.1. Let (X, S,) be a complete symmetric S,-metric space with pa-
rameter s > land let the mappings f,g : X? —X satisfying
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Sb(f(x:y)vf(zvy)vg(uvv))
/ o(t)di (1)
0

Sp(z,z,u)+Sy (y,y,v) Sp(f(2,9), f(=,y),9(u,v))Sp (x,x,u)
148y (z,2,u)+Sp (y,y,v)

2
<ar / o(t)dt + as / o(t)dt
0 0
Sp(f(z,9), f(x,y),9(u,v)) Sy (y,y,v) Sy (z,z, f(z,y)) Sp (z,2,u)

1+Sy (z,2,u)+Sp (y,y,v) 1+Sy (z,2,u)+Sp (y,y,v)
+as / $(1)dt + as / o(t)dt
0

Sy (z,z, f(,9)) Sp (y,y,v) Sp (u,u,g(u,v)) Sy (z,2,u)

0
1+ Sy (z,z,u)+Sy (y,y,v) 1+ Sy (z,z,u)+S (y,y,v)
/ b b (¥Y ¢(t)dt_|_a/6/ b (Y, y ¢(t>dt
0

Sp (w,u,g(u,v)) Sy (y,y,v)
148y (z,2,u)+5y (y,y,v)

+ ay o(t)dt

+ ag o(t)dt + ag o(t)dt

(2)

where a; > 0 (i=1,...,9) and Z?:1 a; < 1, s < 176‘;;“;41“551“;;“8, ¢ :[0,4+00) —
[0,4+00) is a non-negative Lebesque integrable mappmg which is summable on each
compact subset of [0, +00), and for each € > 0, fo t)dt > 0. Then f and g have a

unique common coupled fixed point in X .

/maX{Sb (f(z,y),f(z,y),9(u,v)),Sp(u,u,g(u,v))} /min{Sb(z,ac,u),Sb(y,y,v)}

0 0

PRrROOF. Let xg,y0 € X be an arbitrary points in X. We can construct a
sequence {zx} and {y} in X such that o1 = f(2or, Yor), Yor+1 = f(Yor, Tor),

Lok+2 = 9(562k+1, Z/zk+1)7 and yop4o = g(y2k+17 $2k+1) for k=0,1,.... Then
Sp(T2k+1,T2k+1,T2k42) Sy (f(x2r,Y2k),f (Tak,y2k),9 (T2k+1,Y2k+1))
/ ot = o(t)dt
0 0

Sp(Tok Tok Tok+1)+5p Yok Y2k Y2k+1)
2

<a; / o(t)dt
0
Sp(f (2ok-y2k ) f (o Y2k) 9 (Tok 4 1,Y2k+1)) S (T2 T2k T2k 1)

145y (zop @, w)+Sp (V2K Y2k Y2k+1)
+ az/ ¢(t>dt
0
Sy (f(xop y2r) f (Tog¥2k):9(T2k 4+ 1,Y2k+1))Sb (V2K Y2k Y2k+1)
145y (zok o T2k +1)+5b (Vok Y2k Y2k+1)
+ as / o(t)dt
0

Sp(@ok ok f (2,28 ) Sp (T2 T2k T2k +1)

1+8p (zok Tok Tk +1)+Sb (V2K Y2k Y2k +1)
ca | o(t)dt
0
Sp(@op,Top,f (og,Yak))Sp (Vo Yok Y2k 1)
145y (2ok ok @2k +1)+5b (Vok Y2k Y2k+1)
v | o(t)dt
0
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Sp(rop41,T2k41,9(F2k41,Y2k+1))Sp (Tog T2k T2k 41)
1+Sp(zok ok T2k 4+1)+5p Yok v2k Y2k+1)
+ ag / o(t)dt
0
Sp(Zok+1,T2k+1:9(T2p11:¥2k+1)) So (V2K Y2k Y2k+1)
1+Sp (2o Tok Tak+1)+Sb (V2K Y2k Y2k +1)
+ay / o(t)dt
0
/’maﬂ?{sb(f($2k7y2k)7f(752k792k)19($2k+17y2k+1))7Sb($2k+1a$2k+179(m2k+1792k+1))}

+ ag qb(t)dt

0
/mm{sb(w% 22k T2k41)Sb (Yok Y2k Y2k +1) }

+ag o(t)dt
0
Sp(wop: ok Tag41)+Sp (Vag VoK Y2k 1) Sp(®2k 41,72k 41,72k42)5b (T2k T2k P2k 1)
2 1+8p (2op Tok w2k+1)+Sp (V2K Y2k Y2k +1)
—u | ot -+ as | o(t)dt
0 0

Sp(rop41,T2k41,T2k42) S (Vo Y2k Y2k 41)
/1+Sb($2k’$2k7$2k+1)+5b(y2k’92k7y2k+1)

+ as gb(t)dt

0

Sp (@ Tok Tok+1) Sy (Tok Tk Tok41)
1+5p (2op T2k Tog+1)+Sp (V2R Y2k Y2k 4+1)

+ay o(t)dt

S—

Sp (@2 ok T2k+1)5b Y2k Y2k Y2k+1)
1+Sp(Zok ok T2k 4+1)+Sp Yok ¥2k Y2k+1)

+ as o(t)dt

S—

Sp(@ok+1,T2k41:%2k+2) 56 (T2k Tk Tog41)
145y (zok @ T2k +1)+5b (Vok Y2k Y2k+1)

+ ag o(t)dt

S~

Sp(Tok+1>T2k+15T2k+2)Sb Y2k Y2k Y2k+1)
1+Sp (@ap Tok @ak+1)+Sp (V2K Y2k Y2k 41)

o | o(t)dt
0
max{Sy(Tak+1,T2k+1,T2k+2) S (T2k+1,T2k+1,T2k+2) }
+ ag/ ¢(t)dt
0
min{Sy(z2r,Tar,Tar+1),Sb (Yar Yok Yok+1) }
+ ag / o(t)dt
0
So,
Sp(Top41,T2k41,T2k42) a Sp(Tok,T2k,T2k+1)
/ ¢Mﬁ§(—+m+%»/ S(1)dt
0 2 0
a S (Y2k Y2k Y2k+1)
+— / o(t)dt
2 Jo
Sp(T2k+1>T2k+41,T2k42)
+ (CL2 +as + ag +ay + CLg) / ¢(t)dt
0

+ ag o(t)dt (3)

/min{sb (Tok ok T2k+1)Sb (Y2k Y2k Y2k+1) }

0
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Case 1. If min {Sy(z2x, Tok, Tak+1)s So(Yoks Yok, Yok+1) } = Sb(Tok, Tok, Tog+1). From
equation (2), we get

Sp(T2k415T2k11,T2k+2)
(1 — a2 — a3 — g — a7 — ag)/ ¢(t)dt
0

ay Sp(Z2k, T2k, T2k+1) a Sy (Y2k Y2k Y2k +1)
S <3 + ay + as + CL9> / gb(t)dt + E / gb(t)dt
0 0

and therefore,

Sp(T2k+415T2k 41,2k +2) YU g, +as+a Sp(T2k,T2k,T2k+1)
/ pt)dt <—=2 1 0T / o(t)dt
0 1-@2-@3-&6—@7—@8 0
a1 S (Y2k Y2k Y2k+1)
+ 2 / o(t)dt.
1—ay —as —ag —ar —as J

(4)

Proceeding similarly one can prove that

Sp(Y2k+1,Y2k+1:Y2k+2) YU Loags+as+a Sp(Yak Y2k :Y2k+1)
/ pt)dt <—2 1 09 / o(t)dt
0 1—a2—a3—a6—a7—a8 0
a1 Sp(T2k, T2k, T2k +1)
+ 2 / o(t)dt.
1—ay—as—ag—ar; —as J

()
Adding equation (3) and equation (4) we have

Sp(Tok41,T2k+1,T2k+2) Sb(Yok+1:Y2k+1,Y2k+2)
/ o(t)dt + / o(t)dt
0 0

a1 + a4 + as + ag

Sp(T2k, T2k, T2k+1) S (Y2k Y2k Y2k+1)
< / o(1)dt + / (1)t
l—ay—az—as—ar—asg |Jp 0
Therefore,
Sp(T2k41,T2k+1,T2k+2) St (Y2k+1,Y2k+1,Y2k+2)
/ o(t)dt + / o(0)dt
0 0
Sp(T2k,T2k,T2k+1) S (Y2k Y2k Y2k+1)
<n| [ o+ olt)dt |,
0 0
where h= a1+a4+as+ag < 1.

l—a2—a3—ag—ar—as
Case 2. If min {Sy(zok, Tor, Tok+1)s Se(Yors Y2k, Yor+1) } = So(Y2k, Yok, Yok+1). From
equation (2), we get

o(t)dt

Sp(T2k+1,T2k+41,T2k42)
(1—a2—a3—a6—a7—a8)/

0

ay Sp(T2k, T2k, T2k+1) ay S (Y2k Y2k Y2k+1)
< (5 Yas+ a5> / (t)dt + (5 + ag) / o(t)dt
0 0
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and therefore,

Sp(T2k+415T2k41,T2k42) U 4 gita Sp(T2k,T2k,T2k+1)
/ oty <2 U o(t)dt
0 1—a2—a3—a6—a7—a8 0
a4 g S (Yok Y2k Y2k+1)
i 2+ / o(t)dt.
1—a2—a3—a6—a7—a8 0

(6)

Proceeding similarly one can prove that

Sb(y2k+1»y2k+1»y2k+2) ar _.I_ a + a Sb(y2k7y2k7y2k+1)
/ oty <2 Ut | o(t)dr
0 1-@2-@3—(16—@7—@8 0
“u g Sp(@2k,T2k,T2k+1)
i 2+ / o)t
1—ay —as—ag—ar; —as J

(7)

Adding equation (5) and equation (6) we have

Sp(Tok41,T2k+1,T2k+2) Sb(Yok+1:Y2k+1:Y2k+2)
/ ¢@ﬁ+/ o(1)dt
0 0

Sp(T2k, T2k, T2k+1) S (Y2k Y2k Y2k+1)
/ ¢mm+/ (1)t | .
0 0

a1 + a4 + as + ag
_1—CL2—CL3—(16—(17—CL8

Therefore,

Sp(T2k4+1,T2k+1,T2k+2) St (Y2k+1,Y2k+1,Y2k+2)
/ ¢®ﬁ+/ o(t)dt
0 0

Sp(T2k,T2k,T2k+1) S (Y2k Y2k Y2k+1)
gz/ ¢®ﬁ+/ o ()t
0 0

ai1tas+as+ag
l—a2—a3—ag—ar—asg

where h= < 1. Also, we can show that

Sp(T2k42,L2k+2,L2k+3)
/ S(t)dt +

S (Y2k+2,Y2k+2,Y2k+3)
/ o(t)dt
0 0

Sp(T2k4+1,T2k+1,T2k+2) St (Y2k+1,Y2k+1,Y2k+2)
ﬁz/ ¢®ﬁ+/ o(8)dt
0

0

Sp(T2k, T2k, T2k+1) S (yY2k Y2k Y2k+1)
<h? / ¢(t)dt+/ o(t)dt| .
0 0
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Continuing this way, we have

Sb(il?n7$n7$n+1) Sb(ynvynayTH—l)
/ o(t)dt + / o(t)dt
0 0

Sb(zn—lvxn—lvxn) Sb(yn—lryn—lvy’ﬂ)
<h / b(8)dt + / o(t)dt
0 0

Sp(Tn—2,Tn—2,Tn—1) St (Yn—2,Yn—2,Yn—1)
<h? / P(t)dt + / B(t)dt
0 0

<h"

Sp(x0,20,21) Sy (Y0,Y0,y1)
/ o)t + / ()t | .
0 0

It Sb(xn, M xn—i—l) + Sb(yna Yn, yn+1) - Sbm then
Spn < hSpn_1 < %Sy, o < ... < R"S.
So for m > n,

So(@ns Ty Tm) + So(Yns Yns Ym) < 8 [256(Tn, Tny Tng1) + Sp (Tt 1 Tt T
+ 2[S6(Un Y Yn+1) + So(Ynt1s Yn1s Yom)]
=25 [Sp(@n, Tn, Tns1) + Sb(Yn, Yns Ynt1)] £ 5 [So(@nt1; Tsr, Tn) + S (Ynsts Ynsas Ym)]
<25 [Sy(@ns Tn, Tnt1) + S6(Yns Yns Ynt1)]
+ 257 [Sy (@1, Tntts Tnsa) + So(Yntts Yntts Yns2)]
+ 8 [Sp(Tny2, Tnras Tm) + Sb(Ynt2, Ynt2, Ym)]
<25 [Sp(Tn, Tns Tni1) + So(Yn» Yns Ynt1)]
+ 287 [Sp(Tni1, Tt 1, Tnt2) + Sp(Yns1, Yni1, Ynt2)]
+25° [Sy(@ny2, Tntas Tnsa) + So(Ynt2, Unt2, Ynts)] + -+
+ 25" Sy (Tm2, Tin—2s Tm—1) + Sp(Ym—2, Ym—2: Ym—1)]
+ 28" 7" [Sp(Tm—1, Tm—1, Tm) + So(Ym—1, Ym—1, Ym)]

<2 (sh™ + s°h" T 4+ SR 4 — — — 4 TR Sy,
<2sh™ [1+ sh + (sh)? + ...] Sy

2sh™
11— sthO

Therefore, we have

Sb(ﬂ?n,xn,mm)“rsb(yn’yn:ym)
/ o(t)dt - 0 as n — oo. (8)

0
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Now, we prove that {z,} and {y,} are Cauchy sequences. Suppose that they
are not. Then there exits an € > 0 and subsequence {xm(p)} and {xn(p)} such that
m(p) < n(p) < m(p+ 1) with

S(Yn(p)> Yntp) Ym@) = €+ SUnmp)=1, Yn(p)—15 Ym(p)) < € (9)

Now,

S(ym(p)fla Ym(p-1), yn(pfl)) < S(ym(p)fh Ym(p—1)> ym(p)) + S(ym(p)fla Ym(p-1), ym(p))
+S(yn(p)—1> Yn(p—1), ym(p))
< 2S(ym(p)—17 ym(p—1)7 ym(p)) + €. (1())

From equations (7) and (9), we get

S(ym(p)—laym(p—l)7yn(p—l)) €
lim (1)t < / B(1)dt. (11)
0

p—0o0 0

Using equations (7), (9) and (10), we get

€ SYn(p) Yn(p) Ym(p))
/qb(t)dt < / o(t)dt
0 0
S(yn(p)—hyn(p)—l7ym(p)—l)
k / o(t)dt
k

< /: 6 (t)dt.

Which is contradiction. Hence {x,} and {y,} are Cauchy sequences in X. As X
is a complete Sp-metric space, so there exist x,y € X such that x,, - x and y, = vy
as n — oo.

Now, we will prove that x = f(z,y) and y = f(y,x). On the contrary suppose

that x # f(z,y) ory # f(z,y). Then Sp(x,z, f(x,y)) =l > 0 or Se(y, y, f(y, ) =
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ly > 0. Using inequality (1),

ll :Sb(x7 x, f(l‘, y))
<s [25},(56, x, Jln+1> + Sb(ﬂfnJrl; Ln+1, f(&?, y))]
=S [255(1’, Z, $n+1> + Sb(f(l'n, yn)a f('rrm yn)7 f(l', y))]

Sb(mn,wn,x)+5b(yn,yn,y)
2

o [ ¢<t>dt]

SQS{,(%, T, xn+1) +s
0

B Sp(f(xn,yn), f(@n,yn).9(=,y)) Sy (zn,zn,x)

1+Sp(zn,zn,z)+Sy(yn,yn,y)
+ 5 |ag / (b(t)dt]
0

r Sp(f(@nsyn),f(@n,yn),9(x,y)) Sy (Yn,yn,y)
1+Sb(znywn,Z)Jer(yn,yn,y)

+s ag/ (b(t)dt]

0

Sb(xn,xn,f(xn,yn))sb(yn,y’n»y)
1+Sb(1n,zn,z)Jer(yn,ynyy)

as / (b(t)dt]

0

B Sp(xn,zn,f(xn,yn))Sp(xn,zn,z)

1+Sy (zn,zn,z)+Sp(yn,yn,y)
+ s a4/ o(t)dt
0

r Sp(x,2,9(x,y))Sp(zn,2n,v)

1+Sy (zn,zn,z)+Sp(yn,yn,y)
+ s ag/ o(t)dt
0

/m‘m{sb(f(xn7yn)vf(mn7yn)79($vy))aSb(%ﬂfvg(%y))}
0

+ s

+ s

Sp(@,2,9(2,y)) Sy (yn,yn,y)
14+Sy (zn,zn,2)+S, (yn,yn,y)
ar o(t)dt
0

¢(t)dt]

min{Sb(xn,zn,x),Sb(yn,yn,y)}
+s (19/

0

gb(t)dt]

Since xz,, and y,, are convergent to z and y, by taking limit as n — oo, we get
Iy <0, which is a contradiction. So, Sy(x,z, f(x,y)) = 0 which gives z = f(x,y).

Similarly, we can prove that y = f(y,x). Also, we can prove that x = g(z,y)
and y = g(y, x). Hence, (z,y) is a common coupled fixed point of f and ¢. In order
to prove the uniqueness of the coupled fixed point, if possible let (p, ¢) be the second
common coupled fixed point of f and g. Then by using inequality (1), we have

Sb(xsz’) Sb(f(x’y)7f(w7y)7g(p7q))
| o= | st
0

0

Sp(,2,0)+Sp (,9,0) Sy (f(=,9):f(2,9),9(p,9)) Sp (z,2,p)
5 1+Sy, (#,2,p)+ 5, (¥,4,9)

<ay /0 S(t)dt + as /O (t)dt

Sp(f(z,y),f(2,9),9(®,9)) Sy (¥,y,9) Sp(z,z, f(z,y)) Sy (z,z,p)
1+Sy (z,2,p)+ Sy (v,y,9) 1+Sy (z,2,p)+ Sy (y,y,9)

+ a / S()dt + ay / o(t)dt
0 0
Sp(z,z, f(x,9))Sp(y,9,9) Sp(p,p,9(p,a)) Sy (z,z,p)

1+Sy (z,z,p)+5Sy (v,9,9) 1+Sy (z,2,p)+Sy (v,9,9)
+ as / ¢(t>dt + CLG/ gb(t)dt
0 0
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Sp(p,r,9(,9)) Sy (y,y,9)

145, (z.2.0)F 5 (4.v.0) maz{Sy(f(z.y).f(%,9),9(p,q)),5 (p.p,9(P,9))}
+ CL7/ qb(t)dt—FCLg/ gb(t)dt
0 0
min{sb(xvxvp)vsb(yvyaQ)}
+ &9/ ¢(t)dt
0
Accordingly,
Sb($,1§,p) w Sb(x7x7p) Sb(x7x7p)
/ o(t)dt < al/ o(t)dt + &2/ o(t)dt + ag/ o(t)dt
0 0 0 0
Sb(z,m,p) min{sb(rvzfp)vsb(y’yﬂ)}
+ag / (1)t + ag / B(1)dt. (12)
0 0

Case 1. If min {Sy(z, x, p), Sp(y,y,q)} = Sp(x, z,p). From equation (11),

Sb($7z7p) al Sb(x7$7p) al Sb(yay7Q)
/ ¢(t)dt S <7 + as + a3z + ag + (Zg) / ¢(t)dt + 3/ gb(t)dt
0 0 0
which implies that
Sy (,3,p) a; Sp(4,4,9)
/ o(t)dt < / o(t)dt.
0 0

_2—a1—2a2—2a3—2a8—2a9

Case 2. If min {Sy(z, x, p), Sp(y,y,q)} = Sp(y,y,q). From equation (11),

Sb(CIJ,Z‘,p) al Sb(xvxvp) al Sb(yvyvq)
/ o(t)dt < (5 +az + ag + ag ) / (t)dt + (3 +ao) / o(t)dt
0 0 0
which implies

Sy (z,x,p) 9 Sy (Y,9,9)
/ ¢(t)dt < ot 2 / o(t)dt.
0 0

_2—a1—2a2—2a3—2a8

From both the cases, finally, we get
Sp(z,,p) a Sy (y:9,q)
/ (1)t < / o)t (13)
0 0

_2—a1—2a2—2a3—2a8—2a9

Similarly,
Sb(yvyvq) ai Sp (szvp)
t)dt < t)dt. 14
/0 (b() _2—a1—2a2—2a3—2a8—2a9/0 ¢<) ( )
Adding equation (12) and equation (13), we have
Sy (x,x,p)+55 (y,4,9) ay Sy (,2,p)+55 (y,,q)
/ o(t)dt < / o(t)dt
0 2—a1—2a2—2a3—2a8—2a9 0

and we get

o(t)dt < 0.

2 (1 —a; — ay — a[S — a8 — ag) /[Sb(:v,z,p)—i-sb(y,y,q)]
2—a1—2a2—2a3—2a8—2a9 0
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Since Z?:I a; < 1, and 227(:3;2‘?;%3:2‘;88:“2929 > 0, we have that Sy(x,z,p) +
Sp(y,y,q) = 0, which implies that = = p and y = ¢, i.e., (x,y) = (p,q). Thus f and
g have unique coupled common fixed point. This completes the proof.
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