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2-simultaneous quasi-Chebyshev and
weakly-Chebyshev subspaces in quotient
generalized 2-normed spaces

M. Abrishami-Moghaddam

ABSTRACT. In this paper, we present characterizations of 2-simultaneous quasi-
Chebyshevity and 2-simultaneous weakly Chebyshevity in quotient generalized
2-normed spaces.

1. Introduction and preliminaries

One of generalization of normed spaces is 2-normed spaces that play a critical role
in functional analysis. The concept of linear 2-normed spaces was firstly introduced
by Géhler [9] in 1965, and since then, many others have studied and written about
it [7, 8]. Z. Lewandowska introdused a generalization of Géhler 2-normed spaces
under the name of generalized 2-normed space and she investigated some of their
characteristics between 1999 and 2006 [12]-[17].

Many mathematicians are interested by the idea of the best approximation and
its different versions considering its importance in functional analysis [10, 18, 19].
Some authors (such as [2, 1, 4, 20, 21, 22]) have recently produced results on best
approximation theory in generalized 2-normed spaces. The theory of best simulta-
neous approximation is one kind of best approximation for which significant findings
have been obtained (for instance [5, 6, 11, 19]). Best simultaneous approximation
in quotient normed spaces is studied by M. Iranmanesh and H. Mohebi in [11], and
a characterization of 2-simultaneous pseudo-Chebyshevity in quotient generalized
2-normed spaces is studied by M. Abrishami-Moghaddam and T. Sistani in [3]. In
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this article, we will use elements from the dual space to introduce and analyze 2-
simultaneous quasi-Chebyshev and 2-simultaneous weakly-Chebyshev subspaces of
generalized 2-normed spaces with respect to a 2-bounded set, and then examine
their transmission to and from quotient spaces.

Definition 1.1. [12, 13] Let X and Y be linear spaces, D be a non-empty
subset of X x Y such that for every x € X and y € Y , the sets

D,={yeY:(zv,y) e D}; D,={zv e X :(z,y) € D}

are linear subspaces of the spaces Y and X, respectively. A function ||.,.|| : D —
[0,00) is called a generalized 2-norm on D if it satisfies the following conditions:
(ND||az,y|| = |||z, y|| = ||z, ay]|| for all (x,y) € D and every scalar .

(N2)l2y + 2] < [l yll + |2 2I| for all (z,y). (3, ) € D.

(N3)z+ 9, 2]l < llz, 2] + [lg, 2] for all (z, 2), (y, 2) € D.

Then (D, ||.,.]|) is called a 2-normed set. In particular, if D = X xY, (X xY ||.,.||) is
called a generalized 2-normed space. Moreover, if X =Y, then generalized 2-normed
space is denoted by (X, ||, .[|)-

Definition 1.2. [16] Let X be a real linear space. Denote by X a non empty
subset of X x X with the property X = X~!(Symmetric) and such that the set
XY = {x € X;(z;y) € X} is a linear subspace of X, for all y € X. A function
., -]l : & = [0, 00) satisfying the following conditions:

(SO, 91l = lly, 7] for all (z;y) € X,

(S2)||az, y|| = |||z, y|| = ||z, ay]|| for any real number a and all (z,y) € X,
(S3)||z,y + z|| < ||z, y|| + ||z, z|| for all z,y,z € X such that (x,y), (z,2) € X,

will be called a generalized symmetric 2-norm on X. The set X is called a symmetric
2-normed set. In particular, if X = X x X, the function ||.,.|| will be called a
generalized symmetric 2-norm on X and the pair (X; ||.,.||) a generalized symmetric
2-normed space.

The following examples are some generalized 2-normed spaces and symmetric
generalized 2-normed spaces.

Example 1.3. [17] 1) Let X be a real linear space having two norms ||.||; and
|.]l2. Then (X, |.,.]|) is a generalized 2-normed space with the 2-norm defined by

lz, yll = Nzl llylle 520 € X

Specially if ||.||1 = ||.]|2, our generalized 2-normed space will be a generalized sym-
metric 2-normed space.
2) Let X be areal inner product space. Then X is a symmetric generalized 2-normed
space under the 2-norm

|z, yll = {z,y)| ; V o,y € X.
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3) Let X be the linear space of all sequence of real numbers. Put

o

eyl = 3 allyal:

1
where © = {x,},y = {y,} € X. Then D = {(z,y) € X x X : |z,y|| < oo}
is a symmetric 2-normed set and the function ||.,.|| : D — [0,00) is a generalized
symmetric 2-normed on D.

4) Let A be a Banach algebra and ||a, b|| = ||ab|| for all a,b € A. Then, (4, |.,.]|) is

a generalized 2-normed space.

Definition 1.4. Let X x Y be a generalized 2-normed linear space. S7 x S5 is
called a 2-bounded subset of X x Y if there exists r > 0 such that ||sq, s2|| < r for
all (51,82) € Sl X SQ.

Lemma 1.1. Let (X, ||.||) be a normed space, and let X be equipped with the
following generalized 2-norm

2yl = )l lyll; Yo,y € X
If S is a bounded set in X, then S X S is a bounded set in X x X.

PROOF. Let S be a bounded set in X. Then there exists r > 0 such that ||z|| <,
for each x € S. Then we have

lz yll = ll= [l Iyl < r.r=r?,

for each x,y € S. Therefore S x S is a 2-bounded set in X x X. ([l

Let (X x Y,|.,.]|) be a generalized 2-normed space and W; x Wy be a linear
subspaces of X xY. A 2-functional f : W; x Wy — R is called a bilinear 2-functional
on Wy x Wy, whenever for all z1, x5 € Wi, 91,y € Ws and A, Ay € R;

i) flxr+z2,y1 +y2) = for,y1) + f(x1,92) + flz2,90) + f(22,92),

i) f(Azr, Aay1) = Mo f (1, 11)-

The set of all continuations bilinear 2-functional will be denoted by (X x Y)*
and it is called the dual space of X x Y. Also we say that f € (M; x M)+ when
f ‘M1><M2: 0.

The operator 7 : X X Y — {- x 7 which is defined by 7(z,y) = (z + M,y +
M), is called the canonical map.

Definition 1.5. [8] 1) The sequence {(z,,y,)} in a generalized 2-normed space
X xY is called a 2-converges sequence to (z,y) if

lim ||z, —2,b||=0; Vbey,
n—o0

and
lim ||a,y, —y||=0; VaeX,
n—o0
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and we write (x,,y,) — (x,y).

2) The sequence {(z,,y,)} in a generalized 2-normed space X x Y is called
a weakly 2-converges sequence to (x,y) if lim f(x,,y,) = f(z,y) holds for each
fe(X xY)-

Definition 1.6. Let X x Y be a generalized 2-normed linear space. A subset
S1 xSy € X xY is called compact (weakly compact), if every sequence {(z,,y,)} in
S1 x Sy has a subsequence {(zy, ,yn,)} which 2-converges (weakly 2-converges) to
an element (xg,yo) € S1 X Sa.

Let X x Y be a generalized 2-normed linear space, W; x Wy a subset of X x Y

and S X Sy a 2-bounded subset of X x Y. We define
d(S1 x So, Wy x Wy) = inf sup |51 — wi, 59 — wall,
(wl’w2)€W1 xWa (51752)651 X Sa
if there exists some (w1, wa) € Wy x Wa such that sup g, o,\es,xs, 51— w1, sa—wa|| <
00. 51 x Sy is called 2-simultaneous proximinal if for every (sq,s2) € S x Sy there
exists an element (woy, we) € Wi x Wy such that
d(Sl X SQ, W1 X Wg) = sup H51 — W1, S2 — ’IUOQH.
(81752)651 X So

In this case (wo1, we2) € Wi x Wy is called a 2-best simultaneous approximation
to S1 x Sy from Wi x Wi, The set of all 2-best simultaneous approximation to
S1 X Sy from Wy x Wy will be denoted by Sy, xw, (51 x Sa). If S1 x Sy = {(z,9)}
where (z,y) € X x Y then Sy, xw,(S1 X S2) is the set of all 2-best approximation
of (z,y) in Wy x Wy that denoted by Pw,xw,(z,y) and also Wy x Wy is called a
2-proximinal subspace of X x Y.

Let M; x M5 be a subspace of a generalized 2-normed linear space X x Y and
f € (X x My)t N (M; x V). Define a bilinear 2-functional Ty on - x - by

Ml M2
Tf(x-i-Mhy—l-MQ):f(ZE,y) for all (x+M17y+M2) €M£1><ML2 Then Tfe
(% X M%)* (the dual space of Mil « ML2)

Definition 1.7. Let X x Y be a generalized 2-normed linear space, Wi x W5 a
subspace of X x Y and S; x Sy a 2-bounded set in X x Y.Then, W; x W, is called

(1) 2-simultaneous quasi-Chebyshev subspace if Sy, xw, (51 X S3) is compact sub-
set of Wy x Wy for all 2-bounded subset S; x Sy in X x Y.

(ii) 2-simultaneous weakly-Chebyshev subspace if Sy, sw, (S1 % S3) is weakly com-
pact subset of W7 x Wy for all 2-bounded subset S7 x S5 in X x Y.

Theorem 1.2 ([2]). Let (X x Y, ||.,.||) be a generalized 2-normed linear space,
and My and My be subspaces of X and Y respectively. Define

ol o x L5 0, 400)
RSy v , +00
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[+ My, y + Ml = inf lzma,y 4 ms|
(m1,m2)€M1 X Mo
for everyx € X andy € Y. Then ||.,.|| is a generalized 2-norm on % X MLQ
In [2], the authors have shown that ||., .|| is a generalized 2-norm, which it is not

necessary satisfying the conditions of 2-norm.

2. Main Results

We present characterizations of 2-simultaneous quasi-Chebyshevity and weakly-
Chebyshevity in this section. Also, we shall use the following lemmas in the sequel
which has been proved in [3].

Lemma 2.1. [3] Let X XY be a generalized 2-normed linear space and My x Mo
a 2-proximinal subset of X x Y .Then for each nonempty 2-bounded subset S; X Sa
m X XY we have

d(Sy X Sg, My x M) = sup inf lls1 — mq, 59 — mo|.
(81782)651 X So (’LU1,'LU2)€M1><M2

Lemma 2.2. [3] Let Wy x Wy be a 2-simultaneous proziminal subspace of gen-
eralized 2-normed space X XY, My x My a 2-proximinal subspace of X XY and
My x My C Wi xWsy. Then for each nonempty 2-bounded set Sy x Sy with My x My C
S1 %X Sy C X xY we have

Sl SQ W1 W2
A(Sy X So, Wy X W, :d(— 22 —>.
(S S, W W) = 5, %
Lemma 2.3. [3] Let Wy x Wy be a 2-simultaneous proziminal subspace of gen-
eralized 2-normed space X XY, My x My a 2-proximinal subspace of X XY, S; x S5

a 2- bounded set in X XY, My x My C W7 x Ws. Then,

7T<A5'W1Xw2(s1 X 52)> - Syx(ﬂi—t X z\%)

Lemma 2.4. [3] Let Wi x Wy be a 2-simultaneous proziminal subspace of gen-
eralized 2-normed space X XY, My x My a 2-proriminal subspace of X X Y,
S1 x Sy a 2-bounded set in X XY, My x My C Wy x Wy, If (wo1 + My, wes +

Mg) € S%x%(ﬂi—i X ]\5;[—22> and (mgl,mog) € SMlng(Sl — wm,Sg — wog), then
1 2

(wo1 + Mo1, Wo2 + Mo2) € Sy xw, (S1 X Sa).

Corollary 2.5. [3] Let Wi x Wy be a 2-simultaneous proximinal subspace of
generalized 2-normed space X XY, My x My a 2-proziminal subspace of X XY,
S1 X Sy a 2-bounded set in X XY and My x My C W7 x Wy, Then,

w(swlxm(sl X 52)) - Sww(%1 X %2)

Now, we are ready to state and prove our main results.
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Theorem 2.6. Let My x My and W1 x Wy are subspaces of generalized 2-normed
linear space X XY such that My x Ms is finite dimensional and 2-proximinal and
Wi x Wy is 2-simultaneous proximinal. Then the following are equivalent.

(i) 37 W1 X Wz 1s 2-simultaneous quasi-Chebyshev subspace of— X ==
(1) (W1 + My) x (Wa + My) is 2-simultaneous quasi- C’hebyshev subspace of X XY.

PROOF. (i) = (ii) Let S; x Sy be a 2-bounded set in X x Y and {(an,b,)} a
sequence in Sw; w, (S1 X S). Then by corollary 2.5, we have
My X My

S S
(an + Ml, bn + MQ) c Sle\-J;—lMl W2]J2MZ (]\411 ﬁZ)

Since SW1+Ml W2ty (]@—11 X J\Sj ) is compact, there exists (ag, by) € (W1 + M) x (Wa+

M,) and a subsequence {(an, + My, by, + Ms)}r>1 of {(a, + My, b, + Ms)}) such
that (ao + My, by + MQ) IS SW1+M1 W2+MQ ( Sl x 22 ) and

{(an, + My, by, + Ms)}p>1 — (ao + My, by + Ms).
Since ||., .|| is continuous, we have
llan, — ao+ My, b,, — by + Ms|| — 0. (1)
Now, since M; x My is 2-proximinal in X x Y, for each £ > 1, there exists

(Mink, Mank) € Parysan (a0 — @ny,, bo — by,
such that

||Cl0 — Qpn, — Mink, by — bnk - man” = d((ao — Qny,» by — bnk>7 M, x MZ)
= |lap — an, + My, by — by, + M| (2)

Therefore from 1 and 2, we have
lim ||ag — @n, + Mink, bo — by, + Mank|| = 0.
k—o00

Since {||lagp — an, + Mink, by — bn, + Mank||} is a convergence sequence of real
numbers, it is bounded and therefore the sequence {(ag—a,, +m1nk, bo—bn, +Ma2nk)}
is a 2-bounded sequence. On the other hand, since (an, bn) € Sw,+a1)x (WatMy) (S1 X
Sy) for all n > 1,{(an,,bn,)} is 2-bounded sequence. Hence {(mink, Mmank)} is 2-
bounded sequence in M; x M,. Since M; x M, is finite dimensional subspace of
X x Y, without loss of generality we can assume that {(m1,x, Mmank)} 2-convergence
to an element (mg1,me2) € My X My. Let (a/,V) = (ag — mo1, by — moz). Thus,
(a',0') € (Wi + M) x (Wy+ M,). Now for each b € Y we have

/

|a" — an,, bl| = [|ao — mo1 — an,, b

< llao — an, — m1nk7b|| + ||m1nk — moy, 0|
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for all £ > 1. Hence

lim |la" — ay,,b|| = 0.
k—o00

Similarly for each a € X we get
lim ||a,t’ — b, || = 0.
Jim [,/ b, |

Now by definition of 2-convergence sequences 1.5,

(Anys by, ) — (a',0).

Since (ank, bnk) - S(W1+M1)><(W2+M2)(Sl XSQ) for all n Z 1 and S(W1+M1)><(W2+M2)<Sl X

Sy) is closed, (a’,b') is an element of S, ar)x (Wata) (S1 X S2).

Therefore, Suw,+an)x(Wa+a) (S1 X S2) is compact.

(i) = (i) Let Sy x Sy be an arbitrary 2-bounded set in X x Y and (W +
M) x (Wy + Ms) be a simultaneous 2-quasi-Chebyshev subspace of X x Y. Then
S WMy x (WatMz)(S1 % S2) is compact. But since the canonical map is continuous,
SO T(S(wy+M1)x (WatMz) (S1 X S2)) is compact. Thus by corollary 2.5,

S é)

T(S W14+ M) x (Wat2) (S1 X S2)) = Swyny W2+M2(

X M, M,
Sh So
= Swnan (o % 1)
Therefore, ¥ i >< is simultaneous 2-quasi-Chebyshev subspace of 30 X E O

Corollary 2.7. Let (X x Y, ||.,.l|) be a generalized 2-normed space and let M, x
My and Wi x Wy are subspaces of X XY such that My x M2 CWixWsy. If Wy xWsy is

simultaneous 2-quasi-Chebyshev subspace of X XY, then - X Wz 18 2-simultaneous
quasi-Chebyshev subspace of % X MLQ

Corollary 2.8. Let My x My and Wy x Wy are subspaces of generalized 2-normed
linear space X XY such that My x M, is finite dimensional and 2-proximinal, W1 x Wy
18 simultaneous 2-proriminal and My x My C Wi x Wy, Then the following are
equivalent.

(1) 37 W1 X Wi 15 2-simultaneous quasi-Chebyshev subspace of— X E
(i1) W1 x Wy 1s 2-simultaneous quasi-Chebyshev subspace ofX x Y.

Theorem 2.9. Let My x My and W1 x Wy are subspaces of generalized 2-normed
linear space X XY such that My x My is finite dimensional and 2-proximinal and
Wi x Wy 1s simultaneous 2-proximinal. Then the following are equivalent.

(1) 37 W1 X Wi 1s simultaneous 2-weakly-Chebyshev subspace of = X ==

M
(i1) (W1 + My) x (Wy+ My) is 2-simultaneous weakly- C’hebyshev subsi)ace of X xY.

PROOF. (i) = (ii) Let Sy x Sy be a 2-bounded set in X x Y and {(a,,b,)} a
sequence in Sw, 4 an)x (Wo+5) (S1 X S2). Then by lemma 2.3, {(a, + My, b, + My)}
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is a sequence in

S (SIXS2)—S <S1X52
AN T M, T PR M, My

81y S2

Since Sw, w, (74 X 37 ) is weakly compact, there exists a subsequence {(ay, +
M M.

M; * M
M, bnk+M2)l} ofz{(an—i—Ml, b+ Ms)} such that {(a,, +M;, b, +Ms;)} 2-convergence

weakly to an element (ag+ My, by+ Ms) € Smxﬁ(% X %) But since M; x Ms is a
My My 1 2

2—proximinal, (a0+m01, bo+m02) S S(W1+M1)><(W2+M2)<Sl XSQ), for some (m01, mog) €
M, x M,. But for every f € (X x Y)* we have Ty € (Mi1 X %)* Therefore,

flan,, bn,) = Tr(an, + My, by, + My) — Tr(ag + moer + My, by + moz + M)
= f(ap +mo1, by + mg2).

Hence, {(an,, bn, )} 2-convergence weakly to (ag+mo1, bo-+m02) € S+ a)x (Wa-tMy) (51X
Sa). Thus, Sw, ) x (WatMs) (S1 X S2) is weakly compact and hence (W; + My, Wa +
M) is simultaneous 2-weakly-Chebyshev subspace of X x Y.

(i1) = (i) Let S; x Sy be an arbitrary 2-bounded set in X x Y and {(wy, +

. S S. . . ..
My, wa, + M)} a sequence in S%X%(ﬁl X VZ) Since M; x My is 2-proximinal

and (S; — wiy, S — wayy,) is a 2-bounded set in X x Y for all n > 1, there exists
(Min, Man) € San s, (S1— Wip, So —way,) for all n > 1. But by Lemmas 2.1 and 2.2,
we have

sup ||51 — Win — Min, S2 —w2n—m2n||
(s1,82)€S1%xS2

= inf sup H31 — Wip — M, S2 — Wap — m2||
(ml’m2)€M1><M2 (51,82)651 X So

= sup inf |s1 — w1 — My, S2 — Way, — M|
(s1,52)€51 %52 (m1,ma)EM1 X Ma

= sup |81 — win + My, So — wap, + M|
(51,82)65'1><52

Sl Sg W1 WQ
< d(— X —, — X —)
M, My " My M,
S d(Sl X SQ, (Wl + Ml) X (Wg —+ Mg))
Therefore {(wirn, +Min, Wap +mMay)} is a sequence in S, 1) x (WotM2) (S1 X S2).
Since S(w,4ay)x (WotM2) (S1 X S2) is weakly compact, there exists a subsequence

{(wlnk + mlnkvank + man)} Of {(wln + Min, Wan + an)} SUCh that {(wlnk +
Min,, Wan, + Map, )} 2-convergence weakly to an element

(a0, bo) € Swi4+a01)x (W) (S1 X S2).
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By corollary 2.5, (ag + My, by + M) is an element of Sw,ar,  w,

+Moq (i X &) =
My My

My Mo
X Y

Smxﬂ(]\% X ]\54—22) Note that for every f € (5 X 3;

M, " My

)* we have
[ (Wi, + My, wop, + M) = f(win, + Man, + My, wan, + Moy, + Ma)
= f o m(wWin, + Ming, Won, + Mayn,) = fom(ag,by) = flag+ My, by + My).

It follows that {(wy,, + M, way,, + M)} 2-convergence weakly to (woy + My, wea +

Sy Soy o X Y
M,). Hence, Sm x 2 (35 X 31) is weakly compact subset of ;- x . Therefore,
Wi Wo :q 9 o _ X Y
i X ap s 2 simultaneous weakly-Chebyshev subspace of i X G- 0

Corollary 2.10. Let My x My and Wy x Wy are subspaces of generalized 2-
normed linear space X XY such that My x Ms is finite dimensional and 2-proximinal,
W1 x Wy 1s 2-simultaneous proximinal and My x My C Wi x Wy, Then the following
are equivalent.

X

(i) % X % is 2-simultaneous weakly-Chebyshev subspace of - X MLQ

(i) Wy x Wy is 2-simultaneous weakly-Chebyshev subspace of X XY,

Conclusions

In this study, we develop 2-simultaneous quasi-Chebyshev and 2-simultaneous
weakly-Chebyshev subspaces in generalized 2-normed spaces and investigate the con-
ditions under which these subspaces are transmitted to and from quotient spaces.
Future study on the concepts of 2-quasi cochebyshev, 2-weakly cochebyshev, (2,¢)-
quasi chebyshev, (2,e)-weakly chebyshev, 2-strong quasi chebyshev and 2-strong
weaklychebyshev in quotient generalized 2-normed spaces is suggested.
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