
Mathematical Analysis and its Contemporary Applications

Volume 5, Issue 3, 2023, 11–22

doi: 10.30495/maca.2023.2004998.1078

ISSN 2716-9898

Some common fixed points results via the degree

of nondensifiability

Gonzalo Garćıa

Abstract. In this paper, under suitable conditions and by using the so-called

degree of nondensifiability (DND), we provide sufficient conditions for the exis-

tence of a common fixed point for two commuting self-mappings defined into a

non-empty, bounded, closed and convex subset of a Banach space. Our main

result generalizes a Darbo-type fixed point theorem based on the DND. To illus-

trate the differences between our results and a known common fixed point result

for two commuting self-mappings due to Jungck or others based on the measures

of noncompactness, we provide some examples.

1. Introduction

It is a well known fact that the celebrated Banach fixed point theorem [4], inter

alia due to its many applications, has been widely generalized in many directions

(see, for instance, [17, 20, 21] and references therein). In this paper, we are inter-

ested in the generalization proved by Jungck [18] in 1976, which we recall below.

In what follows, (Y, d) will be a complete metric space. To simplify writing, we

give the following definition:

Definition 1.1. Let T, S : (Y, d) −→ (Y, d) and λ ∈ (0, 1). We will say that T

is a (S, λ)-contractive mapping if the following conditions hold:

(i) S and T commute, that is, T (S(x)) = S(T (x)) for all x ∈ Y .

(ii) S is continuous and T (Y ) ⊂ S(Y ).

(iii) d(T (x), T (y)) ≤ λd(S(x), S(y)), for all x, y ∈ Y .
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Remark 1.1. Let us note that, from condition (iii) of the above definition, a

(S, λ)-contractive mapping T is continuous.

Now, we can state the Jungck fixed point theorem mentioned above:

Theorem 1.2. Let T be a (S, λ)-contractive mapping for some S : (Y, d) −→
(Y, d) and λ ∈ (0, 1). Then, T and S have a unique common fixed point, that is to

say, there is a unique x∗ ∈ Y such that T (x∗) = S(x∗) = x∗.

As in the case of the Banach fixed point theorem, there are many generalizations

of the above result (see, for instance, [27] and reference therein).

On the other hand, based in the degree of nondensifiability, shortly DND and

explained in detail in Section 2, in this paper we propose a new generalization of

Definition 1.1, for the case that (Y, d) be a non-empty, bounded, closed and convex

subset of a Banach space, as well as some common fixed points results (see Theorem

3.3 and Corollary 3.4). Roughly speaking, the DND is defined from the so called

α-dense curves and measures (in the specified sense) the distance from a non-empty

and bounded subset of a Banach space to the class of its Peano continua. We recall

that a Peano continua is a compact, connected and locally connected metric space

or equivalently, according with the Hahn-Mazurkiewicz theorem (see, for instance,

[26]), the continuous image of the closed unit interval I := [0, 1].

Moreover, our main result (see also Corollary 3.4) contains, as a particular case,

Theorem 2.3, which is a Darbo-type fixed point theorem based in the DND. Through

several examples, we show that our results can be applied in cases where neither

Theorem 1.2 or other common fixed points results based in the so called measures

of noncompactness do not work.

To close our exposition, we point out in Section 4 some remarks related with the

presented concepts and results.

2. The degree of nondensifiability

Throughout this section (X, d) will be a metric space and B(X) the class of the

non-empty and bounded subsets of X. As usual, for a given B ∈ B(X), we denote

by B̄ and Diam(B) the closure and the diameter of B. In the particular case that

X be a linear space, Conv(B) stands for the convex hull of B.

In 1997 Cherruault and Mora [23] introduced the following concepts:

Definition 2.1. Let B ∈ B(X) and α ≥ 0. A continuous mapping γ : I −→ X

is said to be an α-dense curve in B if the following conditions hold:

(i) γ(I) ⊂ B.

(ii) For each x ∈ B there is y ∈ γ(I) such that d(x, y) ≤ α.

If for each α > 0 there is an α-dense curve in B, then B is said to be densifiable.
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Let us note that the concept of α-dense curve is a generalization of the so called

space-filling curves, see [26]. Also, for a given B ∈ B(X), there is always an α-dense

curve in B for each α ≥ Diam(B), the diameter of B. Indeed, fixed x0 ∈ B the

mapping γ(t) := x0 for all t ∈ I is trivially such α-dense curve. For a detailed

exposition of the above concepts, see [7, 22, 23, 24, 25] and references therein.

On the other hand, from the α-dense curves we can define the following (see

[13, 24]):

Definition 2.2. For a given B ∈ B(X) the degree of nondensifiability, in short

DND, of B is defined as

ϕ(B) := inf{α ≥ 0 : ΓB,α ̸= ∅},

ΓB,α being the class of the α-dense curves in B.

Note that ϕ is well defined. Indeed, from the above considerations we have

0 ≤ ϕ(B) ≤ Diam(B) for all B ∈ B(X).

Example 2.3. (see [24]) Let UX be the closed unit ball of a Banach space X.

Then,

ϕ(UX) =


1, if X has infinite dimension

0, if X has finite dimension

.

The main properties of ϕ are stated in the following result:

Proposition 2.1. The DND ϕ satisfies:

(M-1) Regularity on the subfamily Barc(X) ⊂ B(X) of arc-connected subsets of

B(X): ϕ(B) = 0 if, and only if, B is totally bounded, for each B ∈ Barc(X).

(M-2) Invariant under closure: ϕ(B) = ϕ(B̄), for each B ∈ B(X).

Additionally, if X is a Banach space, then the following conditions are also satisfied:

(B-1) Semi-homogeneity: ϕ(cB) = |c|ϕ(B), for each c ∈ R and B ∈ B(X).

(B-2) Invariant under translations: ϕ(x0 + B) = ϕ(B), for each x0 ∈ X and B ∈
B(X).

(B-3) ϕ(Conv(B)) ≤ ϕ(B), for each B ∈ B(X).

(B-4) ϕ(Conv(B1 ∪ B2)) ≤ max{ϕ(Conv(B1)), ϕ(Conv(B2))}, for each B1, B2 ∈
B(X).

(B-5) Generalized Cantor’s intersection theorem: If (Cn)n≥1 is a decreasing sequence

of non-empty, closed and convex subsets of X with limn ϕ(Cn) = 0, then the

intersection of all Cn is non-empty, convex and compact.

Proof. Properties (M1), (M2) and (B1)-(B4) was proved in [13] and (B-5) in

the proof of Theorem 2.1 of [10]. □
From now on, (X, ∥ · ∥) will be a Banach space.
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Note that the properties of the DND ϕ exposed in the above result are similar

to the properties of the so called measures of noncompactness, shortly MNCs (see,

for instance, [1, 3]). But as has been demonstrated in [13], the DND ϕ is not a

MNC. Moreover, through the papers [8, 9, 10, 11, 12] we have proved that ϕ and

the MNCs are essentially different concepts, and consequently the fixed point results

based in the DND ϕ can be applied where other similar fixed points results based

in the MNCs do not work (see also Example 2.4 below).

However, there are some relationships between the DND ϕ and the MNCs. For

instance, if χ is the Hausdorff MNC (see [1, 3]) defined as

χ(B) := inf{ε > 0 : B can be covered by finitely many balls with radius ≤ ε},

for all B ∈ B(X), we have the following result (see [13]):

Proposition 2.2. For each B ∈ Barc(X), the inequalities

χ(B) ≤ ϕ(B) ≤ 2χ(B),

hold and are the best possible in infinite dimensional Banach spaces.

In [10, 12], based in the DND ϕ, we have proved a similar result of the well

known Darbo fixed point theorem for MNCs (again [1, 3]):

Theorem 2.3. Let C ∈ B(X) closed and convex and T : C −→ C continuous.

Assume that there is λ ∈ (0, 1) such that

ϕ(T (B)) ≤ λϕ(B), for all non-empty and convex B ⊂ C.

Then, T has some fixed point.

As we have pointed out above, ϕ is not a MNC. So, one can expect that Theorem

2.3 and Darbo fixed point theorem be different. To evidence this fact and conclude

this section, we show below the example given in [9, Example 3.4] (see also [12,

Example 3.2]).

Example 2.4. Let C(I) be the Banach space of the continuous functions defined

on I, endowed its usual supremum norm, and the set C := {x ∈ C(I) : 0 = x(0) ≤
x(t) ≤ 1 = x(1), t ∈ I}. Consider the mapping T : C −→ C defined as

T (x)(t) :=


1

2
x(2t), 0 ≤ t ≤ 1

2

1

2
x(2t− 1) +

1

2
,

1

2
< t ≤ 1

, for all x ∈ C and t ∈ I.

Then, χ(C) = χ(T (C)) = 1
2
and therefore the conditions of Darbo fixed point

theorem do not hold in this case for the MNC χ. However, as ϕ(T (B)) ≤ ϕ(B)/2

for each B ⊂ C non-empty and convex, conditions of Theorem 2.3 hold.
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3. The main result

Let us introduce the following concept:

Definition 3.1. Let T, S : C −→ C, C ∈ B(X) closed and convex, and λ ∈
(0, 1). We will say that T is a DND-(S, λ)-contractive mapping if the following

conditions hold:

(i) T and S commute.

(ii) T and S are continuous.

(iii) ϕ(T (B)) ≤ λϕ(S(B)), for all B ⊂ C ∩ Barc(X).

In the next result, we prove that the above concept generalizes, in the class

Barc(X), the given one in Definition 1.1. Also, to show that it is a real generalization,

we present in Example 3.2 (see also Example 3.3) a DND-(S, λ)-contractive mapping

which is not a (S, λ)-contractive mapping for any λ ∈ (0, 1).

Proposition 3.1. Let T be a (S, λ)-contractive mapping, for some S : C −→ C,

with C ∈ Barc(X) closed and convex and λ ∈ (0, 1). Then, T is a DND-(S, λ)-

contractive mapping.

Proof. Property (i) of Definition 3.1 is, precisely, the given one in Definition

1.1. By Remark 1.1, T is continuous and therefore (ii) of Definition 3.1 is satisfied.

We prove in the next lines property (iii).

Let B ⊂ C ∩ Barc(X), α := ϕ(S(B)) and take any ε > 0. From the definition of

ϕ, there is an (α + ε
2
)-dense curve in S(B), put γ. So, we have

S(B) ⊂ γ(I) + (α +
ε

2
)UX , (3.1)

where UX denotes the closed unit ball of X. As γ(I) ⊂ S(B) is compact, there

exists a finite subset of γ(I), put {S(x1), . . . , S(xn)} for certain x1, . . . , xn ∈ B, such

that

γ(I) ⊂ {S(x1), . . . , S(xn)}+ (α +
ε

2
)UX . (3.2)

Therefore, from (3.1) and (3.2), we obtain the inclusion

S(B) ⊂ {S(x1), . . . , S(xn)}+ (α + ε)UX . (3.3)

Next, consider a continuous mapping p : I −→ B joining the vectors x1, . . . , xn.

Note that p is well defined because of B ∈ Barc(X). Also, define γ̃ := T ◦p : I −→ X.

Is clear that γ̃ is continuous and γ̃(I) ⊂ T (B).

Let any y ∈ T (B), put y := T (x) for some x ∈ B. Noticing (3.3), there is

1 ≤ i ≤ n such that

∥S(x)− S(xi)∥ ≤ α + ε. (3.4)
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Then, if ti ∈ I is such that p(ti) = xi and taking into account that T is a

(S, λ)-contractive mapping and inequality (3.4) we have

∥y − γ̃(ti)∥ = ∥T (x)− γ̃(ti)∥ = ∥T (x)− T (xi)∥ ≤ λ∥S(x)− S(xi)∥ ≤ λ(α + ε).

So, we conclude that γ̃ is a λ(α+ ε)-dense curve in T (B), and the result follows

from the arbitrariness of ε > 0.

□

Example 3.2. As usual, by c0 let us denote the space of all sequences which

are convergent to zero with the supremum norm. Consider two continuous functions

f, g : I −→ I such that

(i) f(g(t)) = g(f(t)) for all t ∈ I.

(ii) f and g do not have any common fixed point.

The existence of such functions was proved (independently) in [6, 15]. Let Uc0

be the closed unit ball of c0 and T, S : Uc0 −→ Uc0 given by

T (x) := (f(|x1|), 0, . . . , 0, . . .), S(x) := (g(|x1|), x2, . . . , xn, . . .),

for all x := (xn)n≥1 ∈ Uc0 . Is clear, from (i), that T and S are continuous and

commute. Let us note that given B ⊂ Uc0 ∩Barc(X), in view of (M-1) of Proposition

2.1, ϕ(T (B)) = 0 and therefore

ϕ(T (B)) ≤ λϕ(S(B)), for all λ ∈ (0, 1).

So, T is a DND-(S, λ)-contraction for all λ ∈ (0, 1). However, as T and S do not

have any common fixed point (by virtue of (ii)), noticing Theorem 1.2, T is not a

(S, λ)-contraction for any λ ∈ (0, 1).

Remark 3.2. A particular case of [5, Theorem 3.1] is the following: if T, S :

C −→ C, C ∈ B(X) closed and convex, are continuous then T and S have, at least,

one common fixed point, whenever the following conditions hold:

(a) T and S commute .

(b) For each non-empty B ⊂ C, µ(T (B)) ≤ λµ(S(B)) for some MNC µ and λ ∈
(0, 1).

However, in view of the above example, it seems that, in general, the above result is

not correct at all.

Before to continue, it is convenient recall that a mapping S, defined into a subset

C of X, is said to be affine (see, for instance, [19, Definition 2.4]) if given any convex

M ⊂ C

S(kx+ (1− k)y) = kS(x) + (1− k)S(y), for all x, y ∈ M and k ∈ (0, 1).

At this point, we present our main result:
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Theorem 3.3. Let C ∈ B(X) closed and convex and T : C −→ C a DND-

(S, λ)-contractive mapping, for some S : C −→ C and λ ∈ (0, 1). Assume that S is

affine and

ϕ(Sk(Conv(B))) ≤ ϕ(Sk(B)), for each non-empty B ⊂ C and k ≥ 1. (3.5)

Then, T and S have some common fixed point.

Proof. First, we will prove that T has some fixed point in C. Define C0 := C

and Cn := Conv(T (Cn−1)) for each n ≥ 1. Then, by Proposition 2.1, condition (iii)

of Definition 3.1 and (3.5) we have

ϕ(Cn) = ϕ(Conv(T (Cn−1)) ≤ ϕ(T (Cn−1)) ≤ λϕ(S(Cn−1)) = λϕ(S(Conv(T (Cn−2)))) ≤

λϕ(S(T (Cn−2))) = λϕ(T (S(Cn−2))) ≤ λ2ϕ(S2(Cn−2)) = λ2ϕ(S2(Conv(T (Cn−3)))) ≤

λ2ϕ(S2(T (Cn−3))) = λ2ϕ(T (S2(Cn−3))) ≤ λ3ϕ(S3(Cn−3)) ≤ . . . ≤ λnϕ(Sn(C0)) =

λnϕ(Sn(C)).

So, because of Sk(C) ⊂ C for all k ≥ 1 and the considerations of Section 2, we infer

that

lim
n

ϕ(Cn) ≤ lim
n

λnϕ(Sn(C)) ≤ lim
n

λnDiam(Sn(C)) ≤ lim
n

λnDiam(C) = 0

and consequently, by (B-5) of Proposition 2.1, C∞ := ∩n≥1Cn is non-empty, compact

and convex and clearly T (C∞) ⊂ C∞. By making appeal to Schauder fixed point

theorem (see, for instance, [3, Theorem I.2.1]), T has some fixed point in C∞ ⊂ C.

Next, as S is affine, we have

S(Conv(B)) ⊂ S(Conv(B)) = Conv(S(B)), for all non-empty B ⊂ C. (3.6)

Let Cn and C∞ as above. We prove, by induction, that

S(Cn) ⊂ Cn, for all n ≥ 1. (3.7)

Indeed, from (3.6) we obtain

S(C1) = S(Conv(T (C))) ⊂ Conv(S(T (C))) = Conv(T (S(C))) ⊂ Conv(T (C)) = C1,

and therefore (3.7) holds for n = 1. Assuming (3.7) remains true for n − 1, for a

given n > 1, and bearing in mind (3.6) we have

S(Cn) = S(Conv(T (Cn−1))) ⊂ Conv(S(T (Cn−1))) = Conv(T (S(Cn−1))) ⊂

Conv(T (Cn−1)) = Cn,

and consequently, (3.7) holds as claimed.
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Note that

S(C∞) = S
( ⋂
n≥1

Cn

)
⊂

⋂
n≥1

S(Cn) ⊂
⋂
n≥1

Cn = C∞,

and therefore, again by the Schauder fixed point theorem, FS := {x ∈ C : S(x) =

x} ≠ ∅.
As T (x∗) = T (S(x∗)) = S(T (x∗)) for all x∗ ∈ FS, we find that T (FS) ⊂ FS.

Moreover, FS is closed (by the continuity of S) and convex because of S is affine.

Thus, replacing C by FS and reasoning as above, T has some fixed point in FS

which, of course, is also a fixed point of S and the proof is now complete.

□
Some comments are necessary before to continue.

(I) If S is the identity mapping, inequality (3.5) is redundant as it follows directly

from Proposition 2.1, and the above result becomes, precisely, into Theorem

2.3.

(II) The class of affine mappings obeying (3.5) is large. Indeed, given x0 ∈ X and

c ∈ R such that x0 + cC ⊂ C, in view of Proposition 2.1 the affine mapping

S(x) := x0 + cx for all x ∈ C satisfies (3.5).

(III) From Example 2.4, we derive that the fixed point results based in the MNCs

and those based in the DND ϕ are, essentially, different. There are results, in

forms similar to Theorem 3.3 but based in the MNCs, to guarantee the exis-

tence of common fixed points of two commuting mappings; see, for instance,

[14, 16, 19] and references therein. However, we will show below (see Exam-

ple 3.4) that in general such results are essentially different to those based in

the DND ϕ, and more specifically different to Corollary 3.4 proved below.

We show an example to illustrate Theorem 3.3.

Example 3.3. Let C(I) be the Banach space of the continuous functions x :

I −→ R, endowed its usual supremum norm, and UC(I) its closed unit ball. Fixed

two numbers βT and βS with 0 < 2βT < βS < 1, consider the mappings T, S :

UC(I) −→ UC(I) defined by

T (x)(t) := βTx(t) + (1− βT )

∫ t

0

|x(s)|ds and S(x)(t) := βSx(t),

for all x ∈ UC(I) and t ∈ I. It is immediate to check that T and S are continuous

and commute. By putting 1(t) := 1 and 0(t) := 0 for all t ∈ I, since

∥T (1)− T (0)∥ = 1 + βT > 1 > βS = ∥S(1)− S(0)∥,

we find that T is not a (S, λ)-contraction, for any λ ∈ (0, 1).

A direct application of the Arcelá-Ascoli theorem, shows that the mapping

x 7→
∫ t

0
|x(s)|ds for all x ∈ UC(I) is precompact, that is, maps bounded sets into
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precompact sets (see also [3, Example I.3]). So, noticing Proposition 2.2 and the

properties of the Hausdorff MNC χ, we have

ϕ(T (B)) ≤ 2χ(T (B)) ≤ 2βTχ(B) ≤ 2βTϕ(B), for all B ⊂ UC(I) ∩ Barc(X). (3.8)

Also, by virtue of property (B-1) of Proposition 2.1, the equality

ϕ(S(B)) = βSϕ(B), for all B ⊂ UC(I) ∩ Barc(X). (3.9)

holds. Then, joining (3.8) and (3.9), we have

ϕ(T (B)) ≤ 2βT

βS

βSϕ(B) =
2βT

βS

ϕ(S(B)), for all B ⊂ UC(I) ∩ Barc(X),

and therefore T is a (S, 2βT/βS)-DND contractive mapping. Thus, as S is affine

and, in view of the point (II) of the above comments, satisfies (3.5), from Theorem

3.3 we conclude that T and S have some common fixed point.

On the other hand, from Theorem 3.3 we can derive another generalization of

Theorem 2.3:

Corollary 3.4. Let C ∈ B(X) closed and convex and T, S : C −→ C two

continuous mappings such that T and S commute, S is an affine mapping satisfying

(3.5) and TS is a DND-(S, λ)-contractive mapping, for some λ ∈ (0, 1). Then, T

and S have some common fixed point.

Proof. Define R := TS : C −→ C. Then is clear that R is continuous and

commute with S. Also, by Theorem 3.3, R and S have some common fixed point.

Then, if x∗ is a such common fixed point, we have

x∗ = S(x∗) = R(x∗) = T (S(x∗)) = T (x∗),

and the result follows. □
The above result was proved in [14, Theorem 2.1] and [16, Corollary 2] replacing

the DND ϕ for a MNC µ and the contractiveness condition (iii) of Definition 3.1 by

this one

µ(T (S(B))) ≤ λµ(S(B)), for all non-empty B ⊂ C, (3.10)

for some λ ∈ (0, 1), and omitting condition (3.5).

As we have pointed out above and in Section 2 (see Example 2.4), the Darbo

fixed point theorem and Theorem 2.3 are different, because of the DND ϕ is not

a MNC. So, one can expect that Corollary 3.4 and the above mentioned result be,

essentially, different. This assert is evidenced in the following example.

Example 3.4. Let C(I) as in Example 3.3, C and T0 : C −→ C the affine

mapping and the bounded, convex, closed constructed in [28] which satisfies the

following properties:

(a) ∥T0(x) − T0(y)∥ = ∥x − y∥ for all x, y ∈ C and T0(0) = 0 ∈ C, 0 being the

identically null function.
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(b) There are two sequences (xn)n≥1, (yn)n≥1 ⊂ C with ∥xn∥ = ∥yn∥ = 1 and

T0(xn) = yn, for all n ≥ 1.

(c) χ(T0(B0)) = 1 > 1/2 = χ(B0), for B0 := {xn : n ≥ 1} ⊂ C.

Define T, S : C −→ C(I) as T (x)(t) := 1
2
T0(x)(t) and S(x)(t) := 1

2
x(t), for all

x ∈ C and t ∈ I. Noticing (a) and the above considerations, is clear that:

(i) T (C) ⊂ C, because of T0(0) = 0 ∈ C, and S(C) ⊂ C.

(ii) T and S are continuous and commute. Also, S is affine and satisfies (3.5).

(iii) ∥T (x)− T (y)∥ = 1
2
∥x− y∥ for all x, y ∈ C.

From (b), for all n ≥ 1 we have

∥T (xn)− T (0)∥ =
1

2
∥T0(xn)∥ =

1

2
∥yn∥ =

1

2
=

1

2
∥xn∥ = ∥S(xn)− S(0)∥,

and so, T is not a (S, λ)-contractive mapping for any λ ∈ (0, 1).

Let any B ⊂ C ∩ Barc(X). From (iii), if γ is an α-dense curve in B, for some

α > ϕ(B), is clear that T ◦ γ is an α/2-dense curve in T (B). Therefore, ϕ(T (B)) ≤
ϕ(B)/2, and consequently ϕ(T (S(B))) ≤ ϕ(S(B))/2. Thus, conditions of Corollary

3.4 are fulfilled.

But, noticing (c) we infer that

χ(T (S(B0))) = χ(T (
1

2
B0)) =

1

4
χ(T0(B0)) =

1

4
= χ(S(B0)),

where χ is the Hausdorff MNC. Then, the contractiveness condition (3.10) is not

satisfied for the Hausdorff MNC χ.

4. Final remarks

In this paper we have proved, under suitable conditions and using the DND ϕ,

some common fixed point results. By the exposed examples, we have shown that our

main result and Theorem 1.2 are, essentially, different. Also, as direct consequence

of our main result, we have derived a result, Corollary 3.4, which works in some

cases where the analogous result based in the MNCs not. However, we can do some

considerations which can be into account to improve, perhaps in future works, the

exposed results.

On the one hand, condition (i) of Definition 1.1, namely, that T and S commute,

can be replaced by a weaker one to prove the existence of common fixed points of two

mappings (see, for instance, [2] and references therein). So, a possible generalization

of our results could consist in replacing (i) of Definition 3.1 by a weaker one.

On the other hand, one of the most important generalizations of Darbo fixed

point, due to Sadovskĭı, is that based in the so called condensing mappings (see

[1, 3]). Then, another way to generalize Theorem 3.3 could be replace condition

(iii) of Definition 3.1 by this one

ϕ(T (B) < ϕ(S(B)), for all B ⊂ C ∩ Barc(X) with ϕ(B) > 0,
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or even by another contractiveness condition like the used in [14, 16, 19] for the

MNCs.
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Measures of Noncompactness and Condensing Operators, Operator Theory: Advances and

Applications, vol. 55, Birkhauser Verlag, Basel, 1992.
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